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This book comprises 50 class-tested lectures which both the authors 
hâve given to engineering and mathematics major students under the titles 
Boundary Value Problems and Methods of Mathematical Physics at varions 
institutions ail over the globe over a period of almost 35 years. The main 
topics covered in these lectures are power sériés solutions, spécial func- 
tions, boundary value problems for ordinary differential équations, Sturm- 
Liouville problems, regular and singular perturbation techniques, Fourier 
sériés expansion, partial differential équations, Fourier sériés solutions to 
initial-boundary value problems, and Fourier and Laplace transform tech¬ 
niques. The prerequisite for this book is calculus, so it can be used for 
a senior undergraduate course. It should also be suitable for a beginning 
graduate course because, in undergraduate courses, students do not hâve 
any exposure to varions intricate concepts, perhaps due to an inadéquate 
level of mathematical sophistication. The content in a particular lecture, 
together with the problems therein, provides fairly adéquate coverage of the 
topic under study. These lectures hâve been delivered in one year courses 
and provide flexibility in the choice of material for a particular one-semester 
course. Throughout this book, the mathematical concepts hâve been ex- 
plained very carefully in the simplest possible terms, and illustrated by a 
number of complété workout examples. Like any other mathematical book, 
it does contain some theorems and their proofs. 

A detailed description of the topics covered in this book is as follows: 
In Lecture I we find explicit solutions of the first-order linear differential 
équations with variable coefficients, second-order homogeneous differential 
équations with constant coefficients, and second-order Cauchy-Euler differ- 
ential équations. In Lecture 2 we show that if one solution of the homoge¬ 
neous second-order differential équation with variable coefficients is known, 
then its second solution can be obtained rather easily. Here we also demon- 
strate the method of variation of parameters to construct the solutions of 
nonhomogeneous second-order differential équations. 

In Lecture 3 we provide some basic concepts which are required to con¬ 
struct power sériés solutions to differential équations with variable coeffi¬ 
cients. Here through varions examples we also explain ordinary, regular 
singular, and irregular singular points of a given differential équation. In 
Lecture 4 first we prove a theorem which provides sufficient conditions so 
that the solutions of second-order linear differential équations can be ex- 
pressed as power sériés at an ordinary point, and then construct power sé¬ 
riés solutions of Airy, Hermite, and Chebyshev differential équations. These 
équations occupy a central position in mathematical physics, engineering, 
and approximation theory. In Lectures 5 and 6 we demonstrate the method 
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of Frobenius to construct the power sériés solutions of second-order linear 
differential équations at a regular singular point. Here we prove a gen¬ 
eral resuit which provides three possible different forms of the power sériés 
solution. We illustrate this resuit through several examples, including La- 
guerre’s équation, which arises in quantum mechanics. In Lecture 7 we 
study Legendre’s differential équation, which arises in problems such as the 
ffow of an idéal ffuid past a sphere, the détermination of the electric field due 
to a charged sphere, and the détermination of the température distribution 
in a sphere given its surface température. Here we also develop the polyno¬ 
mial solution of the Legendre differential équation. In Lecture 8 we study 
polynomial solutions of the Chebyshev, Hermite, and Laguerre differential 
équations. In Lecture 9 we construct sériés solutions of Bessel’s differential 
équation, which first appeared in the works of Euler and Bernoulli. Since 
many problems of mathematical physics reduce to the Bessel équation, we 
investigate it in somewhat more detail. In Lecture 10 we develop sériés so¬ 
lutions of the hypergeometric differential équation, which finds applications 
in several problems of mathematical physics, quantum mechanics, and ffuid 
dynamics. 

Mathematical problems describing real world situations often hâve so¬ 
lutions which are not even continuons. Thus, to analyze such problems 
we need to work in a set which is bigger than the set of continuons func- 
tions. In Lecture 11 we introduce the sets of piecewise continuons and 
piecewise smooth functions, which are quite adéquate to deal with a wide 
variety of applied problems. Here we also define periodic functions, and 
introduce even and odd extensions. In Lectures 12 and 13 we introduce 
orthogonality of functions and show that the Legendre, Chebyshev, Her¬ 
mite, and Laguerre polynomials and Bessel functions are orthogonal. Here 
we also prove some fundamental properties about the zéros of orthogonal 
polynomials. 

In Lecture 14 we introduce boundary value problems for second-order 
ordinary differential équations and provide a necessary and sufficient con¬ 
dition for the existence and uniqueness of their solutions. In Lecture 15 
we formulate some boundary value problems with engineering applications, 
and show that often solutions of these problems can be written in terms 
of Bessel functions. In Lecture 16 we introduce Green’s functions of ho- 
mogeneous boundary value problems and show that the solution of a given 
nonhomogeneous boundary value problem can be explicitly expressed in 
terms of Green’s function of the corresponding homogeneous équation. 

In Lecture 17 we discuss the regular perturbation technique which re¬ 
lates the unknown solution of a given initial value problem to the known 
solutions of the infinité initial value problems. In many practical problems 
One often meets cases where the methods of regular perturbations cannot 
be applied. In the literature such problems are known as singular pertur¬ 
bation problems. In Lecture 18 we explain the methodology of singular 
perturbation technique with the help of some examples. 
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If the coefficients of the homogeneous differential équation and/or of 
the boundary conditions dépend on a paranieter, then one of the pioneer 
problems of mathematical physics is to détermine the values of the param- 
eter (eigenvalues) for which nontrivial solutions (eigenfunctions) exist. In 
Lecture 19 we explain some of the essential ideas involved in this vast field, 
which is continuously growing. 

In Lectures 20 and 21 we show that the sets of orthogonal polynomials 
and functions we hâve provided in earlier lectures can be used effectively 
as the basis in the expansions of general functions. This in particular leads 
to Fourier’s cosine, sine, trigonométrie, Legendre, Chebyshev, Hermite and 
Bessel sériés. In Lectures 22 and 23 we examine pointwise convergence, 
uniform convergence, and the convergence in the mean of the Fourier sé¬ 
riés of a given function. Here the importance of Bessel’s inequality and 
Parseval’s equality are also discussed. In Lecture 24 we use Fourier sériés 
expansions to find periodic particular solutions of nonhomogeneous differ¬ 
ential équations, and solutions of nonhomogeneous self-adjoint differential 
équations satisfying homogeneous boundary conditions, which leads to the 
well-known Fredholm’s alternative. 

In Lecture 25 we introduce partial differential équations and explain sev- 
eral concepts through elementary examples. Here we also provide the most 
fundamental classification of second-order linear équations in two indepen- 
dent variables. In Lecture 26 we study simultaneous differential équations, 
which play an important rôle in the theory of partial differential équations. 
Then we consider quasilinear partial differential équations of the Lagrange 
type and show that such équations can be solved rather easily, provided we 
can find solutions of related simultaneous differential équations. Finally, 
we explain a general method to find solutions of nonlinear first-order par¬ 
tial differential équations which is due to Charpit. In Lecture 27 we show 
that like ordinary differential équations, partial differential équations with 
constant coefficients can be solved explicitly. We begin with homogeneous 
second-order differential équations involving only second-order terms, and 
then show how the operator method can be used to solve some particular 
nonhomogeneous differential équations. Then, we extend the method to 
general second and higher order partial differential équations. In Lecture 
28 we show that coordinate transformations can be employed successfully 
to reduce second-order linear partial differential équations to some standard 
forms, which are known as canonical forms. These transformed équations 
sometimes can be solved rather easily. Here the concept of characteristic 
of second-order partial differential équations plays an important rôle. 

The method of séparation of variables involves a solution which breaks 
up into a product of functions each of which contains only one of the vari¬ 
ables. This widely used method for finding solutions of linear homoge¬ 
neous partial differential équations we explain through several simple ex¬ 
amples in Lecture 29. In Lecture 30 we dérivé the one-dimensional heat 
équation and formulate initial-boundary value problems, which involve the 
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beat équation, the initial condition, and homogeneous and nonhomogeneous 
boundary conditions. Then we use the method of séparation of variables 
to find the Fourier sériés solutions to these problems. In Lecture 31 we 
construct the Fourier sériés solution of the beat équation with Robin’s 
boundary conditions. In Lecture 32 we provide two different dérivations 
of the one-dimensional wave équation, formulate an initial-boundary value 
problem, and find its Fourier sériés solution. In Lecture 33 we continue 
using the method of séparation of variables to find Fourier sériés solutions 
to some other initial-boundary value problems related to one-dimensional 
wave équation. In Lecture 34 we give a dérivation of the two-dimensional 
Laplace équation, formulate the Dirichlet problem on a rectangle, and find 
its Fourier sériés solution. In Lecture 35 we discuss the steady-state beat 
flow problem in a disk. For this, we consider the Laplace équation in po¬ 
lar coordinates and find its Fourier sériés solution. In Lecture 36 we use 
the method of séparation of variables to find the température distribution 
of rectangular and circular plates in the transient State. Again using the 
method of séparation of variables, in Lecture 37 we find vertical displace¬ 
ments of thin membranes occupying rectangular and circular régions. The 
three-dimensional Laplace équation occurs in problems such as gravitation, 
steady-state température, electrostatic potential, magnetostatics, fluid flow, 
and so on. In Lecture 38 we find the Fourier sériés solution of the Laplace 
équation in a three-dimensional box and in a circular cylinder. In Lecture 
39 we use the method of séparation of variables to find the Fourier sériés 
solutions of the Laplace équation in and outside a given sphere. Here, we 
also discuss briefly Poisson’s intégral formulas. In Lecture 40 we demon- 
strate how the method of séparation of variables can be employed to solve 
nonhomogeneous problems. 

The Fourier intégral is a natural extension of Fourier trigonométrie sériés 
in the sense that it represents a pieeewise smooth function whose domain 
is semi-infinite or infinité. In Lecture 41 we develop the Fourier intégral 
with an intuitive approach and then discuss Fourier cosine and sine inté¬ 
grais which are extensions of Fourier cosine and sine sériés, respectively. 
This leads to Fourier cosine and sine transform pairs. In Lecture 42 we 
introduce the complex Fourier intégral and the Fourier transform pair and 
find the Fourier transform of the dérivative of a function. Then, we State 
and prove the Fourier convolution theorem, which is an important resuit. 
In Lectures 43 and 44 we consider problems in infinité domains which can 
be effectively solved by finding the Fourier transform, or the Fourier sine or 
cosine transform of the unknown function. For such problems usually the 
method of séparation of variables does not work because the Fourier sériés 
are not adéquate to yield complété solutions. We illustrate the method by 
considering several examples, and obtain the famous Gauss-Weierstrass, 
d’Alembert’s, and Poisson’s intégral formulas. 

In Lecture 45 we introduce some basic concepts of Laplace transform 
theory, whereas in Lecture 46 we prove several theorems which facilitate the 
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computation of Laplace transforms. The method of Laplace transforme has 
the advantage of directly giving the solutions of differential équations with 
given initial and boundary conditions without the necessity of first finding 
the general solution and then evaluating from it the arbitrary constants. 
Moreover, the ready table of Laplace transforms reduces the problem of 
solving differential équations to mere algebraic manipulations. In Lectures 
47 and 48 we employ the Laplace transform technique to find solutions 
of ordinary and partial differential équations, respectively. Here we also 
develop the famous Duhamel’s formula. 

A given problem consisting of a partial differential équation in a domain 
with a set of initial and/or boundary conditions is said to be well-posed if 
it has a unique solution which is stable. In Lecture 49 we demonstrate that 
problems considered in earlier lectures are well-posed. Finally, in Lecture 
50 we prove a few theorems which verify that the sériés or intégral form of 
the solutions we hâve obtained in earlier lectures are actually the solutions 
of the problems considered. 

Two types of exercises are included in the book, those which illustrate 
the general theory, and others designed to fill out text material. These 
exercises form an intégral part of the book, and every reader is urged to 
attempt most, if not ail of them. For the convenience of the reader we hâve 
provided answers or hints to almost ail the exercises. 

In writing a book of this nature no originality can be claimed, only a 
humble attempt has been made to présent the subject as simply, clearly, 
and accurately as possible. It is earnestly hoped that Ordinary and Partial 
Differential Equations will serve an inquisitive reader as a starting point in 
this rich, vast, and ever-expanding field of knowledge. 

We would like to express our appréciation to Professors M. Bohner, S.K. 
Sen, and P.J.Y. Wong for their suggestions and criticisms. We also want 
to thank Ms. Vaishali Damle at Springer New York for her support and 
coopération. 


Ravi P. Agarwal 
Donal O’Regan 
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Lecture 1 

Solvable Differential Equations 


In this lecture we shall show that first-order linear differential équations 
with variable coefficients, second-order homogeneous differential équations 
with constant coefficients, and second-order Cauchy-Euler differential équa¬ 
tions can be solved in terms of the known quantities. 


First-order équations. Consider the differential équation (DE) 

y'+p{x)y = q{x), ' = ^ (1-1) 

where the functions p{x) and q{x) are continuons in some interval J. The 
corresponding homogeneous équation 

y'+p{x)y=Çi (1.2) 


obtained by taking q{x) = 0 in (1.1) can be solved by separating the vari¬ 
ables, i.e., 

-y +p{x) = 0 
V 

and now integrating it, to obtain 


fX 

lnj/(a:)-l- / p(t)dt = lnc. 


or 

y{x) = cexp (^-J p{t)dt^ . (1.3) 

In dividing (1.2) by y we hâve lost the solution y{x) = 0, which is called the 
trivial solution (for a linear homogeneous DE y{x) = 0 is always a solution). 
However, it is included in (1.3) with c = 0. 


If xq € J, then the function 


y(^) = Vo exp 



(1.4) 


clearly satisfies the DE (1.2) and passes through the point (a;o,yo). Thus, 
this is the solution of the initial value problem: DE (1.2) together with the 
initial condition 


y{xo) = yo- 


(1.5) 
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To find the solution of the DE (1.1) we shall use the method of variation 
of parameters due to Lagrange. In (1.3) we assume that c is a function of 
X, i.e.. 


y{x) = c(x) exp J p{t)dt^ 


( 1 . 6 ) 


and search for c{x) so that (1.6) becomes a solution of the DE (1.1). For 
this, setting (1.6) into (1.1), we find 


c'{x)exp^—J p{t)dt^ —c{x)p{x) exp J p{t)dt 

+c{x)p{x) exp J p{t)dt^ = q{x), 


which is the same as 


(1.7) 


c'(x)=,Wexp(/%W,i,), 

Integrating (1.7), we obtain the required function 

c(x) = Cl + J q{t)exp^J p{s)ds^ dt. 

Now, substituting this c{x) in (1.6), we find the solution of (1.1) as 

y{x) = Cl exp J p{t)dt^ + J q{t) exp p{s)ds^ dt. 

This solution y{x) is of the form ciu{x)+v{x). It is to be noted that ciu(a;) is 
the general solution of (1.2). Hence, the general solution of (1.1) is obtained 
by adding any particular solution of (1.1) to the general solution of (1.2). 


( 1 . 8 ) 


From (1.8) the solution of the initial value problem (1.1), (1.5), where 
xq g J, is easily obtained as 


y{x) = î/o exp ( - / p{t)dt I + / q{t) exp 
\ J Xq / J Xq 



dt. 


(1.9) 


Example 1.1. Consider the initial value problem 

xy -4y + 2x^+4 = 0, a; yf 0, y{l) = 1. (1.10) 

Since xq = 1, yo = 1, P^x) = —4/x and q{x) = —2x — 4/x from (1.9) the 
solution of (1.10) can be written as 

y{x) = exp(^^ ^d?j+J^ (^-2t - exp ^ds^ dt 
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Alternatively, instead of using (1.9) we can find the solution of (1-10) as 
follows: For the corresponding homogeneous DE y' —{A/x)y = 0 the general 
solution is cx^, and a particular solution of the DE (1.10) is 

exp dt = + 1 

and hence the general solution of the DE (1.10) is y{x) = cx'^ + x^ + l. Now, 
in order to satisfy the initial condition y{l) = 1, it is necessary that 1 = 
c+1 + 1, or c = —1. The solution of (1.10) is, therefore, y{x) = —x^ + x^ + 1. 

Second-order équations with constant coefRcients. We 

shall find solutions of the second-order DE 



y” + ay' + by = 0, 


( 1 . 11 ) 


where a and b are constants. 

As a first step toward finding a solution to this DE we look back at the 
équation y' + ay = 0 (a is a constant) for which ail solutions are constant 
multiples of Thus, for (1.11) also some form of exponential function 
would be a reasonable choice and would utilize the property that the différ¬ 
entiation of an exponential function e'"^ always yields a constant multiplied 
by e™. 

Thus, we try y = e’'^ and find the value (s) of r. We hâve 

-k are™ -k 6e™ = 0, 
or 

(r^ -kar-k6)e™ = 0, 
or 

r^ -k ar -k 6 = 0. (1-12) 

Hence, e’’^ is a solution of (1.11) if r is a solution of (1.12). Equation (1.12) 
is called the characteristic polynomial of (1.11). For the roots of (1.12) we 
hâve the following three cases: 

1. Distinct real roots. If ri and r 2 are real and distinct roots 
of (1.12), then and e’’^® are two solutions of (1.11), and its general 
solution can be written as 

y{x) = . 

In the particular case when ri = r, r 2 = — r (then the DE (1.11) is y” — 
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r^y = 0 ), we hâve 

y{x) = cie^^ + C 2 e“^'^ 


2. Repeated real roots. If ri = 7-2 = r is a repeated root of (1-12), 
then is a solution. To find the second solution, we let y{x) = u{x)e^^ 
and substitute it in ( 1 . 11 ), to get 

e^^{u" + 2ru' + r^u) + ae^^{u' + ru) + bue^^ = 0 , 


A + B 


= A 


A-B 


B 


= Acoshrcc + Bsinhrcc. 


or 

u" + (2r + a)u' + (r^ + ar + h)u = u" + (2r + a)u' = 0. 

Now since r is a repeated root of (1.12), it follows that 2r + a = 0 and 
hence u" = 0, i.e., u{x) = ci + 022 ;. Thus, 

y{x) = (ci + C 2 a;)e’''^ = cie’"^ + C 2 xe^^. 

Hence, the second solution of (1.11) is xe"^^. 

3. Complex conjugate roots. Let ri = n + iiy and r 2 = y — iv, 
where i = y/—!, so that 

^ (gQg ^ ^ 

Since for the DE (1.11) the real part (i.e., cosvx) and the imaginary 
part (i.e., e^^sini/x) both are solutions, the general solution of (1.11) can 
be written as 

y(x) = c\e^^ cos vx + C 2 e^^ sin i/x. 

In the particular case when ri = iv and r 2 = —iv (then the DE (1.11) is 
y" + lA'y = 0) we hâve y{x) = Ci cos vx + C 2 sin vx. 

Cauchy—Euler équations. For the Cauchy-Euler équation 

t^y” + aty' + by = 0, t > 0 (t is the independent variable), ' = ^ (1-13) 

which occurs in studying the température distribution generated by a beat 
source such as the sun or a nuclear reactor, we assume y{t) = t"* to obtain 

t^m{m — l)t^~^ + + bt'^ = 0, 


or 


m{m — 1 ) + am + 6 = 0 . 


( 1 . 14 ) 
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This is the characteristic équation for (1.13), and as earlier for (1.12) the 
nature of its roots détermines the general solution: 

Real, distinct roots mi ^ m^'- y{t) = + 02 ^"*^, 

Real, repeated roots m = mi = m^. y{t) = cit'" + C 2 (lnf)t™, 

Complex conjugate roots Toi = y+iv, TO 2 = y—iv- y{t) = Cit^ cos{vlnt) 
+ C 2 t^ sin(i^lnf). 

In the particular case 

t'^y” + ty' - X‘^y = 0, t>0, A>0 (1.15) 

the characteristic équation is m{m— 1) + m — = 0, or m? — A^ = 0. Thus, 

the roots are m = ±A, and hence the general solution of (1.15) appears as 

y{t) = cit^ + C 2 t~^. (1-16) 


Problems 

1.1. (Principle of Superposition). If yi{x) and 2 / 2 ( 2 :) are solutions of 
y' + p{x)y = qi{x), z = 1,2 respectively, then show that ciyi{x) + 022 / 2 ( 2 :) 
is a solution of the DE y' +p{x)y = ciqi{x) + 0292 ( 2 :), where oi and 02 are 
constants. 

1.2. Find general solutions of the following DEs: 

(i) y' — (cot x)y = 2x sin x 

(ii) y' + y + x + x^ + x^ = Q 

(iii) ( 2 / 2 -l) + 2(a:- 2 /( 1 + 2 /)^) 2 /' = 0 

(iv) (1 + 2 / 2 ) = (tan-i 2 /- 2 :) 2 /'. 

1.3. Solve the following initial value problems: 

y' + ^y = { J; ’ y(o) = o 

(ii) y' + p{x)y = 0 , 2 /( 0 ) = 1 where p{x) = 

1.4. Let q{x) be continuous in [0, 00 ) and lima;^oo q{x) = L. For the 
DE y' + ay = q{x) show that 

(i) if O > 0, every solution approaches L/a as 2 —> 00 

(ii) if a < 0, there is one and only one solution which approaches L/a as 


(2, 0 < 2 < 1 

1, 2 > 1. 


2 
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1.5. Let y{x) be the solution of the initial value problem (1.1), (1-5) 
in [ccojOo), and let z(x) be a continuously différentiable function in [ccojOo) 
such that z' +p{x)z < q{x), z{xq) < y^. Show that z{x) < y{x) for ail x in 
[xo, oo). In particular, for the problem y' + y = cosx, y(0) = 1 verify that 
2e““ — 1 < y(x) < 1, X € [0, oo). 

1.6. Certain nonlinear first-order DEs can be reduced to linear équa¬ 
tions by an appropriate change of variables. For example, this is always 
possible for the Bernoulli équation: 

y'+ p{x)y = q{x)y'^, nylO,!. 

Indeed this équation is équivalent to the DE 

-hp(x) 2 /^"" = q{x) 

and now the substitution v = (used by Leibniz in 1696) leads to the 
first-order linear DE ^ 

- v' + p{x)v = q{x). 

1 — n 

In particular, show that the general solution of the DE xy'+y = x^y^, x 0 
is y(x) = (ex — x^)“^, X 0, c. 

1.7. Find general solutions of the following homogeneous DEs: 

(i) y" + 7y' + lOy = 0 

(ii) y"-8y' + 16y=0 

(iii) y" + 2y' + 3y = 0. 

1.8. Show that if the real parts of the roots of (1.12) are négative, 
then lima;^oo vix) = 0 for every solution y(x) of (1.11). 

1.9. Show that the solution of the initial value problem 

y” -2ir + P)y' + r^y = 0, y(0) = 0, y'(0) = 1 


can be written as 


Vfiix) 


1 

2^/3(2r + /3) 


^[r+l3+y/l3{2r+l3)]x _ g[r-|-/3-y'/3(2r-|-/3)]x 


Further, show that lim^^o Upix) = xe’'“. 

1.10. The following fourth order DEs occur in applications as indi- 
cated: 

(i) y'"' — k'^y = 0 (vibration of a beam) 

(ii) y"" + Ak'^y = 0 (beam on an elastic foundation) 
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(iii) y"" — 2k'^y" + k^y = 0 (bending of an elastic plate), 
where A: ^ 0 is a constant. Find their general solutions. 


Answers or Hints 


1.1. Use the définition of a solution. 


1.2. (i) csinx+æ^ sincc (ii) ce a;^+2a;^ —5a;+5 (iii) x{y—l)/{y+l) = 

y'^ + c (iv) X = tan“^ y — 1 + ce~ ^ 


1.3. (i) y{x) 



(ii) y{x) 


Je , 0<x<l 
|g-(æ+i)^ a; > 1. 


1.4. (i) In. y{x) = y{xQ)e e“‘( 7 (t)Æ]/e“'^ take the limit a; —> 

oo (ii) In y(x) = e~°‘^ y{xo)e°'^° + e°‘^q{t)dt — e°‘^q{t)dt choose 
y{xQ) so that y{xçj)e°‘^° + e°‘*q{t)dt = 0 (linia^^oo 9(a:) = L)- Now in 
y{x) = — e“*g(t)Æ]/e“^ take the limit a; —> oo. 

1.5. There exists a continuons function r{x) > 0 such that z' +p{x)z = 
q{x) — r(x), z(xo) < yo- Thus, for the function (p(x} = y(x) — z(x), </)' + 
p(x)(/> = r(x) > 0, (p(xo) =yo- z(xo) > 0. 

1.6. Using the substitution v = y~^ the given équation reduces to —xv' + 

9 

V = X . 


1.7. (i) cie ^^ + C 2 e (ii) (ci + C 2 a;)e‘^'^ (iii) cie ^ cos v^a; + C 2 e x 

sin ^/2x. 


1.8. Use explicit forms of the solution. 

1.9. Note that y^/3(/3 + 2r) ^ 0 as /3 ^ 0. 

1 . 10 . (i) Cie^^+C2e~^^+C3COskx+C4sinkx {ii) e^^{ciCOskx+C2sinkx) + 
e~’^^{c3COskx + C4sinkx) (iii) e^^(ci + C2a;) + e“^''(c3 + C4a;). 





Lecture 2 

Second-Order Differential 
Equations 


Generally, second-order differential équations with variable coefficients 
cannot be solved in terms of the known functions. In this lecture we shall 
show that if one solution of the homogeneous équation is known, then its 
second solution can be obtained rather easily. Further, by employing the 
method of variation of parameters, the general solution of the nonhomo- 
geneous équation can be constructed provided two solutions of the corre- 
sponding homogeneous équation are known. 


Homogeneous équations. For the homogeneous linear DE of 
second-order with variable coefficients 


y” + Pi{x)y' + p2{x)y = 0 , 


( 2 . 1 ) 


where pi{x) and P2{x) are continuons in J, there does not exist any method 
to solve it. However, the following results are well-known. 

Theorem 2.1. There exist exactly two solutions yi{x) and 2/2(2;) of 
( 2 . 1 ) which are linearly independent (essentially different) in J, i.e., there 
does not exist a constant c such that 2/1 (x) = cy2 (x) for ail x G J. 

Theorem 2.2. Two solutions yi{x) and 2/2(x) of ( 2 . 1 ) are linearly 
independent in J if and only if their Wronskian defined by 


W{x) = W{yi,y2){x) 


2/1 (x) 2/2 (x) 

2/i(x) 2/2(2;) 


( 2 . 2 ) 


is different from zéro for some x = xq in J. 

Theorem 2.3. For the Wronskian defined in ( 2 . 2 ) the following Abel’s 
identity holds: 

W{x) = W{xo) exp J pi{t)d-^ , Xq G J. ( 2 . 3 ) 

Thus, if Wronskian is zéro at some Xq G J, then it is zéro for ail x G J. 

Theorem 2.4. If yi{x) and 2/2(x) are solutions of ( 2 . 1 ) and ci and C2 
are arbitrary constants, then ci2/i(x) -I- C22/2(x) is also a solution of ( 2 . 1 ). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_2, 

© Springer Science-|-Business Media, LLC 2009 
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Further, if yi{x) and y 2 {x) are linearly indépendant, then any solution y{x) 
of ( 2 . 1 ) can be written as y{x) = ciyi{x) + 022/2(3^), where ci and C2 are 
suitable constants. 

Now we shall show that, if one solution yi{x) of (2.1) is known (by 
some clever method) then we can employ variation of parameters to find 
the second solution of (2.1). For this, we let y{x) = u{x)yi{x) and substitute 
this in (2.1), to get 


(wyi)" +pi(uyi)' +p2(uyi) = 0, 


or 

u"yi + 2u'y[ + uy'f + piu'yi + piuy[ + P 2 uyi = 0, 
or 

u"yi + (2y'i +piyi)u' + {y'{ +Piy[ +P 2 yi)u = 0. 

However, since yi is a solution of (2.1), the above équation with v = u' is 
the same as 

yW + {2y[ + piyi)v = 0, (2.4) 

which is a first-order équation, and it can be solved easily provided yi ^ 0 
in J. Indeed, multiplying (2.4) by yi, we find 

{ylv' + 2y[yiv) + piy^v = 0, 


which is the same as 
and hence 


iViv)' + Piiyjv) = 0; 
yfv = cexp J pi{t)dt^ 


or, on taking c = 1, 

Hence, the second solution of (2.1) is 

y 2 {x)=yi{x)J -^exp(^-J pi{s)ds^ dt. (2.5) 

Example 2.1. It is easy to verify that yi{x) = is a solution of the 
DE 

x^y" — 2xy' + 2j/ = 0, x yf 0. 

For the second solution we use (2.5), to obtain 


y^{^) = “P (-/'(-1) *) «'* = f 


dt = —X. 
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We note that the substitution w = y'/y converts (2.1) into a first-order 
nonlinear DE 

w'+ pi{x)w + p 2 {x) + = 0. (2.6) 

This DE is called Riccati’s équation. In general it is not intégrable, but 
if a particular solution, say, wi{x) is known, then by the substitution z = 
w — wi{x) it can be reduced to Bernoulli’s équation (see Problem 1.6). In 
fact, we hâve 

z' + w[{x) +pi{x){z + rci(a;)) + p 2 {x) + (z + wi{x)Y = 0, 
which is the same as 


z'+ (pi(x)+2wi(x))z + z^ = 0. (2.7) 

Since this équation can be solved easily to obtain z(x), the solution of (2.6) 
takes the form w(x) = wi(x) + z(x). 

Example 2.2. It is easy to verify that wi (x) = æ is a particular solution 
of the Riccati équation 


w' = 1 + x^ — 2xw + w^. 


The substitution z = w — x in this équation gives the Bernoulli équation 


whose general solution is z{x) = l/(c—a;), x ^ c. Thus, the general solution 
of the given Riccati’s équation is w{x) = x + l/(c — x), x ^ c. 

Nonhomogeneous équations. Now we shall find a particular 
solution of the nonhomogeneous équation 

y”+pi{x)ÿ+p 2 {x)y = r{x). ( 2 . 8 ) 

For this also we shall apply the method of variation of parameters. Let 
yi{x) and y 2 {x) be two solutions of (2.1). We assume y{x) = Ci{x)yi{x) + 
C 2 {x)y 2 {x) is a solution of (2.8). Note that ci(a:) and C 2 {x) are two unknown 
functions, so we can hâve two sets of conditions which détermine ci (x) and 
C 2 (a;). Since 

y' = ciy'i + 022/2 + Ci2/i + C 22/2 
as a first condition we assume that 


c'iVi + C 22/2 = 0. 


(2.9) 


Thus, we hâve 


y' = ciy'i + C22/2 


Second-Order Differential Equations 


11 


and on différentiation 


y” = ciVi + C2y2 + c'iy'i + 42 / 2 - 

Substituting these in (2.8), we get 

Cl (2/1 +Piy[ +P2221) + C 2 ( 2/2 +P1222 +P2222) + {cWi +C2222) = r{x). 

Clearly, this équation, in view of yi{x) and y 2 {x) being solutions of (2.1), 
is the same as 

c'i2/'i + £22/2 = r{x). 


( 2 . 10 ) 


Solving (2.9), (2.10), we find 

, r{x)y 2 {x) 


r{x)yi (x) 


Cl — 

2/1(2;) 

2/2(2:) 

5 ^2 ~ 

2/1(2:) 

2/2(2;) 


Viix ) 

2/2(2:) 


y ' iix ) 

2/2(2;) 


and hence a particular solution of (2.8) is 
yp (x) = Cl (x)yi (x) + C 2 (x) y 2 (x) 

= -yi(x) j 


r { t ) y 2 { t ) 

■dt + y 2 { x ) J ■ 

^( 2 ) 2/1 ( 2 ) 

yi { t ) 2/2(2) 

2/1(2) ^2(2) 

2/i(2) 2/2(2) 


2 /'i( 2 ) 2/2(2) 


= J H{x,t)r{t)dt, 

where 

H{x, t) = 

Thus, the general solution of (2.8) is 

y{x) = ciyi{x) + 022 / 2 ( 2 ;) + yp{x). 


2/1(2) 

y 2 it ) 

/ 

2/1(2) 

2/2(2) 

2/1(2) 

2/2(2) 

/ 

2/1 ( 2 ) 

2/2(2) 


dt 


( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 


The following properties of the function H{x,t) are immédiate: 

(i) . H{x,t) is defined for ail {x,t) G J x J; 

(ii) . d^H{x,t)/dx\ j = 0,1,2 are continuons for ail {x,t) G J x J; 

(iii) . for each fixed t G J the function z{x) = H{x,t) is a solution of the 
homogeneous DE (2.1) satisfying z{t) = 0, z'{t) = 1; and 

(iv) . the function 


v{x) = f H{x,t)r{t)dt 
J Xo 


















12 


Lecture 2 


is a particular solution of the nonhomogeneous DE (2.8) satisfying y{xQ) = 
y'{xo) = 0. 

Example 2.3. Consider the DE 

y" + y = cotx. 


For the corresponding homogeneous DE y” + y = 0, sina; and cosæ are 
solutions. Thus, its general solution can be written as 


y{x) 


Cl sin a; + C 2 cos x + 


Cl sin a; + C 2 cos x — 


sin t 

cost 


sinx 

cosx 

cost 

sint 

cost 

sint 

cost 

— sint 




(sin t cos X 


.cost , 
sin a; cos — dt 
sint 


Cl sin a; + C2 cos x — cos x sin x + sin x 
Cl sin a; + C2 cos x — cos x sin x — sin x 



1 — sin^ t , 

- dt 

sin t 


/■“ r 1 

/ sintdt + sina; / — dt 

J J smt 


/ cosec ticosect — cot t) 

- - - 7 - 

(cosec t — cott) 

Cl sin a; + C 2 cos x + sin x In [cosec x — cot x]. 


dt 


Finally, we remark that if the functions pi(x), P2{x) and r(x) are contin¬ 
uons on J and xq G J, then the DE (2.8) together with the initial conditions 

y{xo) = yo, y'{xo) = yi (2.14) 

has a unique solution. The problem (2.8), (2.14) is called an initial value 
problem. Note that in (2.14) conditions are prescribed at the same point, 
namely, xq. 


Problems 

2.1. Given the solution yi(x), find the second solution of the following 
DEs: 

(i) (x"^ - x)y” + Cix - l)y'+ y = 0 (ajy^O,!), yi(x) = (x - l)-^ 

(ii) x(x - 2)y" + 2(x - l)y'- 2y = Q (xy^0,2), yi(x) = (l - x) 

(iii) xy" — y'—'Ix^y = 0 (xÿ^O), yi(x) = exp(x'^) 

(iv) (1 - x‘^)y" - 2xy'+ 2y = 0 (|a;| < 1), yi(x) = x. 
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2.2. The differential équation 

xy" — (x + n)y' + ny = 0 


is interesting because it has an exponential solution and a polynomial so¬ 
lution. 

(i) Verify that one solution is yi (x) = . 

(ii) Show that the second solution has the form y 2 {x) = ce^ t^e~*dt. 
Further, show that with c = — 1/n!, 


y,{x)=l+^ + 


x'^ 

¥ 


X 

n! 


Note that y 2 {x) is the first n-l- 1 terms of the Taylor sériés about a; = 0 for 
e^, that is, for yi{x). 


2.3. The differential équation 


y” + ô{xy' + y) = 0 


occurs in the study of the turbulent flow of a uniform stream past a circular 
cylinder. Verify that yi{x) = exp{—6x^/2) is one solution. Find its second 
solution. 


2.4. Let yi{x) ^ 0 and y 2 (x) be two linearly independent solutions of 
the DE (2.1). Show that y{x) = y 2 {x)/yi{x) is a nonconstant solution of 
the DE 

yi{x)y" + (2yi(x) + px{x)yi{x))y' = 0. 


2.5. Let the function pi{x) be différentiable in J. Show that the substi¬ 
tution y{x) = 2 (x)exp(—i / pi{t)dt) transforms (2.1) to the differential 
équation 

z" + (^P 2 {x) - ^p[ix) - z = 0- 

In particular show that the substitution y{x) = z{x) / y/x transforms 
Bessel’s DE 

x'^y" + xy'+ {x'^ — a'^)y = 0, (2-15) 

where a is a constant (parameter), into a simple DE 

/ 1 — 4a^ \ 


2.6. Let v{x) be the solution of the initial value problem 


y” + piy' + P2y = 0, y(0) = 0, y'(0) = 1 
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where pi and p2 are constants. Show that the function 

y{x) = f v{x — t)r{t)dt 
J Xo 

is the solution of the nonhomogeneous DE 

y” +piy' + P2y = r{x) 
satisfying y{xo) = y'{xo) = 0. 

2.7. Find general solutions of the following nonhomogeneous DEs: 

(i) y” + 4y = sin 2x 

(ii) y” + Ay' + 3j/ = 

(iii) y" + 5y' + Ay = . 

2.8. Verify that yi{x) = x and y2{x) = 1/x are solutions of 

x^y" + x^y' — xy = Q. 

Use this information and the variation of parameters method to find the 
general solution of 

x^y" + x^y' — xy = x/{l + x). 


Answers or Hints 


2 . 1 . (i) lnx/(x—1) (ii) (1/2)(1 —x) ln[(a;—2)/a;] —1 (iii) e (iv)(a;/2) x 
ln[(l + x)/{\ - æ)] - 1. 

2.2. (i) Verify directly (ii) Use (2.5). 

2.3. 

2.4. Use y 2 {x) = yi{x)y{x) and the fact that yi{x) and 2 / 2 ( 2 ;) are solu¬ 
tions. 


2.5. Verify directly. 

2 . 6 . Use Leibniz’s formula: 


d 

dx 


iSS ^ “(^)) ê + iflx) Ë 


2.7. (i) Cl cos2a:-I-C2sin2x — |a:cos2a; (ii) ciC “C 2 e — ^xe 
(iii) cie“^ -I- C2e“"^^ — 

2.8. Cl ce -I- (c 2 /cc) -I- (l/2)[(a: — (1/cc)) ln(l -|- cc) — cclnx — 1]. 


Lecture 3 

Preliminaries to Sériés 
Solutions 


In our préviens lecture we hâve remarked that second-order differential 
équations with variable coefficients cannot be solved in ternis of the known 
functions. In fact, the simple DE y”+xy = 0 défiés ail our efforts. However, 
there is a fairly large class of DEs whose solutions can be expressed either 
in terms of power sériés, or as simple combination of power sériés and 
elementary functions. It is this class of DEs that we shall study in the 
next several lectures. Here we introduce some basic concepts which will be 
needed in our later discussion. 

Power sériés. A power sériés is a sériés of functions of the form 

OO 

Cm{x - Xo)"" = Co + Ci(x - Xq) + C 2 {x - XqY “I-1" ^m{x - ïq)"* H- 

m—0 

in which the coefficients Cm, m = 0,1, • • • and the point xq are independent 
of X. The point xg is called the point of expansion of the sériés. 

A function f{x) is said to be analytic a,t x = xq if it can be expanded in 
a power sériés in powers of (x — xg) in some interval of the form \x — xg\ < p, 
where > 0. If /(x) is analytic at x = Xg, then 

CXD 

f(x)='^Cm(x-Xg)^, \x - Xg\ < p, 
m—0 

where Cm = f^"^\xg)/m\, m = 0, 1, • • • which is the same as Taylor’s ex¬ 
pansion of f{x) at X = Xg. 

The following properties of power sériés will be needed later: 

1 . A power sériés Jf,m=o ^rn{x — xg)^ is said to converge at a point x if 

limji^oo ^m{x — ïq)™ exists. It is clear that the sériés converges at 

a; = a;o; it may converge for ail x, or it may converge for some values of x 
and not for others. 

2. A power sériés J2m=o^-m{x — xq)™ is said to converge absolutely 
at a point x if the sériés '^m=o\^rn{x — xg)™‘\ converges. If the sériés 
converges absolutely, then the sériés also converges; however, the converse 
is not necessarily true. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_3, 

(c) Springer Science-|-Business Media, LLC 2009 
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3. If the sériés J2m=o (^m{x — xo)^ converges absolutely for |a; —a;Q| < fi 
and diverges for jæ — xq] > ^, then fi is called the radius of convergence. 
For a sériés that converges nowhere except at xq, we define ft to be zéro; 
for a sériés that converges for ail x, we say /j, is infinité. 

4. Ratio Test. If for a fixed value of x, 



then the power sériés ~ converges absolutely at values 

of X for which L < 1, and diverges where L > 1. If L = 1, the test is 
inconclusive. 

5. Comparison Test. If we hâve two power sériés J2m=o ~ xq)'^ 
and J2m=o ^rn{x — xq)™ where \cm\ < Cm, 771 = 0, 1 , • • •, and if the sériés 
Sm=o Cm(a;-xo)'" converges for |x-xo| < /7, then the sériés X]m=o Cm{.x- 
Xq)™ also converges for |x — Xo| < ft. 

6. If a sériés X]m=o Cm(a; — xq)™' is convergent for |x — Xo| < then 
for any x, |x — Xo| = /io < M there exists a constant M such that |cm|/7™ < 
M, 771 = 0,1, • • •. 

7. The dérivative of a power sériés is obtained by term by terni différ¬ 
entiation; i.e., if /(x) = X]m=o ^rnix — xq)"*, then 

/'(x) = Cl-I-2 c2(x - xo)-I-3 c3(x - xo)^ H- 


OO OO 


mCmjx - Xq)"' ^ = y^(m-|-l)Cm-|-l(x-Xo)'". 


m—1 m—0 


Further, the radii of convergence of these two sériés are the same. Similarly, 
the second dérivative of /(x) can be written as 


OO 


/"(x) = 2c2 -I- 3.2c3(x - Xo) h -= (tTI -I- 1)(777 -I- 2)Cm-|-2(x “ Xo)"*. 


m—0 


8. Consider two power sériés /(x) = ~ xq)"^ and g{x) = 

Sm=0 (x — Xo)"*, which converge for |x — xo| < fii and |x — Xo| < /i 2 
respectively. If /r = min{^i,^ 2 }, then 


OO 


/(x) ± g{x) = yy (Cm ± dm)(x - Xo)™, 


m—0 


OO 



and 
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where 

m m 

^ ^ Ckdjn—k — ^ ^ ^m—kdk 
k=0 k=0 

converge for \x — xq\ < ^. 

9. Gauss Test. If at the end points of the interval |a; — ÆqI < M, the 
successive ternis of the sériés — xq)"* are of fixed sign, and if 

the ratio of the (m+ l)th terni to the mth terni can be written in the form 
1 —(c/m) + 0(l/TO^), where c is independent of m, then the sériés converges 
if c > 1 and diverges if c < 1. 


Gamma and Beta functions. It is possible to write long 
expressions in very compact form using Gamma and Beta functions which 
we shall define now. The Gamma function, denoted by r(a;), is defined by 

pOO 

r(a;) = / x > 0. (3.1) 

Jo 

This improper intégral can be shown to converge only for a; > 0; thus the 
Gamma function is defined by this formula only for the positive values of 
its arguments. However, later we shall define it for the négative values of 
its arguments as well. 


From the définition (3.1), we find 


Also, we hâve 



1 . 


(3.2) 


r(a;+ 1) 




*dt = a;r(a;), 


which is the récurrence formula 


r(x + 1) = a;r(x). 


(3.3) 


From (3.3) and (3.2) it is immédiate that for any nonnegative integer n the 
function F(n+ 1) = n!, and hence the Gamma function, can be considered 
as a generalization of the factorial function. 

Now we rewrite (3.3) in the form 


F(x) 


F(x + 1) 

X 


(3.4) 


which holds only for a; > 0. However, we can use (3.4) to define F(a;) in the 
range — 1 < a; < 0 since the right-hand side of (3.4) is well defined for x in 
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this range. Also since 

r(a: + l) 

when X > —1, we may write 


r(a: + 2) 

(x+ 1) 


T{x) 


r(x + 2) 

x{x + 1) 


(3.5) 


for a; > 0. But since r(x + 2) is defined for x > —2, we can use (3.5) to 
define r(a:) for —2 < a; < 0, x ^ —1. Continuing this process, we hâve 


rfxi = _ ^ ^ _ 

^ ^ x{x+l)---{x + k-l) 

for any positive integer k and for a; > 0. By this formula the function r(a;) 
is defined for —k < a; < 0, x ^ —1, —2, • • •, —k + 1. Hence, r(a;) is defined 
for ail values of x other than 0, —1, —2, • • •, and at these points it becomes 
infinité. 


The Beta function B{x,y) is defined as 


B{x,y)= [ r 
Jo 

which converges for a; > 0, y > 0. 


Gamma and Beta functions are related as follows: 


B{x,y) 


r(x) T{y) ^ 

T{x + y) ■ 


(3.6) 


(3.7) 


Oscillatory équations. A nontrivial solution of the DE 

y” + q{x)y = 0 (3.8) 

is said to be oscillatory if it has no last zéro, i.e., if y{xi) = 0, then there 
exists a a ;2 > a;i such that y{x 2 ) = 0. Equation (3.8) itself is said to 
be oscillatory if every solution of (3.8) is oscillatory. A solution which is 
not oscillatory is called nonoscillatory. For example, the DE y" + y = 0 is 
oscillatory, whereas y" — y = 0 is nonoscillatory in J = [0, oo). The following 
easily vérifiable oscillation criterion for the équation (3.8) is well known. 

Theorem 3.1. If the function q{x) is continuons in J = (0,oo), and 


/ OO 

q{x)dx = oo, 


(3.9) 


then the DE (3.8) is oscillatory in J. 
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This resuit can be used easily to show that solutions of Bessel’s DE 

(2.15) for ail a, are oscillatory. For this, in Problem 2.5 we hâve noted that 
the substitution y{x) = z{x)l^fx transforms this équation into a simple DE 

(2.16) . Clearly, this transformation does not alter the oscillatory behavior 
of two équations; moreover, for ail a, there exists a sufficiently large xq such 
that for ail x > xq, 


1 + 


l-4a^ 

4x^ 


> 


1 

2 


and hence 




l-4a^ \ 

4x^ J 


dx = oo. 


Thus, Theorem 3.1 implies that the équation (2.16) is oscillatory. 


Ordinary and singular points. If at a point x = x^ the 

functions pi{x) and P 2 {x) are analytic, then the point xq is said to be an 
ordinary point of the DE (2.1). Further, if at a; = Xq the functions pi(x) 
and/or P 2 {x) are not analytic, then xg is said to be a singular point of (2.1). 

Example 3.1. If in the DE (2.1), Pi{x) and P 2 {x) are constants, then 
every point is an ordinary point. 

Example 3.2. Since the function P 2 {x) = x is analytic at every point, 
for the DE y" + xy = Q every point is an ordinary point. 

Example 3.3. In Euler’s équation 

x^y" + aixy' + a2y = 0 


a; = 0 is a singular point, but every other point is an ordinary point. 


A singular point xq at which the functions p(x) = (x — xq)pi(x) and 
q(x) = (x — xo)^P 2 (x) are analytic is called a regular singular point of the 
DE (2.1). Thus, a second-order DE with a regular singular point xg has 


the form 


P{x) 

{x - Xg) 


q{x) 

{x - Xg)'^ 


y = o, 


(3.10) 


where the functions p{x) and q{x) are analytic at a; = a;o. Hence, in Example 
3.3 the point a;o = 0 is a regular singular point. 


If a singular point Xg is not a regular singular point, then it is called an 
irregular singular point. 


Example 3.4. Consider the DE 


^(x — 1) 


y = 0. 


(x-l)2 


(3.11) 
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For the équation (3.11) the singular points are 0 and 1. At the point 0, we 
hâve 


xpi{x) 


X 

(x-l)2 


x{l — x) ^ 


and 

87.2 

x^P 2 (x) = — -— = -8a;(l - 

x[x — 1) 


which are analytic at a; = 0, and hence the point 0 is a regular singular 
point. At the point 1, we hâve 


(»-i)piW = |Ft)T= 

which is not analytic at a; = 1, and hence the point 1 is an irregular singular 
point. 


Problems 


3.1. Show that 


(i) ^[ 2 )=^ 

(ii) for ail p > —1 and q > —1 the following holds: 


r■'w/2 Y 

/ sin^ X cos'^ xdx = -B { 

^p+ 1 


Jo 2 ' 

^ 2 ■ 

2 J 


2 F 


3.2. Locate and classify the singular points of the following DEs: 

(i) x^{x + 2)y" + xy' — {2x — l)y = 0 

(ii) {x-l)'^{x + 3)y"+ {2x + l)y'-y = 0 

(iii) (1 — x^Ÿy" + a;(l — x)y' + (1 + x)y = 0 

(iv) (x^ — X — 2)y" + {x — 2)y' + xy = 0. 

3.3. Show that xq = 0 is a regular singular point of the Riccati-Bessel 
équation 

x^y" — {x^ — k)y = 0 , —00 < k < 00 . 

3.4. Show that a;Q = 0 is a regular singular point of the Coulomb wave 
équation 


x^y" + [x^ — 2 ^x — k]y = Q, t fixed, 


—00 < k < 00. 
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3.5. Let the point x = xq, where xq ^ 0 be an ordinary point of the 
DE (2.1). Show that the change of the independent variable t = x — xq 
leads to the DE 

^+Pi(i)^+P 2 W 2 /= 0 (3.12) 

for which the point t = 0 is an ordinary point. Further, show that the 
function y{t) = i |t| < ^ is a solution of the DE (3.12) if and 

only if the corresponding function y{x) = J 2 m=o Cm(a; — xq)™, |x — xq] < /i 
is a solution of the DE (2.1). 

3.6. Let the DE (2.1) hâve a regular singular point at x = xq, where 
xo 0. Verify that the change of the independent variable t = x — xq leads 
to the DE (3.12) which has a regular singular point at t = 0. 


3.7. Show that the substitution x = l/t transforms the DE (2.1) into 
the form 


(P y 



dt 




(3.13) 


Thus, the nature of the point x = 00 of (2.1) is the same as the nature of 
the point t = 0 of (3.13). Use this substitution to show that for the DE. 




2x3 


2 / = 0 


the point x = 00 is a regular singular point. 


3.8. Show that for Bessel’s DE (2.15) the point x = 00 is an irregular 
singular point. 


3.9. Examine the nature of the point at infinity for the following DEs: 


Airy’s DE: y" — xy = 0 (3-14) 

Chebyshev’s DE: (1 — x^)î/" — xy' + a^y = 0 (3.15) 

Hermite’s DE: y" — 2xy' + 2ay = 0 (3.16) 

E[yper géométrie DE: x(l — x)y" + [c — (a + 5 + 1)x]î/' — aby = 0 (3.17) 

Laguerre’s DE: xy" + (a + 1 — x)y' + by = 0 (3.18) 

Legendre’s DE: (1 — x^)y" — 2xy' + a{a + l)y = 0. (3.19) 


is 


3.10. The Schrodinger wave équation for a simple harmonie oscillator 
h? d^ip 


K 

y 


zi/) = Eli), 


Sir'^mdz^ ' 2 “ 

where h is Planck’s constant; E, iP, and m are positive real numbers, and 
'î/’(x) is the Schrôdinger wave function. Show that the change to dimension- 
less coordinate x = az reduces (3.20) to 
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where = 4,'ïï‘^mK/K^ and 2a + 1 = {A^E/h)\Jm/K. Further, show that 
the second change of variables ip = ye~^ reduces (3.21) to the Hermite 
équation (3.16). 


Answers or Hints 

3.1. (i) F (i) = = 2 f^e~^^du, t = (ii) Use the 

substitution t = sin^ x. 

3.2. (i) 0, — 2 regular singular points (ii) 1 irregular singular point, — 3 
regular singular point (iii) 1 regular singular point, —1 irregular singular 
point (iv) 2,-1 regular singular points. 

3.3. Use définition. 

3.4. Use définition. 

3.5. The change of the independent variable x = t + xq gives ^ = 

= If’ î’i(^) =Pi(t + xo) =Pi(i), andp2(x) =P2(t + xo) =P2(t), 
thus, it reduces (2.1) to (3.12). Further, since this transformation shifts 
every point by —xq, if xq is an ordinary point of (2.1), then t = 0 is an 
ordinary point of (3.12). 

3.6. The proof is similar to that of Problem 3.5. 

3.7. The transformed équation is ^ ^ = 0. 

3.8. Since jp (y) = 1, and (y) = is not analytic at t = 0, the 

point X = oo is an irregular singular point. 

3.9. Irregular singular, regular singular, irregular singular, regular singu¬ 
lar, irregular singular, regular singular. 


3.10. Verify directly. 




Lecture 4 

Solution at an Ordinary Point 


In this lecture we shall construct power sériés solutions of Airy, Her- 
mite and Chebyshev DEs. These équations occupy a central position in 
mathematical physics, engineering, and approximation theory. 

We begin by proving the following theorem, which provides sufficient 
conditions so that the solutions of (2.1) can be expressed as power sériés at 
an ordinary point. 

Theorem 4 . 1 . Let the functions Pi (x) andp2(a^) be analytic at x = xq] 
hence these can be expressed as power sériés in (x — Xq) in some interval 
|a; — xqI < IJ,. Then, the DE (2.1) together with the initial conditions 

y{xo) = co, y'{xo) = Cl (4.1) 

possesses a unique solution y{x) that is analytic at xq, and hence can be 
expressed as 

OO 

yi^) = X] 

m—0 

in some interval \x — xo\ < fi. The coefficients Cm, m > 2 in (4.2) can be 
obtained by substituting it in the DE (2.1) directly. 

Proof. In view of Problem 3.5 we can assume that xq = 0. Let 

OO OO 

Pl{x) = X Prna;™, P 2 {x) = X Pm®™: ^1 < P (4-3) 

m—0 m—0 

and 

OO 

y{x) = X (4.4) 

m—0 

where cq and ci are the same constants as in (4.1). Then, 

OO OO 

y'{x) = ^ (m + l)cm+ix'^, y"{x) = ^ (m + l)(m + 2)cm+2x'^ 

m—0 m—0 


and 


OO / m 


Pi{x)y'{x) = X X(^ + 


m—0 \k—0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_4, 

(c) Springer Science-hBusiness Media, LLC 2009 
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P 2 {x)y{x) 


oo / m \ 

E E CkPm—k 1 ^ 

m=0 \k—0 / 


Substituting these expressions in the DE (2.1), we obtain 


E 

m—O 


(m + l)(m + 2)cm+2 + 


^{k + l)Ck+lPm-k + E 




k—0 


a;"* =0. 


Hence, y{x) is a solution of the DE (2.1) if and only if the constants Cm 
satisfy the récurrence relation 


Cm+2 — 


1 

(m + l)(m + 2) 


Y2{(k+l)ck+lP,n-k+CkPm-k) , 
.fc=o 


which is the same as 


m > 0 


Cm 


1 

m{m — 1) 


'm-2 

^ {{k + l)ck+lPm-k -2 + CkPm-k- 2 ) , 
_fc=o 


m > 2. 


(4.5) 

By this relation C2, C3, • • • can be determined successively as linear combi¬ 
nations of Cq and ci. 


Now we shall show that the sériés with these coefficients converges for 
|x| < fj,. Since the sériés for pi(x) and P 2 (x) converge for |a;| < /i, for any 
|x| = fiQ < y, there exists a constant M > 0 such that 


\Pj\pi < M and \pj\yl < M, j = 0, l,---. (4.6) 


Using (4.6) in (4.5), we find 


r (fc + l)|cfc+i| 

/ ^ I m—k—2 

k=o '' Po 

where the term M|cm-i|/io/m(m — 1) 
which will be clear later. 


< 


M 


m(jn — 1) 


|Cfc| 


%-k-2 


Mo 


M|Cm-l|A^0 
m(m — 1) ’ 


m > 2 


(4.7) 


lias been included, the purpose of 


Now we define positive constants Cm by the équations Cq = |co|. Ci = 
|ci|, 


M 

"m—2 

V 

f(fc+l)Cfe+i Ck \ 

m(m — 1) 

.fc=0 

m—k—2 m—k—2 f 

l Po Po ) _ 


MCm-lPO 
m(m — 1) ’ 


From (4.7) and (4.8) it is clear that |cm| < Cm, m = 0,1, • • •. 


m > 2. 
(4.8) 
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Next we replace m by m + 1 in (4.8), to obtain 

'm— 1 


Cm+l — 


M 


m{m + 1) 


E 

Lfc=o 


{k + l)Ck+i 


Ck 


and hence 


Muo 

m(rn + 1) 
Mfio 


Mo 


E 


'i—k—l 


^—k—l 


Mo 


MCmllp 

m(jn + 1) 


(fc + l)Cfc+i 

m—k—1 

Mo 


Ck 


m—k—1 

Mo 


+ 


m{m + 1) 
Combining (4.8) and (4.9), we get 


[mCm + Cm-l\ + 


MCm^lo 
m(m + 1) 


(4.9) 


MO^m+l — 


which is the same as 


M 


m{m — 1) 


m{m + 1) 
M^o 


M 


+ 


m{m + 1) 


[mCm + Cm-i] + 


Cm l^pCm—1 

MCmf4 


_(m-l) ^ mMfioC, 

MO^m+1 — / . N 


m(m + 1) 

MCmt^l 


(m + 1) 


(m + 1) m(m + 1) 


(4.10) 


Thus, the addition of M\cm-i\f^Q/'m{m — 1) in (4.7) has led to a two-term 
récurrence relation (4.10) from which we hâve 


C'^+ia.^+i 




and hence 


lim 

m—>-oo 


m{m — 1) + mMfiQ + M/ig 

^om{m + 1) 




m 

Mo ' 


Thus, the ratio test establishes that the sériés J2m=o CmX^ converges for 
|a;| < fiQ, and by the comparison test it follows that the sériés J2m=Q CmS;'" 
converges absolutely in |a;| < Since ^p G (0, /r) is arbitrary, the sériés 
converges absolutely in the interval |x| < 


Hence, we hâve shown that a function which is analytic at x = xp 
is a solution of the initial value problem (2.1), (4.1) if and only if the 
coefficients in its power sériés expansion satisfy the relation (4.5). Also, 
from the uniqueness of the solutions of (2.1), (4.1) it follows that this will 
be the only solution. ■ 


Airy’s équation. Solutions of Airy’s DE (3.14) are called Airy 
functions, which hâve applications in the theory of diffraction. Clearly, 
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for (3.14) hypothèses of Theorem 4.1 are satisfied for ail x, and hence its 
solutions hâve power sériés expansion about any point x = Xg- In the case 
xq = 0, we assume that y(x) = J2m=o is a solution of (3.14). A direct 
substitution of this in (3.14) gives 

OO OO 

^ (m + l)(m + 2 )cm+ 2 x'^ “ ^ X! 

m—0 m—0 


which is the same as 


2 c 2 + ^ [(m + l)(m + 2 )cm ,+2 - Cm-ijx"" = 0. 


m—1 

Hence, it follows that 


C2 — 0, Cjn — 


m{m — 1) 
If m = 3fc + 2, then (4.11) becomes 


Cm —35 Xfl ^ 3. 


(4.11) 


1 1.2.3.6.9---(3fc) „ , , „ 

C3fc+2 = —r^'^3fe-l = --C2 = 0, K = 1, 2, ■ 


(3fc + 2)(3fc+l) (3fc + 2)! 

If m = 3A: + 1, then (4.11) is the same as 

2.5 • • • (3/c - 1) 


1 


C3fc+1 = 


{3k + ^ {3k+ 1)1 

If m = 3k, then (4.11) reduces to 


Cl, k = l,2,---. 


1 1.4.7-•-(3^-2) , ^ ^ 

Csfc = -7TC3fe_3 = - 77rrv, -Co, k = 1,2, 


{3k){3k-l) 


{3k)\ 


Since 


y{x) = co + cix + '^ CgkX^'" + ^ C3fc+iæ^''+^ + ^ cgk+2X 


3fe+2 




k^l 




Airy functions are given by 


y{x) = co 


1 


fc=l 

= Cgyi{x) + Ciy 2 {x). 


{3k)\ 


Cl 


-E 


2-5---(3fc-l) 

(3fc+l)! 


(4.12) 
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Finally, since î/i( 0) = 1, î/i(0) = 0 and 2 / 2 ( 0 ) = 0, 2 / 2 ( 0 ) = 1 functions 
2/1 (x) and 2 / 2 ( 2 ;) are linearly indépendant solutions of Airy’s équation (cf. 
Theorem 2.2). 


Hermite’s équation. Solutions of Hermite’s DE (3.16) are called 
Hermite functions. This équation is used in quantum mechanics to study 
the spatial position of a moving particle that undergoes simple harmonie 
motion in time. In quantum mechanics the exact position of a particle at 
a given time cannot be predicted, as in classical mechanics. It is possible 
to détermine only the probability of the particle’s being at a given location 
at a given time. The unknown function y{x) in (3.16) is then related to 
the probability of finding the particle at the position x. The constant a is 
related to the energy of the particle. Clearly, for (3.16) also hypothèses of 
Theorem 4.1 are satisfied for ail x, and hence its solutions hâve power sériés 
expansion about any point x = xq.Iti the case xq = 0 i we again assume 
that y{x) = X)m=o is a solution of (3.16), and obtain the récurrence 

relation 


Cm 


2{m — 2 — a) 

7 TT Cm—2 ? 

m\m — 1 ) 


m 


2,3,. 


(4.13) 


From (4.13) it is easy to find 


(-1)'"22”"F (ia+1) 
(2m)! F (ia — m + 1) 


m = 0 , 1 , • • • 


and 


(_l)m22m+lF (1^+ 1) 
2 m+i 2 (2m + 1)1 F (ia — m + i) 


m = 0 , 1 ,•• •. 


Hence, Hermite functions can be written as 


y{x) = coF(-a+l)^ 


(-l)™( 2 x)^ 


^^0 (2™)! r(ia-m+l) 


+ci- F 


= co 2 /i(a;) + ci 2 / 2 (a;). 


E 


(-1)™(2x)2™+i 


(4.14) 


^ (2m + 1)1 F (ia - m + i) 


m=0 


Obviously, yi{x) and 2 / 2 ( 2 ;) are linearly independent solutions of Hermite’s 
équation. 


Chebyshev’s équation. The Chebyshev DE (3.15), where a 
is a real constant (parameter), arises in approximation theory. Since the 
functions 

Pi{x) = - E 2 7 ) 2 ( 2 ;) = ° 

1 — 1 — 









28 


Lecture 4 


are analytic for \x\ <1, a; = a;Q = 0 is an ordinary point. Thus, Theorem 4.1 
ensures that its sériés solution y{x) = X]m=o converges for |a;| < 1. To 
find this solution, we substitute it directly in (3.15), to find the récurrence 
relation 

(,7j2 _ 

Cm+2 = 7 - -;7T7-T-nrCm, m > 0 (4.15) 

(m + 2)(m + 1) 

which can be solved to obtain 

(-a2)(22-a2)...((2m-2)2-a2) 


C2m — 


C2m+1 — 


(2m)! 

(P — a^)(3^ — a^) • • • ((2m — 1)^ — a^) 


(2m + 1)1 

Hence, the solution of (3.15) can be written as 


cq, m > 1 
Cl, m > 1. 


y{x) = co 


1 + E 


(_„2)(22_„2)...((2^_2)2_„2) 


m—1 




E 


(2m)! 


(12_^2)(32_^2)...((2^_1)2_^2) 
(2m + 1)! 


m—1 

= coyi{x) + ciy2{x). 

(4;16) 

It is easy to verify that yi{x) and y 2 (x) are linearly independent solutions 
of Chebyshev’s équation. 


Problems 

4.1. Verify that for each of the following DEs the given point is an 
ordinary point and express the general solution of each équation in ternis 
of power sériés about this point: 

(i) ÿ' +xÿ + y = {), a; = 0 

(ii) y" + x^y' + xy = 0, a; = 0 

(iii) y” + x^y =0, x = 0 

(iv) (x^ — l)y'' — Qxy' + 12y = 0, a; = 0 

(v) (a;^ — l)y" + 8xy' + 12y = 0, a; = 0 

(vi) y” — 2(x + 3 ) 1 /' — 3î/ = 0, a; = —3 

(vii) y” + (a; — 2)^?/' — 7{x — 2)y = 0, a; = 2 
(viii) {x^ — 2x)y'' + 5(a; — l)y' + 3y = 0, a; = 1. 

4.2. For each of the power sériés obtained in Problem 4.1 find the 
radius of convergence and the interval of convergence (the interval centered 
at Xq in which the power sériés converges). 
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4.3. Find sériés solutions of the following initial value problems: 

(i) y” + xy'-2y = 0, j/(0) = 1, y'(0) = 0 

(ii) x{2-x)y''-6{x-l)y'-Ay = 0, y{l) = 1, y'(l) = 0 

(iii) y"+ e^y'+ {l + x^)y = 0, y{0) = 1, y'(0) = 0 

(iv) y” - {smx)y = 0, y{TT) = l, y'(7r) = 0. 

4.4. If the hypothèses of Theorem 4.1 are satisfied, then the solution 
y{x) of (2.1), (4.1) possesses a unique Taylor’s sériés expansion at xq, i.e., 


yix) = 

m—0 


m! 


xor 


(4.17) 


For many problems it is easy to find y^™'\xQ) for ail m, and hence we can 
start directly with (4.17). We call this procedure Taylor’s sériés method. 
Use this method to solve the following problems: 

(i) y” + y=2x-l, î/(1) = 1, 2 /'(l) = 3 

(ii) y" + 4y' + 3y = 0, y(0) = 1, y'{0) =-1. 

4.5. Van der Pol’s équation, 

y” + M(y^ - 1)?/' + 2/ = 0, (4.18) 


finds applications in physics and electrical engineering. It first arose as an 
idealized description of a spontaneously oscillating circuit. Find first three 
nonzero terms of the power sériés solution about a; = 0 of (4.18) with /r = 1 
subject to the conditions y(0) = 0, y'(0) = 1. 

4.6. Rayleigh’s équation, 

my” + ky = ay' -b{ÿf, (4.19) 


models the oscillation of a clarinet reed. Find first three nonzero terms of 
the power sériés solution about a; = 0 of (4.19) with m = k = a = 1, 6=1/3 
subject to the conditions y{0) = 1, y'{0) = 0. 


Answers or Hints 


4.1. (i) coEZ= 


oo (-1)^ 


x2m 

2.Z12.72 


E OO 

m=i 


oo (-1)"* 2" m! ^2m+l 


(ii) CO l + 


Cl 


■+e::=i(-i)’ 
(-1) 


(3m)! 
(3m+l)! 




/;;;\ ^ -| , (—ij ''æ ■" . '^-vOO (—l)”'æ ' 

Co i -I- l^rn=l 3-7-"(4m-l) 4™ m! “C Cl Z^m=0 1.5-9--(4m+l) 4"* m! 
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(m+l)(2rra+3) ^2m+l 
3 


(iv) co(l + + ci(x + x^) 

M coE”=o(™+l)(2'n+l)*"" + »iE”=o 

(vi) <=.[i+E;:., ” ’Utr‘’ (»^+3)""‘ 

l-5-9--(4m+l) / o\2m+l 
‘'l Z^m=0 (2m+l)! 

„ Tl , (-l)”*+i28(æ-2)^"* 

tVllj Cq + 2^rn=l 3™ m!(3m-l)(3m-4)(3m-7) 

+ Cl [(x - 2) + i(x - 2)4 + i(x - 2)’’] 

(viii) CO E™=0 - 1)^- + Cl E™=0 


(-!)"• ^2m 


C'm + l 

Cm 


4.2. (i) ForE™=o^ 

0, and hence the interval of convergence is the whole real line R. For 


2^ m\ 1^12 _ l£il_ 

2™+i (m+1)! 2(m+l) 


Y^oo (-1) 

Z_-/m=0 


2 m!^2m+l 


C'm+l 

Cm 


^ kr 

2m+3 


( 2 m+i)! —’ ~c — “ 2 m +3 ^ hence again the in¬ 

terval of convergence is R (ii) R (iii) R (iv) R (v) 1, (—1,1) (vi) R 
(vii) R (viii) 1, (0,2). 

4.3. (i) 1 + xMii) Cûï) 1 - + ix^ - ^x^ + 

^x^ • • • (iv) 1 - |(x - 7 r )3 -H j^(x - 7 r )5 -H _ 7^)6 + .... 

4.4. (i) = 0, m = 1,2,.. •; = 1, m = 2,4,-..; 

j/( 2 "*+i)(l) =— 1 , m = 1 ,3, • • • ; ( 2 x — 1 )-|-sin(x — 1 ) (ii) e~^. 


4.5. 

4.6. 


iT-2 _ im4 _ ir® 
2*^ 8 8 ■ 


1 _ _ 1^3 J_ 
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Solution at a Singular Point 


In this lecture, through a simple example, first we shall show that at a 
regular singular point the power sériés used earlier at an ordinary point does 
not provide a solution, and hence we need to modify it. This modification is 
called the method of Frobenius after George Frobenius (1849-1917). Then 
we shall state and prove a general resuit which provides three possible 
different forms of the power sériés solution. Once the particular form of the 
solution is known its construction is almost routine. In fact, in the next 
lecture we shall illustrate this resuit through several examples; this includes 
a discussion of Laguerre’s équation (3.18). 


We recall that a second-order DE with a regular singular point xq is of 
the form (3.10), where the functions p{x) and q{x) are analytic at x = Xq. 
Further, in view of Problem 3.6, we can assume that xq = 0, so that 
équation (3.10) reduces to 


Pi.x) , , g(x) 

~ry + ~;ry = 


(5.1) 


In comparison with at an ordinary point, the construction of a sériés 
solution at a singular point is difficult. To understand the problem we 
consider Euler’s équation 

2xy + xy' - y = 0; (5.2) 

which has a regular singular point at x = 0; and its general solution 

y(x) = + C 2 X (5.3) 

exists in the interval J = (0,oo). Obviously, no solution of (5.2) can be 
represented by a power sériés with x = 0 as its point of expansion in any 
interval of the form (0, a), a > 0. For if y(x) = 0 < x < a 

is a solution of (5.2), then y(x) and ail its dérivatives possess finite right 
limits at X = 0, whereas no function of the form (5.3) has this property. 
Hence, at a regular singular point, solutions of (5.1) need not be analytic 
(in some instances solutions may be analytic, e.g., y(x) = Cix + C 2 X^ is the 
general solution of x^y" — 2xy' + 2y = 0). However, we shall see that every 
such DE does possess at least one solution of the form 

OO 

y(x) = x’' ^ CmX^, co yf 0. (5.4) 

m—0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_5, 
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Since p{x) and q{x) are analytic at x = 0, these fimctions can be ex- 
pressed as power sériés in x; i.e., 


P{x) = X! 

m—0 


and q{x) = ^ qmx'"' 

m—0 


(5.5) 


Substituting (5.4) and (5.5) in (5.1), we obtain 


OO - / OO 

■ ^(m+r)(TO+r-l)cmx’" + - I ^ 


m—0 


\m—0 


^ y^(m+r)c 

/ V m=0 


qmX"^ X^ 


J2cmX"^] =0, 


\m—0 


m—0 


which is the same as 

OO f m 

i (m + r){m + r- l)cm + '^[{k + r)pm-k + gm-fc]cfc > = 0. 

m—0 I k—0 ) 

(5.6) 

In (5.6) the coefficient of x’' ^ does not lead to a récurrence relation, but 
gives 

coF(r) = co[r(r - 1) + por + qo] = 0. (5.7) 

The other ternis lead to the récurrence relation 

m 

{m + r){m + r - l)cm + '^[{k + r)pm-k + qm-k]ck = 0, m = 1, 2, • • • 


which can be written as 

F{r + m)cm = [{m + r){m + r - 1) + {m + r)po + qo]cm 

^ (5.8) 

= - / J(fc + r)pm-k + gm-fc]cfc, m=l,2,---. 

fc =0 

Since cq 0, the possible values of r are those which are the roots of the 
indicial équation F{r) = 0. The roots ri and r 2 are called the exponents of 
the regular singular point x = 0. Once r is fixed the relation (5.8) détermines 
Cm as successive multiples of cq. Thus, for two exponents ri and r 2 we can 
construct two solutions of the DE (5.1). However, if ri = r 2 , then this 
method gives only one formai solution. Further, if at any stage F{r + m) 
vanishes then this method obviously breaks down. A simple calculation 
shows that 


F{r + m) = F{r) + m{2r + pq + m — 1) = 0. 


(5.9) 
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But from (5.7), we hâve ri + r 2 = 1 — po and hence if r = ri or r 2 , then 
(5.9) implies that m = ±(r 2 — ri). Therefore, F{r + m) vanishes if and 
only if the exponents differ by an integer, and r is chosen to be the smaller 
exponent. Thus, if r is taken to be the larger exponent, we can construct 
One formai solution. 

In conclusion, the DE (5.1) always has at least one solution of the form 
(5.4), and the coefficients Cm, m > 1 can be obtained by substituting it in 
the équation directly. Further, to find the second solution either the method 
provided in Lecture 2, or the method of Frobenius, can be employed. In the 
following resuit we summarize the conclusions of Frobenius method. 

Theorem 5.1. Let the functions p{x) and q{x) be analytic at ce = 0, 
and hence these can be expressed as power sériés given in (5.5) for |cr| < p. 
Further, let ri and r 2 be the roots of the indicial équation F(r) = r(r — 
1) + Por + go = 0. Then, 

(i) . if Re(ri) > Re(r 2 ) and ri — r 2 is not a nonnegative integer, then the 
two linearly independent solutions of the DE (5.1) are 

OO 

yi{x) = Icrr^ ^ (5.10) 

m—0 

and 

CXD 

2 / 2 ( 2 :) = \xp ^ Cm2;™; (5.11) 

m—0 

(ii) . if the roots of the indicial équation are equal, i.e., r 2 = ri then the 
two linearly independent solutions of the DE (5.1) are (5.10) and 

00 

y 2 {x) = 2/1 (x) In |x| + \x\^^ ^ dmx""] (5.12) 

m—1 

(iii) . if the roots of the indicial équation are such that ri — r 2 = n (a 
positive integer) then the two linearly independent solutions of the DE 
(5.1) are (5.10) and 


00 

2 / 2 (x) = cyi{x) In |x| + \xp ^ (5.13) 

m—0 


where the coefficients Cm, Cm, dm, Sm and the constant c can be determined 
by substituting the form of the sériés for y{x) in the équation (5.1). The 
constant c may turn out to be zéro, in which case there is no logarithmic 
term in the solution (5.13). Each of the solutions given in (5.10) - (5.13) 
converges at least for 0 < |x| < p. 
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Proof. (i) Since ri and r 2 are the roots of the indicial équation F{r) = 0, 
we hâve from (5.7) that 

F{r) = r(r - 1) + por + qo = {r - ri){r - r2) 

and from (5.9) that F{ri + m) = m{m + ri — r 2 ), and hence 

|i^(ri+m)| > m(m — |ri — r 2 |). (5.14) 

Also, as in the proof of Theorem 4.1, for any \x\ = po < p there exists a 
constant M > 0 such that \pj< M, and \qj |/r;j < M, j = 0,1, • • •. Thus, 
on using these inequalities, from (5.14) and (5.8) it follows that 

m— 1 

m(TO - |ri - r 2 |)|cm| < M ^ (fc + |ri | + l)/r“™+''|cfe|, m=l,2,---. 

k=0 

Now we choose an integer n such that n — 1 < |ri — r 2 | < n, and define 
the positive constants Cj as follows: 

Cf = Icjl, i = 0,l,---,n-1 

j{3-\ri-r2\)Cj = M^{k+\ri\ + l)p'^^^'^Ck, j = n,n+l,---. 

(5.15) 

By an easy induction argument it is clear that |cm| < Cm, m = 0,1, • • •. 


Now the resuit of combining (5.15) with the équations obtained by re- 
placing j by m and m — 1 leads to 

Cm _ (m - 1 )(to - 1 - |ri - r 2 |) + M(m + |ri|) 

Cm-i pLom{m - \ri - r2\) 


and hence 


lim 

m—>oo 


n 



Thus, the ratio test shows that the sériés X]m=o converges for |a:| < 

jjiQ, and now by the comparison test Yl^=o^rnX^ converges absolutely in 
the interval |a;| < pq. However, since pn is arbitrary, the sériés J2m=o '^mx’^ 
converges absolutely for |a;| < p. Finally, the presence of the factor 
may introduce a singular point at the origin. Thus, we can at least say 
that Sm=o^ solution of the DE (5.1) and it is analytic for 
0 < |a;| < /i. 


If we replace ri by r 2 in the above considérations, then it follows that 
\xy^ second solution of (5.1) which is also analytic for 

0 < |x| < p. 

(ii) Since the roots of the indicial équation F{r) = 0 are repeated, i.e., 
ri = r 2 , we hâve F{ri) = {dF/dr)r=ri = 0, and there exists a solution 
yi{x) = x'^'^ J2m=o Cm a:"* in the interval 0 < x < p. 
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Now in (5.6) we assume that r is not a solution of the indicial équation, 
but the coefficients Cm satisfy the récurrence relation (5.8). Thus, if £ 2 ( 2 /] 
represents the left side of (5.1), then 

^2[y{x)] = cox"'“^F(r), (5.16) 

where y{x) = Cnix"^. 

From (5.16), it follows that 


—C2[yix)] = £2 


'dy{x)' 


dr 

- CqX 


dF{r) 


dr 


+ F{r) Inx 


andhence £2 [{dy{x)/dr)r=r^] = 0,i.e., {dy{x)/dr)r=ri is the second formai 
solution. Since 


dy{x) 

dr 


= x^lnx Cj, 
m=0 


OCr] 


'T — 

Qj. 

m—0 


we find 


2 / 2 ( 2 :) 


dyjx) \ 

dr 


00 

2/1 (a:) In a: + ^ dmx'^, 

m—0 


where 

dm = , m = 0,l,-". (5.17) 

Clearly, cq does not dépend on r, and hence do is zéro. 

Finally, we note that the case —y < a; < 0 can be considered similarly. 
Further, since X]m=o ^mX"^ is uniformly and absolutely convergent for |a:| < 
yi < y, it follows that J2m=i dma;™ is uniformly and absolutely convergent 
for |a;| < yi < y, this also justifies our assumption that différentiation with 
respect to r can be performed term by term. Consequently, the solution 
2 / 2 (a:) is analytic for 0 < |x| < y. 

(iii). Since the roots ri and r 2 of the indicial équation F{r) = 0 are such 
that ri — r 2 = n (a positive integer), it is immédiate that the solution yi{x) 
corresponding to the exponent ri can be given by (5.10). Further, yi{x) is 
indeed analytic for 0 < |a:| < /r. 

Corresponding to r 2 we can obtain Cm(r 2 ) for m = l,2,--',n—1 as a 
linear multiple of cq from the récurrence relation (5.8). However, since in 
(5.8) the coefficient of c„(r 2 ) is F{r 2 + n) = F{ri) = 0 we cannot obtain 
a finite value of Cn(r 2 ). To obviate this difficulty we choose co(r) = r — r 2 , 
so that Cm(r 2 ) = 0 for m = 0,l,---,n — 1 and c„(r 2 ) is indeterminate. Let 
us choose an arbitrary value of c„(r 2 ). Repeated application of (5.8) now 
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yields Cn+m(j’ 2 ) as linear multiples of Cn{r 2 ) for positive integers m. This 
process produces the solution 


OO OO 

Y, cUr2)x^ = x^^-^ Y cUr2)x'^ 

m—n m—n 


OO 

m—n 


= X^^Y^r{x2)x^, 

r^O 

(5.18) 

where c*(r 2 ) = c„+T-(r 2 ), r = 0,1, • • •. However, since the successive coef¬ 
ficients are calculated from (5.8), this solution is a constant multiple of the 
solution yi{x). 


Once again, as in Part (ii), we take r not to be the solution of the indicial 
équation but the coefficients Cm satisfy the récurrence relation (5.8), so that 


i^ 2 [y{x)\ = CqX^ '^F{r)=coX^ '^{r-ri){r-r 2 )=x" "^{r - ri){r - r 2 Ÿ. 


Now on account of the repeated factor, we hâve £2 [{dy{x)/dr)= 
0, and hence {dy{x)/dr) is the second formai solution, i.e., 

y 2 {x) = x'^'^ In |x| ^ Cm{r 2 )x'^ + X! ( 

which from (5.18) is the same as (5.13), where 

' dcr. 


c = lim (r — r 2 )cn{r) and Cm = 

r—»-r2 


dr 


= 0,1,---. (5.19) 


Clearly, this solution 2 / 2 ( 2 ;) is also analytic for 0 < |x| < //. ■ 
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Solution at a Singular Point 
(Cont’d.) 


In this lecture, we shall illustrate Theorem 5.1 through several examples. 
We begin with Laguerre’s équation (3.18) which shows how easily Theorem 
5.1(i) is applied in practice. 

Laguerre’s équation. In the DE (3.18), a and b are real constants 
(parameters). It arises in quantum mechanics. Clearly, in this équation 
p{x) = (a + 1 — x) and q{x) = bx are analytic for ail ce, and hence the 
point X = 0 is a regular singular point. Since po = a + 1, ço = 0 the 
indicial équation is -F(r) = r(r — 1) + (a + l)r = 0, and therefore the 
exponents are ri = 0 and r 2 = —a. Further, since pi = —1, qi = b and 
Pm = 9 m = 0, m > 2 the récurrence relation (5.8) for ri = 0 and r 2 = —a, 
respectively, reduces to 

m{m + a)cm = (m — 1 — b)cm-i 


and 


m{m — a)cm = {m — 1 — a — b)cm-i- 
Thus, if a is not zéro or an integer we easily obtain the solutions 


yi{x) 


_ b_ b{b-l) 2 

a + 1 2! (a + l)(a + 2) 

^ (-i)-r(a + i)r(6 + i) 

^ m! r(m + a+ l) r(6+l — m) 

m—0 


and 


2/2(2;) 


/ a + b 1 (a + &)(a + 6 — 1) 2 

V (l-a)(2-a) "" 

^ (- 1 )"^ r(a + &+l) r(l-a) 

m! r(a + 6 + 1 — m) r(m + 1 — a) 

m—0 


( 6 . 1 ) 


( 6 . 2 ) 


Clearly, in view of Theorem 5.1(i) both of these solutions converge at least 
for 0 < |a;| < 00 . Further, the general solution of (3.18) appears as y{x) = 
Ayi{x) + By 2 {x), where A and B are arbitrary constants. 
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The following example also dwells upon the importance of Theorem 

Example 6.1. In the DE 

x^y”+x(^-^y'+ ^y = Q (6.3) 

p{x) = X — (1/2) and q{x) = 1/2 are analytic for ail x, and hence the point 
X = 0 is a regular singular point. Since po = ~l/2 and go = 1/2 the indicial 
équation is 


F{t) 


r(r- 1) - ir + i = (r - 1) 



= 0 


and therefore the exponents are ri = 1 and r 2 = 1/2. Thus, Theorem 5.1(i) 
is applicable and we can construct two linearly independent solutions in 
any interval not containing the origin. 

The récurrence relation (5.8) for ri = 1 reduces to 


m 



Cm 


^Cm —1 1 


which is the same as 


and gives 


Cm — 


2m + 1 


Cm —1 


= (- 1 )' 


(2m + l)(2m-l)---3 


co, m = 1, 2, • 


Similarly, the récurrence relation (5.8) for r 2 = 1/2 is simplified to 
Cm = which gives 

Cm = (-l)'"^co, to=1,2,---. 

m! 

Thus, the linearly independent solutions of the DE (6.3) are 

m—Q ^ ^ ' 


2/2(x) = N1/^ V(-l)- 


m 


m—Q 


X 

m\ 


and 
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Further, the general solution of (6.3) in any interval not containing the 
origin is y{x) = Ayi(x) + By^ix), where A and B are arbitrary constants. 


Our next example uses Theorem 5.1(ii). 

Example 6.2. In the DE 

x{\ — x)y'' + (1 — x)y' — y = 0 (6.4) 

p{x) = 1 and q{x) = —x/{l — x) are analytic for ail |a;| < 1, and hence 
the point x = 0 is a regular singular point. Since po = 1 and çq = 0, the 
indicial équation is F{r) = r(r — 1) + r = 0, and therefore the exponents 
are ri = r 2 = 0. Substituting directly y{x) = x^ in the DE 

(6.4), we obtain 

OO 

^ [{m + rfcm - (m + r - lYcm-i - Cm-i] = 0. 

m—1 


Thus, the récurrence relation is 


(m + r- 1)2 + ^ 

Cm — / I \9 Cm—15 ^ — I5 ■^5 

[m + ry 

Now a simple calculation gives 

( 7-2 + l)((r + 1)2 + 1 ) • • • ((r + m - 1)2 + 1 ) 


(r+l)2(r + 2)2...(r + m)2 
and hence the first solution corresponding to r = 0 is 


co, m = 1,2, - • • (6.5) 


y,[x) = 1 + ê l-2-5---((^^-1)^ + 1) ^...^ 

m—1 


(m!)2 


To find the second solution we logarithmically differentiate (6.5) with 
respect to r, to find 


Cm _ 2 ( 7 - + fc - 1) \ " 2 

n... ( r h — 1^2 11 2.^ 


^ (r + fc - 1)2 + 1 ^ (r + fc) ’ 

and hence taking r = 0, we obtain 

k-2 


d — r' 

^rti — t-m 


— 2Cr} 


r—0 


^0 E fc (( fc _ 1)2 + 1 )- 


Thus, the second solution can be written as 

/N /Mil 1-2-5-■•((«-1)^ + 1) 

y 2 {x) = yi{x) In |x| + 2^-^ 

m=l ' '' \fe=l 


k-2 


fc((fc-l)2 + 1) 
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Clearly, in view of Theorem 5.1(ii) both of these solutions converge at 
least for 0 < |a;| < 1. Further, the general solution of (6.4) appears as 
y{x) = Ayi{x) + By 2 {x), where A and B are arbitrary constants. 

Our next two examples explain the importance of Theorem 5.1(iii). 

Example 6.3. In the DE 

xy" + 2y' -y = 0 (6.6) 

both the functions p{x) = 2, q{x) = —x are analytic for \x\ < oo, and hence 
the origin is a regular singular point. Since po = 2 and qo = 0, the indicial 
équation is F{r) = r(r — 1) + 2r = + r = 0, and therefore the exponents 

are ri = 0, r 2 = —1. Further, we note that the récurrence relation (5.8) for 
the équation (6.6) reduces to 

{m +r){m + r + l)cm = Cm-i, m=l,2,--- 


which easily gives 


(r + l)(r + 2)2(r + 3)^ • • • (r + m)'^{r + m + 1) 

For the exponent ri = 0, (6.7) reduces to 

1 


co, m=l,2,- 


(6.7) 


Cm — 


m! (m + 1)! 
therefore, the first solution yi{x) is given by 

„ 1 


Co, m=l,2,---; 


2/1 


(^) = E 


m=0 


m\ (m + 1)! 


Now to find the second solution we let cq = r — r 2 = (r + 1), so that 

(r+ 1) 


c= lim (r + l)ci(r) = lim , 

^ ^ + l){r + 2) 


= 1 , 


and (6.7) is the same as 


1 


Cm — 


-, TO = 1,2, • • •. (6.8) 


(r + 2)2 • • • (r + m)‘^{r + to + 1) ' 

Now a logarithmic différentiation of (6.8) with respect to r gives 

1 


A ^ 

^ = -2y ^ 

n... Z—/ ( i' -L 




(r + k) (r + TO + 1) ’ 


TO = 1, 2, • • • 
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and hence 

eo = c;)(-l) = 1 

Gm = = 


1 


1^ • 2^ • • • (m — l)2m 

m— 1 

. k=l 


1 

m\ (m — 1)! 


m-l 

-2 E I - - 

1 1 

T 4- 

K m 


k m 

m = 1,2,- 


Thus, the second solution y 2 {x) appears as 


2 / 2 ( 3 :) = î/i(a;)ln|a;| + \x 


-1 


1-E 


m! (m —1)! \ k m 

=1 ^ ^ \ fe=i 


2 E 1 + -') 


Clearly, in view of Theorem 5.1(iii) both of these solutions converge at least 
for 0 < |a;| < 00 . Moreover, the general solution of (6.6) can be written as 
y(x) = Ayi(x) + By 2 (x), where A and B are arbitrary constants. 


Example 6.4. In the DE 

xy" — y' + 4x^y = 0 (6.9) 

both the functions p(x) = —1, q(x) = 4x^ are analytic for \x\ < 00 , and 
hence the origin is a regular singular point. Since po = —1 and qo = 0, the 
indicial équation is F{r) = r(r — 1) — r = — 2r = 0, and therefore the 

exponents are ri = 2, r 2 = 0. Thus, two linearly independent solutions of 
(6.9) are of the form (5.10) and (5.13). A direct substitution of these in the 
équation (6.9) computes the solutions explicitly as 


yi{x) 


00 



m—0 


i-^r 4m 
(2m+1)! 


and 


00 

2/2 (x) = 

m—0 


(2m)! 


Note that for the équation (6.9) in (5.13) the constant c = 0. Further, in 
view of Theorem 5.1(iii) both of these solutions converge at least for 0 < 
|a;| < 00 . Again, the general solution of (6.9) appears as y{x) = Ayi(x) + 
By 2 (x), where A and B are arbitrary constants. 


Problems 

6 .1. Compute the indicial équation and their roots for the following 
DEs: 

(i) 2 x 2 /" + y' + xy = 0 
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(ii) + xÿ'+ — 1 / 9 ) 2 /= 0 

(iii) x'^y” + (a; + x‘^)y' — y = 0 

(iv) x^y" + xy' + {x^ — 1/4)2/ = 0 

(v) x{x — l)y" + (2x — l)y' — 2y = 0 

(vi) x^y” + 3 sin xy' — 2y = 0 

(vii) a;^ 2 /" + (l/2)(a; + sinæ)//'+ 2 /= 0 
(viii) x'^y" + xy' + (1 — x)y = 0. 


6.2. Verify that each of the given DEs has a regular singular point at 
the indicated point x = xq, and express their solutions in ternis of power 
sériés valid for x > xq: 

(i) 4xy" + 2y' + y = 0, x = 0 

(ii) 9x‘^y" + 9xy' + {9x‘^ — l)y = 0, a; = 0 

(iii) 2x'^y" + xy' — (x + l)y = 0, x = 0 

(iv) (1 — x'^)y" + y' + 2y = 9, x = —1 

(v) x^y" + (x^ — 7/36)2/ = 0, x = 0 

(vi) x'^y" + (x^ — x)y' + 2y = 9, x = 0 

(vii) x^y" + (x^ — x)y' + 2 / = 0, x = 0 

(viii) x(l — x)y" + (1 — ^x)y' — 4y = 9, x = 0 

(ix) (x^ + x^) 2 /" — (x + x^) 2 /'+ 2 /= 0, x = 0 

(x) x^y" + 2xy' + xy = 9, x = 9 

(xi) x'^y" + 4xy' + (2 + x)y = 0, x = 0 

(xii) x(l — x)y" — 3xy' — y = 9, x = 0 
(xiii) x'^y" — (x + 2)y = 0, x = 0 

(xiv) x(l + x)y" + (x + 5 ) 2 /' — 4y = 9, x = 0 

(xv) (x — x^) 2 /" — 32/'+ 22 /= 0, x = 0. 


6.3 A supply of hot air can be obtained by passing the air through a 
heated cylindrical tube. It can be shown that the température T of the air 
in the tube satisfies the differential équation 


(Pt upC dT 
dx'^ kA dx 


2'Krh 

kA 


(T™ 


T) = 9, 


( 6 . 10 ) 


where x = distance from intake end of the tube, u = flow rate of air, p = 
density of air, C = beat capacity of air, k = thermal conductivity, A = 
cross-sectional area of the tube, r = radius of the tube, h = beat transfer 
coefficient of air (nonconstant), T^, = température of the tube (see Jenson 
and Jefferys, 1977). For the parameters they bave taken, the differential 
équation (6.10) becomes 


d^T 

dx^ 


dT 

- 26200— - 11430x-i/^(r^ 
dx 


T) = 0. 


( 6 . 11 ) 
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(i) Show that the substitution y = T^, — T, x = transforms (6.11) into 

- (1 + 52400z2)^ - 45720z2î/ = 0, (6.12) 

az‘‘ dz 

for which z = 0 is a regular singular point with exponents 0 and 2. 

(ii) Find first few terms of the sériés solution of (6.12) at z = 0 for the 
exponent 2. 

6.4 In building design it is sometimes useful to use supporting columns 
that are spécial geometrical designs. In studying the buckling of columns 
of varying cross sections, we obtain the following differential équation: 

+ k^y = 0 , 

where fc > 0 and n is a positive integer. In particular, if n = 1, the column 
is rectangular with one dimension constant, whereas if n = 4, the column is 
a truncated pyramid or cône. Show that for the case n = 1, the point a; = 0 
is regular singular with exponents 0 and 1. Also, find the sériés solution at 
a; = 0 for the exponent 1. 

6.3 A large-diameter pipe such as the 30-ft-diameter pipe used in the 
construction of Hoover Dam is strengthened by a device called a stiffener 
ring. To eut down the stress on the stiffener ring, a fillet insert device 
is used. In determining the radial displacement of the fillet insert due to 
internai water pressure, one encounters the fourth order équation 

+ Qxy'” + 6y" + y = 0, x > 0. (6.13) 

Here y is proportional to the radial displacement and x is proportional to 
the distance measured along an inside element of the pipe shell from some 
fixed point. Find sériés solution of (6.13) at x = 0 for which the limit as 
X ^ 0 exists. 

6.6 Consider the Lane-Emden équation 

xy" + 2y'+ xy^ = 0 (6.14) 

with the initial conditions 

2/(0) = 1, 2/'(0) = 0. (6.15) 

Astrophysicists and astronomers use équation (6.14) to approximate the 
density and internai températures of certain stars and nebula. Show that 
the sériés solution of (6.14), (6.15) can be written as 

y{x) = 1 + 122n^) 

2.10 

+ (3150n - lOSOn^ + 12642n3 _ 5032n^)-—— + • • •. 

45-11! 
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Thus, in particular deduce that 


for 

n = 0, 

y{x) 

for 

n = 1, 

y{x) 

for 

n = 5, 

y{x) 


6.7 The Lane-Emden équation 



sinx 


X 



xy" + 2y' + xe^ = 0 


(6.16) 


appears in a study of isothermal gas spheres. Show that the sériés solution 
of (6.16) with the initial conditions y(0) = y'{Q) = 0 can be written as 


Vi.x) = --x'^ 


5-4! 




21 - 6 ! 


122 
81 • 8!“ 


61-67 
495- 10! ■ 


..10 


6.8 The Lane-Emden équation 

xy" + 2y' + xe~^ = 0 


(6.17) 


appears in the theory of thermionic currents when one seeks to détermine 
the density and electric force of an électron gas in the neighborhood of a hot 
body in thermal equilibrium. Find first few terms of the sériés expansion 
of the solution of (6.17) satisfying the initial conditions y(0) = y'{0) = 0. 

6.9 The White-Dwarf équation, 

xy" + 2y' + x{y'^ - Cf/'^ = 0, (6.18) 


was introduced by S. Chandrasekhar in his study of gravitational potential 
of the degenerate (white-dwarf) stars. This équation for C = 0 is the same 
as (6.14) with n = 3. Show that the sériés solution of (6.18) with the initial 
conditions (6.15) in terms oi q^ = 1 — C can be written as 


y{x) 


1 - ya;' + - ^(5g' + U)x^ + ^(33V + 280)x« 

+-^iU25q‘^ + lU36q^ + 4256)x'^° + ■■■. 

5 • 11! 


6.10 Show that for the DE 

x^y" + x{x + l)y' — y = 0 

a;o = 0 is an irregular singular point. Find its solution in the form y = 
Z^m=0 
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Answers or Hints 


6 .1. (i) r(r - 1) + ir = 0, ri = 0, r 2 = 5 (ii) r(r - 1) + r - i = 0, ri = 

i,r 2 = —i (iii) r(r—l) + r—1 = 0, ri = l,r 2 = —1 (iv) r(r —l) + r — 

0, ri = i,r 2 = (v) r(r-l) + r = 0, ri = r 2 = 0 (vi) r(r-l) + 3r- 

0, ri = —1 + r 2 = —1 — a/S (vii) r(r — 1) + r + 1 = 0, ri = i,r 2 = —i 
(viii) r(r — 1) + r + 1 = 0, ri = i, r 2 = —i. 


6 .2. (i) yi{x) = ^ ^ ^ 


(ii) J/i(x)=xl /3 1 + YZ^l 


2/2(2;) = X 


= .t- 1/3 


2 - 4 - 6 -"( 2 m) 8 - 14 - 20 ---( 6 m+ 2 ) 


1 + Sm=l 2-4-6-"(2m) 4-10-16-"(6m-2) 

(iii) yi{x) =x[l+\x+ j^x^ H-] , 

2/2(2;) = 2;“^/^ [1 — a; — . 


18 " 
^2 


(iv) 2/1(2;) = 1 - 2 (a; + 1 ) + §(a;+ 1 ) 2 , 

2/2(2:) = (x + 1 ) 1/2 1 _ 3 (2; + 1) + + i)r 

(v) 2/1 (2;) = x'^/® 

2/2(2) = x“i/® 


1 + E~=i 




v.2m. 


i + E~=i 


= 1 22 '"m! 5 - 8 -"( 3 m+ 2 ) 
00 (-i)”»3”» 


„2m 


22 mm! l- 4 -- ( 3 m- 2 ) ‘ 

(vi) 2/1(2) = x[(/)(2) cos(ln x) —'!/;(2) sin(ln x)], 

2/2(2) = 2['!/;(2) cos(ln x) + (/)(x) sin(ln x)], where 


4 >{x) = 1 - |2 + 


1 ^2 


'. '0(2) = ^2 - 




-^22 

20'^ 


(vii) yiix) = xYm=< 

2/2(2) = 2/1(2) Inx + 2 [2 - ^ (1 + 1 ) 22 + ^ (1 + 1 + 1 ) X^-] 

(viii) 2/1(2) = Em=o(l + "i)^2;'", 2/2(2) = 2/1(2) Inx -2 TO(m+1)2" 

(ix) 2/1(2) =2(1 + 2), 2/2(2) = 2/1(2) Inx + 2 1^-22 - YZ=2 ri(~m-l) ^' 

(x) 2/1(2) =Em=: 


(-1)^ 


0 ml (m+1)!'^ ’ 

2/2(2) = -2/1(2) lnx + 2-1 [1 - Em^l m! 7 m-l)! {^TZ=l \ + IÇl) 


(xi) 2/1(2) = 2 1 Em =0 m! (mVl)! ^""’ ^2(2) = -yi{x)\xiX 


-\-x 


-2 


1 - 

^ 2^m—l 




m! (m—1)! 
-2 


( 2 Er.‘t+i) 


(xii) 2/1(2) = 2(1 - 2) 2/2(2) = 2/1(2) lnx+ (1 - 2)' 

(xiii) 2/1(2) = 22X)m=0 


^m =0 m! (m+ 3 )! ’ 

2/2(2) = ^2/1(2) lnx + 2“i (1 - I2+ 12 ^ - ^2^ H-) 

(xiv) 2/1(2) = 1 + |2 + ^2^, 2/2(2) = 2-^(1 + 4 x + 5 x^) 

(xv) 2/1(2) = Em=4("l - 3 )x”", 2/2(2) = 1 + §2+120 


6 . 3 . CO [z 2 + 131002 ^ + 30482^1 + 343220000 ^6 . .j (although coefficients 

Cn are large, the sériés converges). 


to *^1^ 
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4 Cn (X — —X^ — _ X^ — -^—X^ -^—X^ — * * -^ 

• o(j IA 2! ^ 2 \ 3 \'^ 3!4!‘^ ^ 415!''' 1 ' 


6 

6 . 5 . 


coE~=o(-l)^ 


((2m!))^(2m+l) 


^lZAm=OV ((2m+l)!)^(m+l) ' 


6 .8. If y{x) is a solution of (6.16), then —y{ix) a solution of (6.17), y{x) = 


_ia;2_ 

6“^ 5-4! 


1 x4- 


_ 122 8 _ 61-67 10 _ 

21-6! 81-8! 495-10! 





Lecture 7 

Legendre Polynomials 
and Functions 


The Legendre DE (3.19), where a is a real constant (parameter), arises in 
problems such as the flow of an idéal fluid past a sphere, the détermination 
of the electric field due to a charged sphere, and the détermination of the 
température distribution in a sphere given its surface température. In this 
lecture we shall show that if the parameter a is a nonnegative integer n, 
then one of the solutions of (3.19) reduces to a polynomial of degree exactly 
n. These polynomial solutions are known as Legendre polynomials. We 
shall obtain explicit représentations of these polynomials and discuss their 
varions properties. 


Since the functions 


Pi{x) 



and p 2 (x) 


a{a + 1) 
1 — x'^ 


are analytic for |x| < 1, x = xq = 0 is an ordinary point for (3.19). Thus, 
Theorem 4.1 ensures that its sériés solution y{x) = J2m=o ^mX™' converges 
for |a;| < 1. To find this solution, we substitute it directly in (3.19), to 
obtain 


(1 - X^) y] («T- + 1)(to + 2 )Cm+ 2 X^ -2x {m + l)cm+ix"' 

m—0 m—0 

oo 

+a{a + 1) y] Cmx’^ = 0, 

m—0 


which is the same as 

CXD 

[{m + 1 )(to + 2 )cm +2 - {{m - l)m + 2m- a{a + 1)} Cm] x"" = 0, 

m—0 


or 

CXD 

[{m + l)(m + 2)cm+2 + (a + TO + l)(a — m)cm] x^ = 0 . 

m—0 

But this is possible if and only if 

(to + 1)(to + 2)cm+2 + (a + TO + l)(a — m)cm = 0, to = 0,1, • • • 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_7, 

(c) Springer Science-|-Business Media, LLC 2009 
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or 


Cm+2 — 


(a + m + l)(a — m) 


TO = 0,1, • ■ 


(m + l)(m + 2) 
which is the required récurrence relation. 

Now a little computation gives 

(—!)"“(& + 2m — l)(a + 2m — 3) • • • (a + l)a(a — 2) • • • (a — 2m + 2) 


(7.1) 


C-2m 


(2m)! 

. ^(ia+l)^(la + m+l)22"‘ 

= (—1) —71 -TV —71 -V-Co, m=l,2, • 

r (ifl + I) r (la — m + l) (2m)! 


co 


and 


(7.2) 


(—l)™'(a + 2m)(a + 2m—1) • • • (a + 2)(a—l)(a —3) • • • (a —2m + l) 
= - (2^\ - 

. r(è“+è)r(èa + rn + i)22"‘+i 

= (-1) -VTTI^--ti 4--rci, m = l,2,.... 


2 r (la + l) r (la — m + 1) (2m + 1)! 
Thus, the sériés solution of (3.19) can be written as 
y{x) = Co 


(7.3) 


^ (a + l)a ^2 + 3)(a + l)a(a — 2)^4 


2 ! 


4! 




(a + 2)(a—1) 3 ^ (a+4)(a+2)(a—l)(a —3) 5 

X VI X I VI X 


3! 


5! 


= coyi(x) + ciy2(x). 


(7.4) 

It is clear that yi{x) and y2{x) are linearly independent solutions of Leg- 
endre’s équation. 


If in the DE (3.19), a is an even integer 2n, then from (7.2) it is clear 
that C 2 n +2 = C 2 n +4 = ' ' ' = 0 ; i.e., yi{x) reduces to a polynomial of degree 
2n involving only even powers of x. Similarly, if a = 2n + 1, then y2{x) 
reduces to a polynomial of degree 2 n + 1 , involving only odd powers of 
X. Since yi{x) and 2 / 2 ( 2 ;) are themselves solutions of (3.19) we conclude 
that Legendre’s DE has a polynomial solution for each nonnegative integer 
value of the parameter a. The interest is now to obtain these polynomials 
in descending powers of x. For this we note that the récurrence relation 
(7.1) can be written as 


Cs 


(s + l)(s + 2 ) 

(n - s)(n + s + 1)*^®+^’ 


s < n — 2, 


(7.5) 


where we hâve taken s as the index, and a as an integer n. With the help of 
(7.5) we can express ail nonvanishing coefficients in terms of the coefficient 
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Cn of the highest power of x. It is customary to choose 

(2n)! I.3.5.---(271-1) 

“ 2"(n!)2 “ ni 


(7.6) 


so that the polynomial solution of (3.19) will hâve the value 1 at x = 1. 
From (7.5) and (7.6) it is easy to obtain 


Cn—2m — ( 1) 


(2n — 2m)! 


2 " ml (n — m)l (n — 2m)l 


(7.7) 


as long as n — 2m > 0. 

The resulting solution of (3.19) is called the Legendre polynomial of 
degree n and is denoted as Pn{x). From (7.7) this solution can be written 
as 


Pn(x)=^(-1)^ 


(2n — 2m)! 


m=0 

From (7.8), we easily obtain 


2 " m! (n — m)l (n — 2m)l 


(7.8) 


Po{x)=l, Pl{x) = X, P 2 {x) = ^{3x'^-1), P 3 (x) = i(5x^ - 3x), 


P4(a;) = i(35x^ - 30x2 ^ i(63x'^ - 70x3 ^ 


The other nonpolynomial solution of (3.19) is usually denoted as Qn{x) 
(see Problem 7.1). Note that for each n, Qn(x) is unbounded at x = ±1. 

Legendre polynomials Pn{x) can be represented in a very compact form. 
This we shall show in the following theorem. 

Theorem 7.1 (Rodrigues’ Formula). 

1 d” 

P„(x) =-^ (a;2-l)". (7.9) 

^ ^ 2" n! dx"^ ^ ^ ^ 

Proof. Let X = (x2 - 1)", then 

(x^ — 1)^ = 2nxî;. (1-10) 

dx 

Differentiating (7.10), (n + 1) times by Leibniz’s rule, we obtain 


(X2-1) 


jn+2. 


dx"+2 


+2(n+l)x 






, ,,+n(n+l)-— = 2n<x 

dx’^+i ^ ^ dx‘^ ' 


d^+^v , ^.d^v 
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which is the same as 


^n+2 






(1 - X )-—— - 2x -— —T + n{n + 1)-— = 0. 
If we substitute z = (Pv/dx"', then (7.11) becomes 


d?z 


dz 


d^v 


= E 


x—l 

n\ ni 


dx' 


-{x^-iy 


(7.11) 


(1 - x^—r - 2x— + n{n + l)z = 0, 
ax^ dx 

which is the same as (3.19) with a = n. Thus, it is necessary that 

Z = -, - = cFnix), 

dx" ^ 

where c is a constant. Since Pni^ = 1, we hâve 


dx' 




Thus, it follows that 




:(x-l)-(x+l)^ 


= 2" n\. 


Pn{x) = 


1 d"x _ 1 d" 

c dx''- 2” n! dx" 


(x^ - 1)”. 


Let {fnix)} be a sequence of functions in some interval J. A function 
F{x,t) is said to be a generating function of {/«(a;)} if 

OO 

Fix,t) = ^/„(x)t". 

n—Q 


The following resuit provides the generating function for the sequence 
of Legendre polynomials {P„(x)}. 

Theorem 7.2 (Generating Function). 

CXD 

{l-2xt + f)-^/^ = '^Pn{x)e. (7.12) 

n—0 

Proof. If |x| < r where r is arbitrary, and |t| < (1 + — r, then it 

follows that 

|2xt — < 2|x||t| + |t^| 

< 2r(l + — 2r^ + 1 + — 2r(l + = 1 
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and hence we can expand (1 — 2xt + t^) binomially, to obtain 

[1 — t{2x — = 1+ ^t{2x — t)-\-^^t^{2x — tŸ + ■ ■ 

1.3 - • - ( 271 - 1 ) 

+ 2 . 4 .'^( 2 ,.) 

The coefficient of t” in this expansion is 


1.3.---(2n- 1) 
2.4.---(2n) 


(2x)" 


_ 1.3-•-(271-1) 
n\ 

= Pu{.x). ■ 


1 . 3 . ••-( 277 - 3 ) 

2.4 - - - (271 - 2 ) 1 ! ^ ’ 

1.3- --(277 - 5) (77-2)(77-3) ,, _ 

2.4- --(277 - 4) 2! ^ ’ 

n{n-l) 2 77 (77-1)(77-2)(77-3) 4 

(277-1)11.2 (277-1)(277-3) 2.4 


Now as an application of (7.12) we shall prove the following récurrence 
relation. 

Theorem 7.3 (Récurrence Relation). 

(77 + l)P„+i(a;) = (277 + l)a;P„(a::) - 77F„_i(x), 77 = 1,2,---. (7.13) 

Proof. Differentiating (7.12) with respect to t, we get 

00 

(x — t)(l — 2xt + ^ nPn{x)t'^~^ 

n—1 

and hence 


{x — t){l — 2xt + t'^) = (1 — 2xt + t^) ^ 77P„(a;)t" 

n—1 


which is the same as 

00 00 

{x — t) ^ Pn{x)t'^ = (1 ~ 2a;t + t^) ^ nPn{x)t'^~^. 

n—0 n—1 

Equating the coefficients of t", we get the relation (7.13). I 

Since Po{x) = 1 and Pi(a;) = x the relation (7.13) can be used to 
compute Legendre polynomials of higher degrees. Several other récurrence 
relations are given in Problem 7.8. 
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Next we shall consider (3.19) in the neighborhood of the regular singu- 
larity at a; = 1. The transformation x = 1 — 2t replaces this singularity to 
the origin, and then the DE (3.19) becomes 

t{l - ^)$ + (1 - + a{a + l)y = 0. (7.14) 

Considering the solution of (7.14) in the form y{t) = 
we obtain the indicial équation = 0, i.e., both the exponents are zéro. 
Further, it is easy to find the récurrence relation 

{m + r^Cm = {m + r + a){m + r — a — m = 1,2, • • •. (7.15) 


For r = 0, (7.15) when a not an integer and cq = 1, gives 
r(m + a + 1) r(TO — a) 


Cm — 


(m!)2 r(a+ 1) r(-a) 


-, m = 0,1, • • •. 


Thus, in the neighborhood of a; = 1 the first solution of (3.19) can be 
written as 


yiix) = 


1 


r(a+l) r(-a) 




m—0 


r(a + m + 1) r(m — a) f 1 — x 

( m !)2 


. (7.16) 


Since a is not an integer, and 


lim 


Cm— 1 


= lim 

m —>-oo 


1 - 


Q. “h 1 


(i+“) 

\ mJ 


= 1, 


it follows that the sériés solution (7.16) converges for |a;—1| < 2 and diverges 
for |a; — 1| > 2. 

When a is a positive integer n, then Cm = 0 for ail m > n + 1, and 

(n + m)! 


= (-ir 


-co, 0 < m < n 


(n — m)! (m!)2 

and hence (7.16) reduces to a polynomial solution of degree n. 


" (—l)'"(n + m)! fl — x 

^ (r, - 


m—0 


(n — m)l (77i!)2 


(7.17) 


To obtain the second solution of (7.14), we return to the récurrence 
relation (7.15), whose solution with cq = 1 is 

m m / m 

Cm = ]^(fc + r + a) ]^(fe + r - a - 1) / ]^(fc + r)^. 

fc=i fe=i / fc=i 
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Now a logarithmic différentiation with respect to r yields 
"" 1 12 


= E 

k=l 


fc + r + a fc + r —a—1 k + r 


and hence for r = 0, we get 

m , 

d-m = C^(0) = Cm,(0) f 

fc=l 


1 12', 

fc-a-1 " k) ’ 


Thus, from Theorem 5.1 (ii) the second solution is given by 

l — X 


y2{x) = yiix)ln 


1 r(® + ■'^ + i)r(''^ ~ 


r(a+l)r(-a) (m!)2 

^ \ / m—1 ^ ' 


'±(A 




k a k — a — 1 k 


l — X 


(7.18) 

The general solution of (3.19) in the neighborhood of a; = 1 can be easily 
obtained from (7.16) and (tl8). 


Problems 


7.1. For a = n, one solution of the DE (3.19) is Pn{x) given in (7.8). 
Show that the second solution is 


Qni^X^ — Pn^X) 


dt 


(l-t2)[p„(t)]2 


and hence deduce that 


Co(a:) = bnl^, (5i(a:) = ^ In 1^ - 1 

2 1 — X 2 1 — X 


and 


I/O 2 1 + 2; 3 

Q2{x) = -{3x -1)111^^- ^x. 

7.2. Use Rodrigues’ formula (7.9) to show that 


Pn(0) = 


0 , if n is odd 
^ l'jn /2 1-3. ■ • • (n — 1) 


2.4---n 


if n is even. 


7.3. Use Rodrigues’ formula (7.9) to show that ail the roots of Pn{x) 
lie in the inter val (—1,1) and are distinct. 
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7 . 4 . Prove the following relations: 

1 _ +2 °° 

0 ) = + 

^ ^ n—0 

1 , y- oo 

(ii) = + 

' ^ n=0 

7 . 5 . Show that if a; = cos0 = (e*® + e“®®)/2, then the Legendre DE 
(3.19) can be written as 

( sin0^ ) + n(n + 1) sin0y = 0. (7-19) 

dO \ dO J 

Further, with this substitution, the relation (7.12) is the same as 

OO 

(1 - te*®)-i/2(l - te-*®)-i/2 = ^ P„(cos0)r; 

n—Q 


and hence 
y = Pn{cos9) 


1.3 - • -(271- 1) 

2.4-••2n 


2 cos nO - 


l.n 


l.(2n- 1) 
n(n — 1) 1.3 


2 cos(n — 2)6 


(2n-l)(2n-3) 1.2 


2 cos(n — 4)6 + • • • + T„ 


is a solution of (7.19), where the final term T„ is cos 6 if n is odd, and half 
the constant term indicated if n is even. These functions are called the 
Legendre coejjieients. Deduce that the Legendre coefficients are uniformly 
bounded, in fact |P„(cos 0)| < 1, n = 0,1,2, • • • for ail real values of 6. 

7 . 6 . Prove Laplace’s first intégral représentation 

Pn{x) = — [ [x± \l— \ cos 
^ Jü 


7 . 7 . Prove Laplace’s second intégral représentation 


Pn{x) 


I r _ d4 _ 

TT Jo [a: ± Va:^ — 1 cos 


7 . 8 . Prove the following récurrence relations: 

(i) nPr,{x) = xP)^{x) - Pn_i{x) 

(ii) {2n+l)Pn{x) = P),^^{x)-P),_^{x) 

(iii) (n + l)P„(a:) = P,;+i(a;) - xP)^{x) 
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(iv) (1 - x'^)P^{x) = n(P„_i(x) - xPn{x)) 

(v) (1 - x'^)P^{x) = (n + l){xPn{x) - Pn+l{x)) 

(vi) (2n + 1)(1 - x^)P^{x) = n{n + l)(P„_i(x) - P„+i(x)). 

7 . 9 . Show that 

(i) Pn(l) = 1 

(ii) Pn{-x) = (-l)”P„(a;), and hence Pn(-l) = (-!)”■ 

7 . 10 . Show that in the neighborhood of the point a; = 1 the DE (3.19) 
for a = —n has a polynomial solution of degree n — 1. Find this solution. 


7 . 11 . Show that 

(i) Christoffel’s expansion 

Pni^) = (2?t- - l)Pn-i(a::) + (2n - 5)P„_3(x) + (2n - 9)P„_5(a;) H-, 

where the last term is 3Pi(a::) or Po{x) according to whether n is even or 
odd. 

(ii) Christoffel’s summation formula 


^(2r+l)P,(a:)P,(y) 

r—0 


Pn+i{x)Pn{y) - Pn+l{y)Pn{x) 

[n + 1)- 

x-y 


7 . 12 . The DE 


(1-xV' 


2xy' + 


n{n + 1) 



y = Q 


(7.20) 


is called Legendre’s associated DE. If m = 0, it reduces to (3.19). Show 
that when m and n are nonnegative integers, the general solution of (7.20) 
can be written as 

y{x)=AP::^{x)+BQ^{x), 

where P™(a:) and Q'^ix) are called associated Legendre’s functions of the 
first and second kinds, respectively, and in terms of Pn{x) and Qn{x) are 
given by 


rjm 

(7.21) 

rjm 

Q^{x) = {l-X^r/^—Qr.{x). 

(7.22) 


Note that if m > n, Pff{x) = 0. The functions Qff{x) are unbounded for 
X = ±1. 


Further, show that 

f [Pff {cos sin (j)dif 


2 (n + m)! 
2n + 1 (n — m)l 
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Answers or Hints 

7 . 1 . Use (2.5) and compute necessary partial fractions. 

7 . 2 . First use Leibniz’s rule to obtain P„(0) = ^ [(fe)]^ 

then equate the coefficients of x” in the relation (l+x)”(l —x)” = (1 —x^)”. 

7 . 3 . Use Rolle’s theorem repeatedly. 

7 . 4 . (i) Differentiate (7.12) with respect to t (ii) Begin with the right- 
hand side. 

7 . 5 . Equate the coefficients of t". 

7 . 6 . Use JJ (a^ > 6") with a = l-tx, b = t^(x^ - 1) 

and equate the coefficients of t". 

7 . 7 . Use the same formula as in Problem 7.6 with a = xt — 1, b = 
ty/ (x^ — 1) and equate the coefficients of 

7 . 8 . (i) Differentiate (7.12) with respect to X and t and equate, to obtain 

the relation nt”“^P„(x) = (x —t) t"P))(x). Finally equate the 

coefficients of t" (ii) Differentiate (7.13) and use (i) (iii) Use (i) and (ii) 
(iv) Use (iii) and (i) (v) Use (7.13) and (iv) (vi) Use (v) in (iv). 

7 . 9 . (i) Use (7.12) (ii) In (7.12) first replace x by —x and then t by —t 
and then equate. 

7 . 10 . When a = —n, the récurrence relation (7.15) reduces to rn?Cm = 
(m — n){m + n — l)cm-i, m > 1, which can be solved to obtain 

_f (-l)"^ („-t-T)Ti!n!)^ go^ l<m<n-l 

“ I n ^ 

I U, m > n. 

Therefore, the polynomial solution of (3.19) is 

E n-l (-l)"*(n+m-l)! / l-x j^ 

m —0 (n—m — 1)1 (m!)^ V 2 1 ' 

7 . 11 . (i) Use Problem 7.8(ii) (ii) Use (7.13). 

7 . 12 . Verify directly. 









Lecture 8 

Chebyshev, Hermite, and 
Laguerre Polynomials 


In this lecture we shall show that if the parameter a in (3.15) and 
(3.16), whereas b in (3.18) is a nonnegative integer n, then one of the solu¬ 
tions of each of these équations reduces to a polynomial of degree n. These 
polynomial solutions are, respectively, known as Chebyshev, Hermite, and 
Laguerre polynomials. We shall obtain explicit représentations of these 
polynomials and discuss their varions properties. 


Chebyshev polynomials. From the récurrence relation (4.15) 
it is clear that in the case a = n one of the solutions of the Chebyshev DE 
(3.15) reduces to a polynomial of degree n. Here we shall provide an easier 
method to construct these polynomials. For this, in the Chebyshev DE of 
order n, 

{I — x^)y''— xy'+ n^y = 0 (8.1) 

we use the substitution x = cos 9, to obtain 


(1 — cos^ 6 ) 


1 

sin 0 


1 (Py 

sin 6 d9‘^ 


cos 9 dy\ 
sin^ 9 d9 J 


+ cos 9 


1 dy 
sin 9 d0 


+ n^y = 0, 


which is the same as 


. 2 n 

^ + ~» = o. 


Since for this DE sinn0 and cosn9 are the solutions, the solutions of (8.1) 
are sin(ncos“^ a;) and cos{ncos~^ x). The solution Tn{x) = cos{ncos~^ x) 
is a polynomial in x of degree n, and is called the Chebyshev polynomial 
of the first kind. To find its explicit représentation, we need the following 
récurrence relation. 


Theorem 8.1 (Récurrence Relation). 


Tn+i{x) = 2xTn{x)-Tn-i{x), n>l. (8.2) 


Proof. The proof is immédiate from the identity 

cos((n-l-l) cos“^ a;)-l-cos((n—1) cos“^ x) = 2cos(ncos“^ æ) cos(cos“^ x). ■ 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_8, 

(c) Springer Science-|-Business Media, LLC 2009 
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Since ro(a;) = cos(O) = 1, Ti{x) = cos(cos ^ x) = x from the relation 
(8.2), it immediately follows that 

T 2 {x) =2x^-1, T^ix) = Ax^-‘l,x, Ti{x) = Sx‘^ - Sx^ + l. 

Now we shall show that 


r„(x) =cos(ncos ^ 2"", n > 1. 

2 m! in — 2m)! 

(8.3) 

For this, in view of (8.2), we hâve 


r„«w = 


m—0 


ml (n — 2m)! 


(^- 1) ^ (-l)"^(n - 1 - m - 1)! - 
2 ^ m!(n-l-2m)! ^ ’ 

m—0 ^ ' 

n ^ m! (n —2m)! 

m—l ^ ' 

I (»- 1) ^ ^ {-l)^{n-m-l)l +i_ 2 ^ 

2 ^ (m-1)1 (n-2m+1)!^ ’ 

Thus, if n = 2fc, then [^] = + 1 = , and we get 


T’n+i(x) 

l^o.„Nn+l , 1^m(»^-”^-l)K^^-w)(n+l),^^,„+l_2„ 

"2^^^^ + 2^ 2^ ^ m!(n-2m+l)! ^ ^ 


(n+ 1) 


E (- 1 )^ 


(n — m)! 


2 ^ ' m! (n+1 —2m)! 

m=0 


(2x) 


n+1 —2m 


Similarly, if n = 2fc + 1, then [^] = fc, [+^] + 1 = fc + 1, and we find 

'r„+i(a::) 

[t] 

1^0 ^rl+l , L ,\m {n-m- l)!(n - m){n + 1) ^n+l- 2 m 


= {2xr+^+J2-{-iy 


m—l 


(n + 1) 


E (- 1 )' 


m! (n — 2m + 1)! 
(n — m)! 


+(-l) 


m—0 


i! (n + 1 — 2m) l 


(2x) 


n+1 —2m 
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Next for Chebyshev polynomials of the first kind we shall prove the 
following results. 

Theorem 8.2 (Rodrigues’ Formula). 


Proof. Set n = (1 — a;^)” to obtain (1 — x'^)v' + (2n — l)î;a; = 0. 
Differentiating this relation (n + 1) times, we obtain 

(1 - x^)D^+'^v - 3xD^+^v + {n^ - l)D^v = 0, D = 

dx 

Let w = {1 — x'^Y^'^D'^v, to get 
(1 — x^)w'' — xw' + n^w 

= (1 - x^f/'^ [(1 - xYD'^+'^v - ixD'^+^v + {n^ - YD'^v] = 0 . 

Thus, both w{x) and Tn{x) are the polynomial solutions of the Chebyshev 
DE (8.1), and hence Tn{x) = cw{x), where the constant c is yet to be 
determined. 


Since in view of Leibniz’s rule 


= (1 - a;2)i/2 ^ 

j=o 


= n! (-1)"^ 
1=0 




n-j 


the coefficient of æ" in the right side of the above relation is 


d (-1)"^ 

1=0 


n - l/2\ /n - 1/2 


n-J 


= (-l)"n! 


2n- 1 
n 


where the last identity follows from Vandermonde’s equality. Thus, on 
comparing the coefficients of a;” in both sides of r„(x) = cw{x) we find 
c= (-l)’"2"n!/(2n)!. ■ 

Theorem 8.3 (Generating Function). 

1-/2 °° 

= ro(x) + 2^T„(x)r. 

n—1 


1 — 2tx + /2 


(8.5) 
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Proof. In the expansion 

CXD 

(1 - t2)(i _ t{2x -1))-^ = (1 - e) Y, ^”(2^ - tT 

n—0 

clearly the constant terni is 1, and the coefficient of t" is 


[SJ ^ , 

(2xr + ^(-ir ( 

m—l ^ ^ 


n — m 
m 


n — m — 
m — l 



(2x)"-2'" 


H rt(-l)"^(n-w - 1)! 

^ m!(n-2m)! ^ ’ 


2T„(x). ■ 


Hermite polynomials. For the Hermite DE of order n, i.e., 

y" — 2xy' + 2ny = 0 (8.6) 

we follow exactly as for Legendre polynomials. Indeed, in the case a = n 
the récurrence relation (4.13) can be written as 


(s + 2)(s + 1) __ „ / „ r, 

\ ^s-\-2j S n 2. 

2{s — n) 

This relation with c„ = 2" gives 

_ (-1)™ n! 

(n — 2m)! m! 

Thus, Hermite polynomials of degree n represented as Hn{x) appear as 


Hn{x) 


[t] 

E 

m—Q 


(-1)”" n! 
m! (n — 2m)! 


(2a;)"-2'" 


(8.7) 


From (8.7), we find 

Ho{x) = l, Hi{x)=2x, H 2 {x) =Ax‘^-2, H^ix) = 8x^ - 12x. 


Now for Hermite polynomials we shall prove the following resuit. 

Theorem 8.4 (Rodrigues’ Formula). 


Hnix) = (-l)"e- —e- 


( 8 . 8 ) 
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Proof. We note that the DE (8.6) can be written as 


+ 2ne-^ y = 0. 


Let y = (—{D = d/dx) so that 

y' = (2a;D"e-“' + D'^ , 


(8.9) 


and hence 


= (-1)" 2i:)"e-"=" + 2a;£i"(i:)e-"^') + i:)"+i(-2a;e-"=") 


= 2n(-l)"+^D"e-"^ = -2ne-^ y. 


Thus, (—l)”e^^D"e and Hn{x) both are solutions of the DE (8.9). But 
this is possible only if i/„(x) = c(—l)"e“ D^e~^ , where c is a constant. 
Finally, a comparison of the coefficients of æ" on both sides gives c = 1. I 


Laguerre polynomials. For Laguerre’s DE of order n, i.e., 

xy" + (a + 1 — x)y' + ny = 0 (8.10) 

the solution yi{x) obtained in (6.1) reduces to a polynomial of degree n. 
This solution multiplied by the constant r(n + a + l)/[n! r(a + l)] is called 
the Laguerre polynomial L^\x) and can be written as 


Ll:Hx)=T{n + a+l)J2 

m—0 


(_l)m^m 

m! (n — m)! r(m + a + 1) 


( 8 . 11 ) 


In the particular case a = 0, Laguerre polynomial of degree n is simply 
represented as L„(x) and reduces to 


1 

Ln{x) = J2~ 

m\ 

m—O 



( 8 . 12 ) 


Problems 

8 .1. Verify that the nth degree Chebyshev polynomial of the second 
kind defined by the relation 
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satisfies the DE 


Show that 


(1 — x^)y” — 3xy' + n{n + 2)y = 0. 


(i) Un{x) = 


(ii) = 

w n\ ) {n-2my} ’ 

m—0 ^ ' 

(Rodrigues’ Formula) 

1 


(iv) 


1 — 2tx + 


= ^ Un{x)t'^ (Generating Function) 


n—0 


(v) Un+l{x) = 2xUn{x) - Un-l{x), Uq{x) = 1, Ui{x) = 2x 

(Récurrence Relation). 


(i) 


8.2. For Hermite polynomiale show that 

='S^ Hn(x)— (Generating Function) 

Z—/ 77,1 


n—0 


(ii) Hn+i{x) = 2xHn{x) - 2nHn-i{x), Ho{x) = 1, Hi{x) = 2x 

(Récurrence Relation) 

(iii) H^{x) = 2nHn^i{x). 


(i) 


8.3. For Laguerre polynomials show that 
e^x~ 


X = 


i! dx^ 


(e (Rodrigues’ Formula) 


/ rf \ °° 

(ii) (1 — t)“^““exp ( ——-r j = ^ L^\x)t'^ (Generating Function) 

^ ^ ^ n=0 

(...) ^„^(^) ^ 

Lq^\x) = 1, l[“\x') = 1 + a — X (Récurrence Relation). 


Answers or Hints 

8.1. (i) Difïerentiate T„+i(a;) = cos((n + 1) cos“^ x) (ii) Use (8.3) and 

(i) (iii) Use (8.4) and (i) (iv) Expand (1 — [2ta; —1^])“^ (v) Set 0 = cos~^ x 
in the relation sin(n + 2)0 + sin nO = 2 sin(n + 1)0 cos 9. 
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8.2. (i) Expand e ‘ (ii) Differentiate both sides of (i) with respect 
to t and equate the coefficients of t" (ii) Differentiate (8.8). 

8.3. (i) Use Leibniz’s rule (ii) Expand (1 — exp (iii) Dif¬ 

ferentiate both sides of (ii) with respect to t and equate the coefficients of 

r. 


Lecture 9 

Bessel Functions 


Bessel’s difFerential équation (2.15) with a = n first appeared in the 
Works of Euler and Bernoulli whereas Bessel functions, also sometimes 
termed cylindrical functions, were introduced by Bessel, in 1824, in the 
discussion of a problem in dynamical astronomy. Since many problems of 
mathematical physics reduce to the Bessel équation, in this lecture we shall 
investigate it in somewhat more detail. 


In the Bessel DE (2.15) the functions 
xpi{x) = X = 1 and x^p^ix) = x^ 

are analytic for ail x, and hence the origin is a regular singular point. 


2 2 
= X —a 


Thus, in view of Theorem 5.1, we can assume that a solution of (2.15) 
can be written as y{x) = x’’ J2m=o ^mx'^. Now a direct substitution of this 
in (2.15) leads to the équations 

co(r + a)(r — a) = 0 

ci(l + r + a)(l + r — a) = 0 

Cmi'm + r + a){m + r — a) =—Cm- 2 , m = 2,3,---. (9.1) 

We assume that cq yf 0, so that from the first équation ri = a and r 2 = —a. 


First, we shall consider the case when ri — r 2 = 2a is not an integer. 
For this, we see that ci = 0 (2a yf ±1), and for r = a and r = —a, (9.1) 
reduces to 

m{m + 2a)cm =—Cm- 2 , to=2,3,--- (9.2) 


and 


m(m — 2a)cm = —Cm- 2 , to=2,3,--- (9-3) 

respectively. From these relations we easily obtain two linearly independent 
solutions yi{x) and y 2 {x) which appear as 


yiix) = 


and 


y2{x) = 


1 - 


1 - 


22(1+ a)l! 24(l + a)(2 + a)2! 




X Co 


22(1-a)l! 24(l-a)(2-a)2! 




R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations,, 
Universitext, DOI 10.1007/978-0-387-79146-3_9, 

© Springer Science-I-Business Media, LLC 2009 
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In the above solutions we take the constants 


co 


2“r(l + a) 2-“r(l-a) 


to obtain 


and 


- (-1)- /XN2m+. 

^ ^ m! r(m + l + a) (2/ 

- (-1)- /XN2m-a 

^ to! r(m + l-a) V2/ 

m—0 ^ ' 


(9.4) 


(9.5) 


These solutions are analytic for |a;| > 0. The fimction yi{x) is called the 
Bessel function of order a of the first kind and is denoted by Ja{x)', 2 / 2 ( 2 ;) 
is the Bessel function of order —a and is denoted by J-a{x). The general 
solution of the DE (2.15) is given by y{x) = AJa{x) + BJ-a{x), where A 
and B are arbitrary constants. 


Now we shall consider the case when ri — r 2 = 2a is a positive odd 
integer, i.e., 2a = 2n + 1. Then, for r = a, ci = 0 and as before from (9.1) 
we get 


> 41 + 1 / 2 ( 2 ;) 


E 

m—O 


to! F (to + n + I) 


/ X \ 2îTi.+'n'+l/2 

V2/ 


(9.6) 


For r = —a we hâve —a = —n — 1/2; then cq and C 2 n+i sxe both arbitrary. 
Finding the coefficients C2m, to = 1, 2, • • • and C2n+2m+i, m = 1, 2, • • • from 
(9.1) in terms of cq and 02 , 1+1 leads to the solution 


2 /( 2 ;) 


m—0 


“t“C2n+l^ 


-n-ll2 


(-irr(i-n) 

to! 2^™ F — n + to) 

- (-l)-F (n+l) 

2-^ to! 2^™ F (n + TO + I) 

m—0 ^ 


^2n+l+2m 


— ^>^-«- 1 / 2 ( 2 ;) + i3./n+l/2(2;), (9-'^) 

where A = co2“”“^/^F — n) and B = 2"+i/ 2F (| + n) C 2 n+i- Since cq 

and C 2 n+i are both arbitrary, A and B are arbitrary constants, and hence 
(9.7) represents the general solution of (2.15). 


If we take 2a as a négative odd integer, i.e., 2a = —2n — 1, then we get 
+1 = —n — 1/2 and +2 = n + 1/2, and hence for +2 = n + 1/2 we hâve the 
same solution as (9.6), and for ri = —n — 1/2 the solution is the same as 
(9.7). 

Next we consider the case when a = 0. Then the exponents are ri = 
+2 = 0. The first solution 2 / 1 ( 2 ;) in this case is easily obtained and appears 
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as 


yi{x) 


Mx) = 

m—0 


( m !)2 



(9.8) 


To obtain the second solution we return to the récurrence relation (9.1), 
which with cq = 1 gives 


C 2 m — 


__ 

{r + 2 ) 2 (r + 4)^ • • • (r + 2 m )2 


and hence 


Thus, we find 


^2m 

C 2 m 





1 

r + 2 fc 


^2m 


= C2m(0) = -C2m(0)^ ■ 


fc=l 


and now Theorem 5.1(ii) gives the second solution y 2 (x), which is denoted 
as J°(a;), 


2 / 2 ( 2 ;) = J°(x) 


Jq{x) ln|a;| 


^ (-1)^ 

(m!)^ l k / 

m=l ^ ^ \fc=l / 



(9.9) 


Finally, the general solution in this case can be written as y{x) = AJq{x) + 
BJ°{x). 

The remaining case, namely, when ri — r 2 is an even integer, i.e., when 
2a = 2n is very important, which we shall consider now. For ri = n, there 
is no difficulty and the first solution yi{x) can be written as yi{x) = Jn{x). 
However, for the second solution 2 / 2 ( 2 ;) corresponding to the exponent r 2 = 
—n we need some extra manipulation to obtain 


2 / 2 ( 2 ) = 


k^O 

1 ^ ^^i (l){m) + (j){n + m) /xy 

2 ml {n + m)l V 2 / 


2m+n 


m—0 


(9.10) 


where çii(O) = 0, (j){m) = 7 i® Euler constant defined by 

7 = lim ((/)(m) — Inm) = 0.5772157 •••. 


This solution 2 / 2 ( 2 ) is known as Weber’s Bessel function of the second 
kind and is denoted by Yn{x). In the literature some authors also call Yn{x) 
the Neumann function. 












Bessel Functions 


67 


Thus, the general solution in this case can be written as y{x) = AJn{x) + 
BYn{x). 

The Bessel functions of the third kind also known as Hankel functions 
are the complex solutions of the DE (2.15) for a = n and are defined by 
the relations 

H^\x) = Jn{x) + iYn{x) (9-11) 

and 

H^;^\x)=Jn{x)-iYn{x). (9.12) 

The modified Bessel function of the first kind of order n is defined as 

In{x) = i~'^Jn{ix) = e“”^*/^J„(îa;). (9.13) 

If n is an integer, I-n{x) = In{x)', but if n is not an integer, In{x) and 
I-n{x) are linearly independent. 

The modified Bessel function of the second kind of order n is defined as 
I-n{x) - In{x) 


Kn{x) = 


lim ^ 

p— 2 


sin niT 
I-p{x) - Ip{x) 


0 ,1,2 ,--- 
, n = 0,l,2,---. 


sinpTT 

These functions are the solutions of the modified Bessel DE 
x^y" + xy' — (x^ + n^)y = 0. 


(9.14) 


(9.15) 


The generating function for the sequence {=/n(a:)}))T_ 3 ^ is given in the 
following theorem. 

Theorem 9.1 (Generating Function). 


exp(ia.(t-i 


= Jriix)f" 


(9.16) 


Proof. We shall expand the left-hand side of (9.16) in powers of t and 
show that the coefficient of t" is Jn{x). In fact, we hâve 


exp 




exp(-it)exp(-i) 

oo 

E 


(xf)® ^ {—xY 


E- 


2 ^ s! ^ 2^t^r\ 

s—O r—0 


EE(-‘r(l) 




rl 


s=0 r=0 
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The coefficient of t” in the above expression is 


E 

m—Q 


{-ly 


\ 2m+n 


m! (n + m) 


i(f) 


which, by définition, is the same as Jn{x). I 

If in (9.16) we replace t by — I/t, then it is the same as 

exp (E f-r-= E ^ Jn(a:)r" 


and hence it is necessary that 

J„(a:) = (9.17) 

As in the case of Legendre polynomials, for Bessel fimctions Jn(.x) also 
several récurrence relations are known. In the following theorem we shall 
prove One and give a few others as problems. 

Theorem 9.2 (Récurrence Relation). 

xJ'„{x) = nJnix) - xJn+lix). (9.18) 


Proof. From the définition of Jn{x) in (9.4), we hâve 

“ (-1)"* /a;\2m+« 


Jn{x) — 


m! (to + n) 


m—0 


:(!)■ 


and hence 


T' ( ^ (-l)'"(2m + n) 1 

Jn[x} - 2^ m!(m + n)! 2 U J 


m—0 


SO 


(- 1 )"* 

xUx) = 


—‘ m\(m + n)\ V 2/ 

m—0 

(- 1 )- 


- 

(m - l)!(m + n) 

OO 

nJn{x) + X ^ 


i(f) 


2m+n— 1 


(_l)m+l 


m! (m + n + 1) 


ï(l) 


2m+n+l 


m =0 

- 7Z(/ï7,(x) Xt/yi-l-l (x) . I 

Finally, we note that when x is very small then from (9.5) with a = 
n, 2 / 2 ( 2 ;) ~ constant x x~^; from (9.8) Jo(a;) ~ constant; and from (9.9) 
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J0(X) In |a;|. Thus, when a = n (> 0) the second solution of (2.15) for 
very small x can be approximated by 

[ In |a;| if n = 0 
constant x < 

I ce ” if n > 1. 

Hence, the second solution tends to oo as cc —> 0. Similarly, the functions 
Yn(x) and Kn{x) are unbounded at a; = 0. 

We also note from the définition of Ja(x) in (9.4) and the dérivation of 
(9.18) that the récurrence relation (9.18) in fact holds for ail real numbers 
n, i.e., n need not be an integer. 


Problems 


9 . 1 . Prove the following relations: 

(i) xJ'„{x) = -nJnix) +xJn-iix) 

(ii) 2d^(cz:) — Jn—\{x^ Jn-\-\{x^ 

(iii) OiTiJni^x') — x(dyi_i(cz:) -t- d^^-|_i(x)) 

(iv) ^(x“"J„(x)) = -x“"J„+i(a;) 
dx 

(v) ^(x"J„(x)) = x"J„_i(x) 


(vi) -^{xJn{x)Jn+l{x)) = x{J^{x) - J^+lix)) 



(viii) Jq{x) + 2Jl{x) + 2J^{x) H-= 1, and hence | Jo(a:)| < 1, \Jnix)\ < 

1/V2. 

9 . 2 . From the définition of Ja{x) show that 


(i) Jl/2{x) 



(ii) J-i/2{x) 



(iii) J3/2{x) 



— COS X 


(iv) J-3/2ix) = 


cosx 


— sm 


in x^ 
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(v) f n>-l. 

Jo 


9 . 3 . In a study of planetary motion Bessel encountered the integra! 


1 r 

y{x) = — / cos{nô — xsin 9)d9. 

Jo 

Show that y{x) = Jn{x). 

9 . 4 . Show that for any a > 0, the function 


y{x) = x“ / cos(a; cos 9) sin^“ 9d9 


is a solution to the Bessel DE (2.15). 

9 . 5 . Show that the transformation x = at^^ y = t'^w, where a, (3 and 
7 are constants, converts Bessel’s DE (2.15) to 


+ (27 + l)t^ + + 7^ - a^(3^)w = 0. (9.19) 

dt^ dt 


For P = 1, 7 = 0, a = n (nonnegative integer) (9.19) reduces to 


, d^w , dw 
dt"^ 


+ t ——h — n‘‘)w = 0. 

dt 


(9.20) 


(i) Show that the solution of the DE 

^+t-u; = 0, m>0 

can be expressed as 


(ii) Express the solution of DE 


in terms of Bessel functions and deduce the relations given in Problem 9.2 
Parts (i) and (ii) 

9 . 6 . Show that the general solution of the DE 


y' = x‘^ + y^ 
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is given by 


y{x) = X 


J-3/4 {^x"^) + CJ 3/4 {\x^) 
cJ_i/4 (ia:2) - Ji/4 (ia;2) ’ 


where c is an arbitrary constant. 

9 . 7 . Consider a long, flat triangular piece of métal whose ends are 
joined by an inextensible piece of string of length slightly less than that of 
the piece of métal (see Figure 9.1). The line of the string is taken as the 
x-axis, with the left end as the origin. The deflection y{x) of the piece of 
métal from horizontal at x satisfies the DE 


EIy" + Ty=Q, 



where T is the tension in the string, E is Young’s modulus, and I is the 
moment of inertia of a cross section of the piece of métal. Since the métal 
is triangular, I = ax for some constant a > 0. The above équation thus 
can be written as 


xy” + k'^y = 0 , 


where = T/Ea. Find the general solution of the above équation. 

9 . 8 . Consider a vertical column of length £, such as a téléphoné pôle 
(see Figure 9.2). In certain cases it leads to the DE 


(P y 
dx'^ 


P 

ËJ 


e'^P\y-a) = 0, 


where E is the modulus of elasticity, / the moment of inertia at the base 
of the column about an axis perpendicular to the plane of bending, and P 
and k are constants. 
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Figure 9.2 

Find the general solutions of the above équation. 

9.9. A simple pendulum initially bas the length £o and makes an angle 
9q with the vertical line. It is then released from this position. If the length 
of the pendulum increases with time t according to ^ = + et, where e is a 

small constant, then the angle 9 that the pendulum makes with the vertical 
line, assuming that the oscillations are small, is the solution of the initial 
value problem 


{£o + et)-^ + 2e—+ g9 — 0, 9{0) — 9o, —(0) — 0, 

where g is the accélération due to gravity. Find the solution of the above 
initial value problem. 

9.10. The DE 


2 d?E dE J 2 V n 

c — fix— - k X E = 0 

dx-^ dx 


occurs in the study of the flow of current through electrical transmission 
lines; here g,, v are positive constants and E represents the potential dif¬ 
férence (with respect to one end of the line) at a point a distance x from 
that end of the line. Find its general solution. 


9.11. Consider the wedge-shaped cooling fin as shown in Figure 9.3. 
The DE which describes the beat flow through and from this wedge is 


, d?y dy 


^ TT + — k-xy = 0, 


dx'^ 


dx 


where x is distance from tip to fin; T, température of fin at x; Tq, constant 
température of surrounding air; y = T — Tq, h, heat-transfer coefficient 
from outside surface of fin to the surrounding air; k, thermal conductivity 
of fin material; £, length of fin; w, thickness of fin at its base; 9, one-half 
the wedge angle; and g = 2hsec{£9)/kw. 
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Find the general solutions of the above équation. 

9 . 12 . Consider a horizontal beam of length supported at both 
ends, and laterally fixed at its left end. The beam carries a uniform load 
w per unit length and is subjected to a constant end-pull P from the right 
(see Figure 9.4). Suppose that the moment of inertia of a cross section of 
the beam at a distance s from its left end is / = 2(s -I- 1). If origin is the 
middle of the bar, then the vertical deflection y{x) at x is governed by the 
nonhomogeneous DE 

2E{x -I- 1 -I- - Py = l-w{x + lŸ - 

ax‘‘ 2 

where E is Young’s modulus. 

w 



oo_oo 


Figure 9.4 

Find the general solutions of the above équation. 


Answers or Hints 

9 . 1 . (i) See the proof of Theorem 9.2 (ii) Use (9.18) and (i) (iii) Use 

(9.18) and (i) (iv) Multiply the relation (9.18) by (v) Multiply the 

relation in (i) by (vi) Use (9.18) and (i) (vii) Proceed as in (vi) 
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(viii) Use (vii) to obtain Jq (x) + (x)) + ^( (x) + J|(x)) H -= 0. 

Finally use Jo(0) = 1, Jk{0) = 0, fc > 1. 

9 . 2 . For (i) and (ii) use 2^'"+^TO!F(m + 3/2) = (2m + l)!v^ (üi) Verify 
directly, or use Problem 9.1(iii) for n = 1/2 and then use (i) and (ii) 
(iv) Similar to that of (iii) (v) Use Problem 9.1(v). 

9 . 3 . Set t = e*® in (9.16) and then use (9.17). 


9.4. Verify directly. 

9.5. X = at^, y = t'^w imply that (t^ + jw) , x^^ = 

pp+i ((^ - /3 + i)r-/3if + + 7(7 - 

(i) Compare + = 0 with (9.19) (ii) Compare ^^ + ^10 = 0 

with (9.19). 

9.6. The transformation y = —u'ju converts the DE y' = x^ + to 
u” + x^u = 0. Now use Problem 9.5(i), Problem 9.1(i) and (9.18). 

9.7. (^Ji {2kx^/^) + BJ_i {2kx^/^)) . 

9.8. Use Z = y — a, 2fj, = k/i, v = yJP/EI to convert the DE as 

= 0. Now use t = to obtain + ^z = 0. 

Finally, compare this with (9.19). 


9 . 9 . 

A = 


9{t) 


1 

\/ iQ-\-et 


AJi io + etj + BJ-i + £t'j 


VhiXli(c)-(e/2y3)J_i(c) ^ 
Ji(c)Jlj(c)-J-i(c)J((c) '^0, 


B = 


(e/Zy/g) Ji(c)-U77J((e) 
Xl(c) Jlj(c)-J_i(c) J{(c) 


9q and c = 


where 


9 . 10 . The transformation x = at^, y = Ew, where a, (3 and 7 are con¬ 
stants, converts (9.15) to 

+ ( 2 ^ + + (_^2^2^2/3 + ^2 _ = 0 . ( 9 . 21 ) 

Eix) = x(i+'^)/2 [71/(1+^)/. (^^2) ■ 

9 . 11 . Compare with (9.21) to get y(x) = AIq (2^x^^'^)+BKo (2y/JIx^^‘^) . 


9 . 12 . y{x) = x^!"^ 
f^{P-2E){x + l) 


Ah 

2E 

- pT 


‘ipph 


+ BKi 


(. fïË.ph 

\^V E 


#(x + £)2 + 














Lecture 10 

Hypergeometric Functions 


In this lecture we shall study the hypergeometric DE (3.17) and its 
solutions, known as hypergeometric functions. This DE finds applications 
in several problems of mathematical physics, quantum mechanics, and fluid 
dynamics. 


A sériés of the form 


(xb (xi^Q, -\- 1 ) 6(6 “t“ 1 ) 2 n(n ~\~ 1 )(^ T ‘2i^h{h -t- 1)(6 -t- 2 ) ^ 
c(c+l)2! "" ^ c(c+l)(c+2) 3! "" 


( -^2 r(a + m) r(6 + m) 


r(c) 


\m—0 


r(c + m) m! 


r(a) r(6) 

( 10 . 1 ) 


is called a hypergeometric sériés. 

The ratio of the coefficients of 2 ;"*+^ and a;"* in the sériés (10.1) is 

{a + m)(6 + m) 


(c + m)(m + 1) 


( 10 . 2 ) 


which tends to 1 uniformly as m 00 , regardless of the values of a, 6 and 
c. Hence, by the ratio test, the sériés (10.1) has unit radius of convergence 
in every case. Also, since (10.2) can be written as 


1 - 


1 + c — a — 6 
m 


+ 0 



the sériés (10.1) converges absolutely at a; = ±1 by the Gauss test if c > 
a + 6. 


The hypergeometric sériés is commonly designated by T(a, 6, c, x) and 
in this form it is called a hypergeometric function. 

In the hypergeometric DE (3.17), a, 6, and c are parameters. It is 
clear that a; = 0 and 1 are regular singular points of (3.17), whereas ail 
other points are ordinary points. Also, in the neighborhood of zéro we hâve 
Po = c, go = 0 and the indicial équation r(r — 1) + cr = 0 has the roots 
Tl = 0 and r 2 = 1 — c. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations^ 
Universitext, DOI 10.1007/978-0-387-79146-3_10, 

(c) Springer Science-|-Business Media, LLC 2009 
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On substituting directly y{x) = J2m=o CmS;'" in the équation (3.17), 
we obtain the récurrence relation 

{r+l+m){r+c+m)cm+i = {r+a+m){r+b+m)cm, m = 0,l,---. (10.3) 

For the exponent ri = 0, the récurrence relation (10.3) leads to the 
solution coF(a,b,c,x). Taking cq = 1, we find the first solution of the DE 
(3.17) as 

y{x) = F{a,b,c,x). (10.4) 

The second solution with the exponent r 2 = 1 — c when c is neither zéro 
nor a négative integer can be obtained as follows: In the DE (3.17) using 
the substitution y = x^~'^w, we obtain 

a;(l — x)w" + [ci — (oi + bi + l)x\w' — aibiw = 0, (10.5) 

where ci = 2 — c, oi = a — c + 1, bi = b — c + 1. This DE has a sériés 
solution w(x) = F(ai, bi, Cl, x), and hence the second solution of the DE 
(3.17) is 

y(x) = x^~'^F(a — c + l,b — c + 1,2 — c,x). (10.6) 

The general solution of the DE (3.17) in the neighborhood of x = 0 is a 
linear combination of the two solutions (10.4) and (10.6). 

Solutions of the DE (3.17) at the singular point x = 1 can be obtained 
directly or may be deduced from the preceding solutions by a change of 
independent variable t = 1 — x. Indeed, with this substitution DE (3.17) 
reduces to 

df 

t{l - + [ci - (a + 6+ 1)^]^ - ^by = 0, (10.7) 

where ci = a + 6 — c+1. 

Thus, we hâve the solutions 

y{x) = F{a, b,a + b — c + 1,1 — x) (10.8) 

and 

y{x) = (1 — xY~°‘~^F{c —b,c—a,c—a — b+l,l — x) (10.9) 

provided c — a — 6 is not a positive integer. 

The hypergeometric équation (3.17) has an interesting property that the 
dérivative of a solution satisfies an associated hypergeometric DE. Indeed, 
differentiating (3.17), we obtain 


x(l - x)y"’ + [c+l-(a+l + 6 + l + l)x]y" - (a + 1)(6 + l)y' = 0, 
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which is a hypergeometric DE in y' in which a, 6, c hâve been replaced by 
a+1, 6+1, c+1, respectively. Thus, it follows that 

—F(a, 6, c, x) = AF{a + 1, 6 + 1, c + 1, a;), (10.10) 

dx 

where A is a constant. 


Comparing the constant terms on both sides of (10.10), it follows that 
A = ah/c. Hence, the following relation holds 

—F{a, b, c, x) = —ab F(a +1,6+1,c+1, a;). (10.11) 

dx c 

In general for the mth dérivative it is easy to find 


_cr_ 

dx™ 


+(a, 6, c, x) 


r(a + m) r(6 + m) 
r(c + m) 


r(c) 

r(a) r(6) 


F{a + m, 6 + m, c 


+ m, x). 

( 10 . 12 ) 


Like Bessel functions (cf. Problem 9.3), hypergeometric functions can 
also be represented in terms of suitable intégrais. For this, we shall prove 
the following theorem. 


Theorem 10.1 (Intégral Représentation). 


1 

F{a,b,c,x) =- --T- / (1 — t)'^“^“^t^“^(l — xt)““dt, c > 6 > 0. 

B[b,c-b) Jq 

(10.13) 

Proof. From the relation (3.7) and the définition of Beta function (3.6), 
we hâve 


F{a,b,c,x) = ^ 


F(a + m) / F(6 + m) F(c —b) / F(6) F(c — 6) 


m—0 

oo 


F(a) m\ 


F(c + m) 


F(c) 


= E 


m—0 


F(a + m) B{b + m, c — 6) 
F(a) ml B{b, c—h) 


1 


^ r(a + w) 

B{b,c-b)l^^T{a)ml X ^ ^ 




Thus, on interchanging the order in which the operations of summation and 
intégration are performed, we obtain 


+(a, 6, c, x) = 


B{b,c-b) Jo 


fa-t) 

Jo 


c-b-l^b-1 


vîE 
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However, since 


E 

m—O 


r(a + m) 
r(a) m! 


(xt)™ = (1 — xt)' 


the relation (10.14) immediately leads to (10.13). 
As a conséquence of (10.13), we find 


F(a,6,c,l) = 


1 


JO 


c—a — b—l±h—l jj. 

B{c — a — b,b) r(c — a — b) r(c) 
B{b,c—b) r(c—a)r(c —6) 


provided c — a > 6 > 0. 


Next we shall prove the following relation. 

Theorem 10.2 (Récurrence Relation). 

F{a + 1, b, c, x) — F{a, 6, c, x) = -bx F{a + 1, 6 + 1, c + 1, æ). (10.15) 

c 

Proof. From (10.1), we hâve 
F{a+1, b, c, x)—F{a, b, c, x) 

r(6 + m)r(c) [r(a + m+l) r(a + m)) ^ 

■ ^^r(c + m)m!r(6) \ r(a + 1 ) 1^ E 

r(a + m) r(5 + m) r(c) TO ^ 
r(c + to) to! r(6) r(a) a 

^ r(a + TO)r(6 + TO)r(c) 

^^r(c + TO) (TO-i)!r(6) r(a + i) 

1^ \ r(a + TO + 1 ) r(6 + TO + 1 ) r(c + 1 ) ^ 

c r(c + TO + 1 ) to! r(6 + 1 ) r(a + 1 ) 

= -6a; F"(a + 1, 6 + 1, C + 1, a;), 

c 

which is the right side of (10.15). I 

Legendre polynomials can be expressed in ternis of hypergeometric func- 
tions. We provide this relation in the following resuit. 

Theorem 10.3. The following relation holds: 


- E 

m—O 


Pn{x) = F{-n, n + 1,1, (1 - x)/2). 


(10.16) 
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Proof. From the Rodrigues formula for Legendre polynomiale (7.9), we 
hâve 


1 jn 1 rl” 

- 1)” = -:rr 

2^ ni dx^ ni dx^‘ 




1 æ 

ni dx 
(-1)" d" 
n\ dx”- 
(-1)’" d” 
ni dx” 
(- 1 ) 


(i-irp-i(i-i) 


(1 - - f (1 - ^r*' + - =»)"+“ - 


),! 




22 2 ! 


= 1 + 


{-n){n+l) , 

A-x\ 

, , (-n)(-n-h l)(n + l)(n + 2) , 

(l-x\ 

l-l ' 

l 2 J 

1+ 1.2.1.2 ' 

l 2 j 


= F(—n, n + 1,1, (1 — a;)/2). ■ 

In the DE (3.17) if we use the substitution x = t/b, then the hypergeo¬ 
metric function F{a, b, c, t/b) is a solution of the DE 


t 1- 


t\ d'^y 


b ) dt"^ 


c-(l + ^U 


dy „ 


Thus, letting b —> oo, we see that the function lim^^oo 7^(a, c, t/6) is a 
solution of the DE 


Next from (10.1), we hâve 
F 

and since 


( h V T{a + m) f T{b + m) \ \t{c) 

V ’ ’ ’ V vit) r(c + m) m! 1 br” m I J r(a) 


lim = 1, 

b^oo b”' r(b) 


it follows that 


lim r I a, 6, c, Il = ( 1 /M = r(«. c. *). 


6—*-oo 


—' F(c + m) m! j F(a) 

\m—0 ^ ' / 


(10.18) 
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The function F{a,c,t) defined in (10.18) is called a confluent hypergeo- 
metric function, and the DE (10.17) is known as confluent hypergeometric 
équation. 

Finally, we note that the second solution of the DE (10.17) is t^~'^F{a — 
c + 1, 2 — c,t). 


Problems 

10 . 1 . Express the solutions of the following DEs in ternis of F{a, b, c, x) 

(i) a:(l-a;)y"-3y' + 2y = 0 

(ii) 2a;(l — x)y'' + (1 — x)y' + Sy = 0 

(iii) a;(l — x)y” + (2 — 3a;)î/' — y = 0 

(iv) (2a; + 2x^)y'' + (1 + ^x)y' + y = 0. 

10 . 2 . Show that in the DE (3.17) the change of the dépendent variable 
y = (1 — x)^~°'~^u leads to a hypergeometric équation having the solutions 

y{x) = (1 — xY~°‘~^F{c — a,c — b,c, x) 

and 

y(x) = x^~^(l — x)^~°'~^F(l — a, 1 — b, 2 — c, x). 

Further, show that these are identical with (10.4) and (10.6), respectively. 

10 . 3 . Setting x = Ijt in the DE (3.17), find the exponents at infinity, 
and dérivé the solutions 

y{x) = x~°^F{a, a — c+l,a—b+l, \/x) 

and 

y{x) = x~^F{b, b— c+l,b — a+1, l/x). 

10 . 4 . Show that the DE 

(x^ + aix + a2)y" + {a^x + aYjy' + a^y = 0 

can be reduced to the hypergeometric form by a suitable change of variable 
provided the roots of x^ + aia; + 02 = 0 are distinct. 

10 . 5 . Use the resuit of Problem 10.4 to show that the Legendre 
équation (3.19) with a = n can be reduced to the hypergeometric form 

t(l — t)y'' + (1 — 2t)y' + nfn + l)y = 0 

by the substitution x — \ = —2t. Hence, establish the relation (10.16). 
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10.6. Use the transformation t = {1 — x)/2 to convert the Chebyshev 
équation (3.15) into a hypergeometric équation and show that its general 
solution near x = 1 is given by 


y{x) 


CqF 



1 

2 ’ 



+ Cl 



1/2 


F 



1 3 l-a;\ 

2 ’ 2 ’^J ■ 


10.7. Show that Jacohi’s DE 

a;(l — x)y" + [a — (1 + b)x]y' + n{b + n)y = 0 

is a hypergeometric équation, and hence its general solution near a; = 0 can 
be written as 

y{x) = ciF{n + b, —n, a, x) + C 2 X^““F(n + 6 — a+1,1 — n — a,2 — a,a:). 


10.8. Prove the following récurrence relations 

Qibx 

(i) F (a, b,c,x) — F(a,b,c— 1, x) =- -, - 7 TF(a + 1,6 + l,c + l,x) 

c(c- 1) 

(ii) F(a, 6+l,c+l,x) — F{a, 6, c, x) = ^ — ^^F{a + 1, 6 + 1, c + 2, x) 

c(c+ 1) 

( (X — b — l)x 

(iii) F{a — 1, 6 + 1, c, x) — F{a, 6, c, x) = - F{a, 6 + 1, c + 1, a;). 


10.9. In the analysis of a deformation due to a uniform load on a 
certain circular plate, the following équation occurs: 

a;^(l — {txŸ)(j)" + x(l — {exŸ — 3A:(ea;)^)^' ~ (1 ~ + ^kv{ex)'^)(j) = 0, 

(10.19) 

where e, fe, and v are constants; x is proportional to the distance from the 
center of the plate, and 4> is the angle between the normal to the deformed 
surface of the plate and the normal to that surface at the center of the 
plate. Show that the successive substitutions z = ex, cj) = ztp, z^ = a 
transform (10.19) to the hypergeometric équation 


cr(l 



fc + 2 
k 



2 + 3fc\ 
) 


a 


dtp 

da 


3(î;+1) 


i’ 


= 0 


with c = {k + 2)/k, a + 6 = (2 + 3k)/k, ab = 3{v + 1) /k. Hence, if a and (3 
are the roots of k\^ — (2 + 3fc)A + 3(v + 1) = 0, the solution of (10.19) can 
be written as <p(x) = exF(a, /3, (k + 2)/k, e^x^). 


Answers or Hints 


10.1. (i) F(-2,l,-3,cr) (ii) +(l,-3/2,l/2,x) (iii) F(l,l,2,x) 
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(iv) F(l/2,l,l/2,-x). 

10 . 2 . Substitute y = (1 — xY~°‘~^u in the DE (3.17) to get 

a;(l — a:)^" + [c — (c — a + c — 6 + l)x]u' — {c — a){c — b)u = 0. 

The identities follow from the uniqueness of the initial value problème for 
(3.17). 

10 . 3 . Substitute ce = 1/t in the DE (3.17) to get 

+ Ko + i, _ 1) _ (c - = 0. 

For this DE t = 0 is a regular singular point and the exponents are a and 
b. 

10 . 4 . If CE^ + aice + 02 = (x — a)(x — b), then use the substitution t = 
{x — a)/{b — a). 

10 . 5 . Problem 10.4 suggests the substitution t = 

10 . 6 . For this also Problem 10.4 suggests the substitution t = 

10 . 7 . Compare the coefficients to get a = n + b,b = —n, c = a. 

10 . 8 . Use (10.1) directly. 

10 . 9 . Verify directly. 




Lecture 11 

Piecewise Continuons 
and Periodic Functions 


Mathematical problems describing real world situations often hâve so¬ 
lutions which are not even continuons. Thus, to analyze such problems 
we need to work in a set which is bigger than the set of continuons func¬ 
tions. In this lecture we shall introduce the sets of piecewise continuons and 
piecewise smooth functions, which are quite adéquate to deal with a wide 
variety of applied problems. Here we shall also define periodic functions, 
and introduce even and odd extensions. These terms will be used in later 
lectures repeatedly. 


Recall that for a given function f{x) the right-hand and the left-hand 
limits at the point Xg are defined as follows: 


f(xo+)= lim f(x)= lim f(x), 

X —> Xn X^Xo + 

X > XQ 

and 

f{xo-)= lim fix)= lim_/(a;). 

X ^ XQ X^Xq 

X < XQ 

We say f{x) has the limit a,t x = Xg provided f{xg+) = f{xg—). The 
function f{x) is said to be continuons at a point xg provided limaj^a,,, f(x) = 
f{xg), and it is continuons in an interval a < a; < /9 if it is continuons at 
each point x îor a < x < /3 (see Figure 11.1). 




discontinuons at xg 
Figure 11.1 


<5 f{xo+) = 0 
f{xo-) = 4 
f{xo) = 1 



Xo 

discontinuons at xg 


As an illustration, consider the function f{x) = cosl/x, 0 < a; < 1. 
For this function /(0-I-) does not exist. In fact, as x —> 0-1-, f{x) oscillâtes 
between —1 and 1. To see this let Xn = l/(2n7r), n = 1,2,---. Then, 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_11, 

(c) Springer Science-|-Business Media, LLC 2009 
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—> 0 as n —> oo, but /(x„) = cosl/^n = cos( 2 n 7 r) = 1 . Also, let 
Un = l/[(2n + l) 7 r], n = 1, 2, • • •. Then, ^ 0 as n —> oo but f{yn) = 
cos l/un = cos( 2 n + l) 7 r = — 1 . As another example, for the function f{x) = 
1 /x, 0 < a; < 1 , /( 0 +) = lim,j^o+ 1/x = + 00 . 

Définition 11.1. A function f{x) is called piecewise continuons {sec- 
tionally continuons) on an interval a < x < P iî there are finitely many 
points a = Xq < xi < ■ ■ ■ < Xn = P such that 

(i) . f(x) is continuons on each subinterval xg < x < xi, xi < x < 

X2, ■ ■ ■ , a;„_i < X < Xn, and 

(ii) . on each subinterval {xk-i,Xk) both /(a;fc-i+) and f{xk—) exist, i.e., 
are finite. 

Note that the function f{x) need not be defined at the points Xk- 

We shall dénoté the class of piecewise continuons functions ona < x < P 
by Cp{a,P). 

Example 11.1. Consider the function 

f 0 < X < 1 
/(x) = -1, 1 < X < 2 

I X — 1, 2<x<3. 


We shall show that /(x) is piecewise continuons on 0 < x < 3. Note that 
for this function Xq = 0, Xi = 1, X 2 = 2, X 3 = 3 (see Figure 11.2). 

On 0 < X < 1: /(x) = x^ is con¬ 
tinuons on 0 < X < 1, and /(0-I-) = 
lim2,^o+a;^ = 0, /(1-) = lim^,^!. x^ 

= 1 . 

On 1 < X < 2: /(x) = — 1 is con¬ 
tinuons on 1 < X < 2 , and /( 1 +) = 
lim2;^i+/(x) = lima;^i+(-l) = -1, 

/(2-) = lim,j^ 2 - f{x) = -1. 

On 2 < X < 3: /(x) = x — 1 is 
continuons on 2 < x < 3, and /(2-I-) = 

1, /(3-) = 2. 

Hence, /(x) S 0^(0, 3). 

Remark 11 . 1 . (i). /(x) is not defined at x = 0 and 2 . 

(ii). One can integrate a piecewise continuons function interval-wise, e.g., 
for the above function: 

/*3 pi n2 p3 ^ 

/ f{x)dx= / x‘^dx-\- / —ldx-\- / {x — l)dx=-. 

Jo Jo Ji J 2 O 



.3 
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Example 11.2. The fimction /(x) = cosl/x, 0 < x < 1 is continuous 
on 0 < X < 1. However, since lima;^o+ f{x) does not exist, /(x) ^ <^^(0,1). 
Similarly, /(x) = 1/x ^ Cp(0,1). 

Example 11.3. For the function /(x) = x^sinl/x, 0 < x < 1 we 
hâve xo = 0, xi = 1. Clearly, on 0 < x < 1 this function is continuous, 
and /(l—) = lima,^i_ x^ sin 1/x = l^sinl/1 = sinl. We shall show that 
/(0+) = lim,^ ^ 0 +^^sinl/x = 0. For this note that for x > 0, — 1 < 
sin 1/x < 1, and hence 


2 ^ 2 • ^ ^ 2 
—X < X sin — < X , 

X 

so by the sandwich theorem linia;—, 0 + x^ sin 1/x = 0. Thus, /(x) G C'p(0,1). 

Définition 11.2. A function /(x), a < x < j3 \s said to be piecewise 
smooth {sectionally smooth) if both /(x) and f'{x) are piecewise continuous 
on a < X < (3. The class of piecewise smooth functions on a < x < /3 is 
denoted by Cp{a,(3). 

Note that /'(x) is piecewise continuous means that /'(x) is continuous 
except at So, • • •, Sm (these points include xq, ■ ■ ■ ,Xn where /(x) is not con¬ 
tinuous) and on each subinterval (sfc_i,Sfc) both f'(sk-i+) and f'{sk—) 
exist. Here î'{sj+) = lima;^s^.+ /'(x) and f'{sj-) = lima;^s^_ /'(x). 

Example 11.4. Consider the function 

,_rx-|-l, —l<x<0 

i sinx, 0 < X < 7r/2. 


Clearly, /(x) G Cp(-l,7r/2), 
11.3(a)). Since 


/'(^) = 


Xo = —1, Xi = 0, X 2 

1, — 1 < X < 0 

cosx, 0 < X < 7r/2 


7r/2 (see Figure 


we hâve so = —1, si = 0, S 2 = 7r/2 (see Figure 11.3(b)). 




On —1 < X < 0: /'(x) = 1 is continuous, and = 1, /'(O—) = 1. 

On 0 < X < 7r/2: /'(x) = cos x is continuous, and f'{0+) = 1, /'(7r/2—) = 


0. 







86 


Lecture 11 


Thus, /'(x) e C'p(—1,7r/2). In conclusion, /(x) e C'p(—1, —7r/2). 
Example 11.5. Consider the function 


f{x) = 


0.01, -0.1<x<0 

x^cosl/x, 0 < X < 0.1 


(see Figure 11.4). 

Clearly, /(x) G C'p(—0.1,0.1), and 


/'(^) = 


0, -0.1<x<0 

2xcos 1/x + sin 1/x, 0 < x < 0.1. 



If /'(x) G C'p(—0.1,0.1), /'(0+) must exist. But, /'(0+) does not exist. In 
fact, lima;^o+ 2x cos 1/x = 0 by the sandwich theorem, but lima;_,o+ sin 1/x 
does not exist, because sin 1/x oscillâtes between —1 and 1 as x —*■ 0. 
For this, let x„ = l/[(2n + yn = l/[(2n + |)7r] so that x„ ^ 

0+, Vn 0+ as n —> oo. Clearly, sinl/x„ = 1, sinl/j/^ = —1. Thus, 
/'(x) ^ C'p(—0.1,0.1), and hence /(x) ^ C'p(—0.1, 0.1). 


Rule of Thumb. If /(x) is defined in pièces, where each piece is 
différentiable twice in a slightly larger interval, (e.g., (— 00 , 00 )), such as 
polynomials in x, e“, sinx, etc., then /(x) is piecewise smooth. For exam¬ 
ple, the function 


f{x) 


4x -I- 2, 0 < X < 1 

e^, 1 < X < 2 


is piecewise smooth. 


Définition 11.3. A function /(x) is said to be periodic with period 
Lü if /(x -I- w) = /(x) for ail x. For example, /(x) = cosx is periodic with 
period 27r. In fact, /(x -I- 27r) = cos(x -I- 27r) = cosx = /(x) for ail x. For 
n > 1 the function /(x) = sinnx is periodic with period 2tt, /(x -|- 27r) = 
sinn(x -I- 27r) = sin(nx -I- 2mr) = sinnx = /(x). 


Clearly, the expression 


Oq 

y 


00 

-I- {an cos nx + bn sin nx) 

n—1 


is periodic with period 27r. 


Any function /(x) defined on — tt < x < tt can be extended to a periodic 
function F{x) with period 27r. The function F{x) is called the periodic 
extension of /(x). 
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Example 11.6. For the function 



— TT < a; < 0 
0 < ce < TT 


the extension F(x) is given in Figure 11.5. 

y 



Remark 11.2. If a function f{x), — w < x < w can be extended to a 
periodic function with period 27r, we must hâve /(—tt) = /(tt) 

Example 11.7. For the function f(x) = x^, —7r<x<7r the extension 
F(x) is given in Figure 11.6. 


y 



Finally, we recall that if a function g(x) is odd, i.e., g{—x) = —g{x) then 
g(x)dx = 0, and if g(x) is even, i.e., g(—x) = g{x) then J_^g(x)dx = 


2 g{x)dx. Further, if g{x) is defined only on (0, a) we can extend it as 
follows: 


9o{x) 


g{x), 0 < X < a 

—g{—x), — a < X < 0. 


Clearly, go{x) is an odd function, and hence it is called an odd extension of 
g{x). We can also extend g{x) as 


9e{x) 


g{x), 0 < X < a 

g{—x), — a < x < Q. 


Since, ge{x) is even it is called an even extension of g{x). 
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Graphically, the even extension is made by reflecting the graph in the 
vertical axis. The odd extension is made by reflecting flrst in the vertical 
axis and then in the horizontal axis (see Figure 11.7 for the function a;, 0 < 
X < 1). 


N 

/ 

-1 1 

1 


even extension 



Figure 11.7 


Problems 

11 . 1 . (i) Show that the function f{x) = ^/x cos{l/x^) is piecewise 
continuons on the interval (0,1). 

(ii) Is the function f{x) = sin(l/a;^) piecewise continuons on the interval 
(0,1)? Justify your answer. 

11 . 2 . Consider the function f{x) = x^ sin^(l/a;) on the interval (0,1). 

(i) Show that f{x) is piecewise continuons on the interval (0,1). 

(ii) Is f{x) piecewise smooth on the interval (0,1)? Justify your answer. 

11 . 3 . Show that the function 


f{x) = 


for 0 < a; < 1 


: for 1 < a; < 2 

is piecewise continuons but not piecewise smooth on (0, 2). 

11 . 4 . Using l’Hospital’s rule flnd /(0+) and /^(0+) for the function 

f (1 — e“)/x, a; yf 0 
^ ’ [0, a; = 0. 

Deduce that f{x) is piecewise smooth on the interval (0,1). 

11 . 5 . Consider the function 
x(cos(lna;) + sin(lnx)), 0 < a; < 1 


î{x) = 


0, a; = 0. 
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Compute f'{x) for 0 < a; < 1 and deduce that f{x) is not piecewise smooth 
on the inter val (0,1). 

11 . 6 . Prove that if f{x) and f'{x) are both even functions, then f{x) 
is a constant. 


Answers or Hints 

11 . 1 . (i) See Example 11.3 (ii) Take Xn = [(2n + = [{2n — 

11 . 2 . (i) /(0+) = 0 (ii) No. For f'{x) = 2xs\v?{l/x) — sin(2/x) take 

Xn = 2[(2n+ ^)7r]“\ = 2[(2n - ■ 

11 . 3 . /'(l) is undefined. 

11 . 4 . /(0+) = -1, f (0+) = -1/2, f{x) e C1(0,1). 

11 . 5 . f {x) = 2cos(lna;) oscillâtes between —2 and 2 as a: ^ 0 + . Take 

^ — p-2ra7r _ „-(2n+l)-7r 

‘^n — ^ : Un — ^ 

11 . 6 . Difîerentiate f{x) = f{—x) and use f'{x) = /'(—x). 


Lecture 12 

Orthogonal Functions 
and Polynomials 


In this lecture first we shall introduce orthogonality of functions, which 
is a generalization of orthogonality of vectors in the sense that the sum 
of Products in the scalar multiplication (dot product) of vectors will be 
replaced by the intégral of products, and then show that the Legendre, 
Chebyshev, and Hermite polynomials are orthogonal. The orthogonality of 
Laguerre polynomials and Bessel functions will be shown in the next lecture. 
Orthogonality of functions plays a fundamental rôle in constructing Fourier 
sériés, which we shall discuss in detail later. 


We begin with the following définition. 

Définition 12.1. The set of functions {(/)„(x) : n = 0,1, • • •} each of 
which is piecewise continuons in an infinité or a finite interval [a,/3], is said 
to be orthogonal in [a, /?] with respect to the nonnegative function r(x) if 

fp 

-<4’rm4'n>-= / r{x)(j)m{x)4>n{x)dx = Q for ail 


and 


f 


r{x)(j)^{x)dx yf 0 for ail 
The function r(x) is called the weight function. 


n. 


We shall always assume that r(x) has only a finite number of zéros in 
[a, /3] and the intégrais r{x)4>n{x)dx, n = 0,1, • • • exist. 

The orthogonal set {(fnix) ■ n = 0,1, • • •} in [a, /?] with respect to the 
weight function r(x) is said to be orthonormal if 


r{x)(j)\{x)dx = 1 for ail n. 


Thus, orthonormal functions hâve the same properties as orthogonal fonc¬ 
tions, but, in addition, they hâve been normalized, i.e., each fonction 4>n{x) 
of the orthogonal set has been divided by the norm of that fonction, which 
is defined as 


1/2 


Un\\ = / r{x)(j)l{x)dx 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_12, 

© Springer Science-|-Business Media, LLC 2009 
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Example 12.1. The set 

{1, cosnx, n=l,2,---} 

is orthogonal on 0 < a; < tt with r(x) = 1. Indeed, for m n, we hâve 

r 1 r 

/ cos mx cos nxdx = — [cos{m — n)x + cos{m + n)x]dx 

Jo 2 Jq 


Now since 


1 

2 

1 

2 

1/2 


sin(m — n)x sin(m + n)a 


m — n m + n 

sinfm — rÙTT sinfm + tiItt 

—^- - -OH-i- - -0 

m — n m + n 


= 0. 


lld-oll = ^ l^dxj = 


\\4>n\\ = ( / cos^ nxdx 


1/2 


1 + cos 2nx , \ 
--- dx 


it follows that the set 


cosnx, n = 1,2,- 


is orthonormal on 0 < a; < tt with r[x) = 1. 

Example 12.2. The set 

sin nx, n = 1, 2, • • •j' 

is orthonormal on 0 < a; < tt with r(x) = 1. 

Example 12.3. The set 

11 1 . 

,_ , cosnx, —;=smnx, n=l,2,--- 

0F ’ 0F 

is orthonormal on — tt < a; < tt with r{x) = 1. For this we need to check 

L fe) * ' L L 


_ X —= cos nxdx = 0 

V27r Vn 


r 1 1 

, / —= X ^S1 

J-TT 071- 


sin nxdx = 0, 


toi 
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—= cos nx—= cos mxdx = 0, 
v/tt Jtt 


—;=smnx—;=smmxdx = 0, m^n 
v/tt Jtt 


and 


cos nx —j= sin mxdx = 0, m ^ n. 


Orthogonality of Legendre polynomials. We shall use 
Rodrigues’ formula (7.9) to show the orthogonality of Legendre polynomials 
in [—1,1] with r(x) = 1. Indeed, from (7.9), we hâve 


2"n! 


Pm{x)Pn{x)dx = / Pm(a;) —(x^ - l)"dx. 


Now an intégration by parts gives 
d" 


f-l m 


f-l 


jn-1 


d d"“l 


However, since d" ^(x^ — X)"^ jdx^ ^ contains a factor (x^ — 1 )î h follows 
that 

(•1 ^1 J jn-l 

2”n! y Pm{x)Pnix)dx = - J —Pmix)-j-^{x'^-l)^dx. 

We can integrate the right side once again, and continue until we hâve 
performed n such intégrations. At this stage, we find 


2"n! 


Pm{x)Pnix)dx = (-1)" / ( ^Pmix) ) (x^ - l)"dx. (12.1) 


There is no loss of generality if we assume that m < n. li m < n, then 
d"Pm(x)/dx” = 0 and it follows that 

[ Pm{x)Pn{x)dx = 0 . 


Further, iî m = n, then once again from (7.9), we hâve 

dlp b) = ^ Ml 

dx” 2" n! dx^" 2" ni 


and (12.1) gives 



(-1)" (2»)! 

22" (n!)2 


l)"dx. 


( 12 . 2 ) 
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Let 2 / = in the intégral — l)"dx, to obtain 

[ (a:2-l)"dx = 2 / (a:^ - l)"da; = (-1)" / {1 - y)^y-^^^dy 

J-1 Jo Jo 


= (-l)"i3 n+!,- =(-!) 


r (« + §)■ 


Thus, (12.2) is the same as 


.!r(i) 


22" (n!)2 (n+i)(n-i)---ir(i) 2n + 1 ’ 

Orthogonality of Chebyshev polynomials. We shall show 
that Chebyshev polynomials of the first kind Tn{x) = cos(ncos“^ a;), n = 
0, l,--- are orthogonal in [—1,1] with r(a;) = (1 — For this, it 

suffices to note that 


I = 


J a - x^)-^/^T^{x)Tr,{x)dx 

J (1 — x^)~^l'^ cos(tocos“^ x) cos(ncos“^ x)dx 

r 

/ cos 7710 COS nOdO (x = cos0) 

Jo 

0 , m n 
TT 12, m = n ^ 0 
TT, m = n = 0. 

Similarly, it follows that Chebyshev polynomials of the second kind 
Un{x), 77 = 0,1, • • • are orthogonal in [—1,1] with r{x) = (1 — In 

fact, we hâve 

y ^(l-x2)i/2[/^(x)C/„(x)dx= I 


= n. 


Orthogonality of Hermite polynomials. We shall show 
that the set of Hermite polynomials {iï„(x), 77 = 0,1, • • •} is orthogonal in 
(—00,00) with r(x) = e~^ . Since Hn{x) is a solution of the DE (8.9), we 
hâve 


(e-^'H;(x)) +2ne-"^'iï„(x) = 0. (12.3) 

Multiplying (12.3) by Hm{x) and integrating from —00 to 00 , we find 

/ QO / f noo 

fe”"" H'nix)] Hm{x)dx =-2n / e““ Hn{x)Hm{x)dx, 

-00 ^ ^ J —00 
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which is the same as 

and hence 


— oo —oo 


e H'^{x)H^{x)dx 


2 

e~^ Hn{x)Hjn{x)dx 

-oo 


/ OO pOO 

H'^{x)H'^{x)dx = 2n Hn{x)Hm{x)dx. (12-4) 

-OO J —OO 

Interchanging m and n in (12.4) and subtracting the resulting équation 
from (12.4), we obtain 


{2n — 2m) / e “ Hn{x)Hm{x)dx = Q. 

J —OO 

Thus, ii m n, we get 

pOO 

e~^ Hn{x)Hm{x)dx = 0. 


/ 

J —( 


Next we shall show that 

In = 

In view of Problem 8.2(iii), we hâve 

h. = 


/ OO 

e-^^H^{x)dx = 2^ ni v^. (12.5) 

-OO 


e “ Hn{x)Hn{x)dx = I e ^ iL„(x)(-l)"e^ -^e “ dx 


= (-1)" / Hr.{x) — e-^ dx 


= (-1)^ 


Hn{x) 


dx^‘ 




= (-1) 


n+1 


2nHn-iix) 


— OO J —OO 
2 

dx 


j-oo ' dx^-^ 

= 2n/ji_i = 2n{2n — 2 )In -2 = ■ ■ ■ = 2n(2n — 2) ■ ■ ■ 2 Iq 
= 2^ ni Iq. 

( 12 . 6 ) 

Now since Iq = e~^ dx = (12.5) follows immediately from (12.6). 









Lecture 13 

Orthogonal Functions 
and Polynomials (Cont’d.) 


As mentioned in the previous lecture here first we shall establish the 
orthogonality of Laguerre polynomials and Bessel functions and then prove 
a fundamental property about the zéros of orthogonal polynomials. 


Orthogonality of Laguerre polynomials. The Laguerre 
DE (8.10) can be written as 

+ = (13.1) 

Since L^n\x) is a solution of (13.1), it follows that 

(x“+ie-"Li“)'(x))' + nx“e-"Li“Hx) = 0. 

The rest of the proof of 

e-“a;“L^)(x)T^“)(a;)dx = 0 for m^n 

is similar to that for Hermite polynomials. 

Next, from Problem 8.3(i), we hâve 

J e-^x'^L^:\x)L^:\x)dx = -J L(r)(a:)—(e-“x-+“)dx 



(- 1 )" 

n! 


However, since in view 


of(8.11), (l1“^(x)^ 





(n) 

= (—1)”, we find 

ni 


dx. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_13, 

(c) Springer Science-|-Business Media, LLC 2009 
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Orthogonality of Bessel functions. In Lecture 3, as an 
application of Theorem 3.1, we hâve seen that for ail a every solution of 
Bessel’s DE (2.15) has an infinité number of zéros in J = (0,oo). This in 
turn implies that for every fixed a the solution Ja {x) of the Bessel équation 
has an infinité number of zéros in J = (0, oo). Let these zéros be {&„, n = 
0,1, • • •}, where bo < bi < ■ ■ ■ . We shall show that {Ja{bnx), n= 0,1, • • •} 
is an orthogonal set in [0,1] with respect to the weight function r{x) = x. 
In fact, we shall prove that 



(13.2) 


For this, first we use the substitution x = pt {p > 0 is a, constant) in the 
Bessel DE (2.15). Since 


dy dy dt 1 dy ^ d'^y 1 d^y 
dx dt dx P dt dx'^ p"^ dt'^ 


we hâve 



or 



Hence, iî y = Ja{x) is a solution of 



then it follows that the functions u = Ja{px) and v = Jaivx) (/i and v are 
distinct positive constants) satisfy the équations 



(13.3) 


and 



(13.4) 


Multiplying (13.3) by v and (13.4) by u and subtracting, we obtain 




which is the same as 
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and hence 


— /i^) / xuvdx = {x{u'v — v'u)) 
Jo 


= u\l)Ja{v) - v'{l)Ja{^J.)■ (13.5) 


It follows that the intégral on the left side is zéro if fi and v are distinct 
positive zéros bp and bq of Ja{x)] i.e., then we hâve 


/ xJa{bpX)Ja{bqX)dx = 0. 
Jo 


(13.6) 


Now we multiply (13.3) by 2x^u\ to obtain 

, ., 2 „ 2.,2 „ 2„,2 

dx 

and hence 


/'2/^i 222 2 2^ o2 2 

[x U +iJ,xu—au) = 2iixu 


r, 2 f 2j /2 / 2 , 222 2 2 \ 

2/r / xu dx = [x U +fixu—au) 

Jo 


0 

When X = 0 the expression in the bracket vanishes (a^u^ = 0, since u = 
Ja{^J■x) and Ja(0) = 0 if a > 0), and since m'( 1) = /rJ'(^), we hâve 

^ xu'^dx = ^ 

which from the récurrence relation (9.18) is the same as 

xJ^{bpx)dx=^J^^^{bp). (13.7) 


The following table contains the values of the p-th positive zéro of 
the Bessel function Jn{x)'. 


P 

1 

2 

3 

4 

5 

^0,p 

2.4048 

5.5201 

8.6537 

11.7915 

14.9309 


3.8317 

7.0156 

10.1735 

13.3237 

16.4706 

^2,P 

5.1356 

8.4172 

11.6198 

14.7960 

17.9598 

^3,P 

6.3802 

9.7610 

13.0152 

16.2235 

19.4094 

^4,P 

7.5883 

11.0647 

14.3725 

17.6160 

20.8269 

^5,P 

8.7714 

12.3386 

15.7002 

18.9801 

22.2178 


Zéros of orthogonal polynomials. Now we shall consider 
a fixed set of orthogonal polynomials {pn{x), n = 0,1, • • •} in the inter¬ 
val [a,/?] with respect to the weight function r(x). We shall represent the 
polynomial p„(x) as 

n 

Pn(x) = '^b„ix\ n = 0,l,--- 
i=0 


(13.8) 
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where ^ 0. Although there are numerous properties of orthogonal poly- 
nomials, we shall prove only that the zéros of each polynomial pn{x), n > l 
are real, simple, and lie in the open interval {a, (3). For this, we need the 
following theorem. 

Theorem 13.1. Any polynomial 

n 

Qn{x) = 

i^O 

Iras a unique représentation of the form 

n 

Qn(x) ='^CiP^(x). (13.9) 

i=0 

Proof. We define the following sequence of polynomials 

„o "-1 

Qn-l(x) = Qn(x) - j^Pn(x) = ^ Ü^X^ 

^3171 

l n—2 

Qn- 2 (x) = Qn-l{x) - Pn-l(x) = üfX^ 

On-l,n-l r. 

’ i—O 

Q[){x) = Qi{x) - 1 — p^{x) = ÜQ =-^po{x). 

On Ooo 

Now summing these relations, we obtain 

n—1 n n n—i 

^ Q,{x) = ^ Qi{x) - ^ ^ — p,{x), 

■ n -1 -1 

2 = 0 2=1 2=1 

which is the same as 

Tï _2 22_2 

Qn{x) = ^ - p^{x) + Qo(x) = ^ - p^(x). 

- T ^22 . ri 

2=1 2=0 

Thus, in (13.9) the constants Ci, 0 < i < n are determined successively by 
the relations 

^n —2 • n, -, 

Cn—2 — 7 5 ^ — (J, 1, * * * , Ti. 

To show the uniqueness, let us assume that 

n n 

Qnix) = ^ C^p^{x) = ^ diPi{x) 

2=0 2=0 
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and hence 


y^(c2 - d^)p^{x) = 0. 




However, from the orthogonality of the polynomials pn{x), we find 

0 = / r{x) - dt)p,{x)\pj{x)dx = {cj - dj) j r{x)p'^{x)da 

J Oi \ } J a 


which implies that Cj = dj, Q < j < n. I 

Corollary 13.2. Let Qk{x) be any polynomial of degree k < n. Then, 


r{x)pnix)Qk{x)dx = 0. 


Proof. From Theorem 13.1 there exist constants Ci, i = 0,1, - ■ ■ ,k such 
that Qk{x) = the resuit immediately follows from the 

orthogonality of the polynomials Pn{x). I 

Theorem 13.3. The zéros of each orthogonal polynomial Pn (x), n > 1 
are real, simple, and lie in the open interval (a,/?). 

Proof. Let Pn{x) be of fixed sign in (a,/3), then 


0 



Poix) 


rP 

/ rix)pnix)poix)dx. 

J et 


However, this contradicts the définition of the orthogonality. Thus, Pnixi) 
= 0 for some Xi S [a, (5). Next let Xi € {a, (3) be such that Pn\xi) = 
0, 0<i<fc— l(2<fc< n), then Q„_fc(x) = p„(a;)/(x — xi)^ will 
be a polynomial of degree n — k. Hence, from Corollary 13.2, we hâve 
Ja xix)pnix)Qn-kix)dx = 0. But, for k even 

f r{x)pn{x)Qn-kix)dx = ( r{x)—^-^-^dx ^ 0. 

•Jet Ja \X Xi) 


This contradiction shows that the roots of Pnix) in (a, /3) cannot hâve even 
multiplicity. Finally, let Xi,X 2 , ■ ■ ■ ,Xr G (a,/3), 1 < r < n be the only zéros 
of Pnix)] then 


Pnix) = ix- Xi)ix - X 2 )---ix - Xr)Qn-rix), 

where Qn-rix) is a polynomial of degree n — r having fixed sign in (a,/3). 
Thus, 

ix X\) ix X 2 ) ' ' ' ix X^) Qn — rix) 
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is of fixed sign in (a,/3), and hence 
r/3 


fp 

/ r{x){x — Xi)'^{x — X 2 )'^ ■ ■ ■ {x — XrŸ‘Qn-r{x)dx 
J a 

fp 

= / r{x)pn{x){x — Xi){x — X 2 ) ■ ■ ■ {x — Xr)dx 7 ^ 0, 
J a 

which contradicts Corollary 13.2 and so r = n. ■ 


As a conséquence of Theorem 13.3, we hâve 

(i) The Legendre polynomial Pn{x), n > 1 Iras n real simple zéros in 

(- 1 , 1 )- 

(ii) The Chebyshev polynomial of the first kind T„(x), n > 1 has n real 
simple zéros in (— 1 , 1 ). 

(iii) The Chebyshev polynomial of the second kind Unix), n > 1 has n 
real simple zéros in (— 1 , 1 ). 

(iv) The Laguerre polynomial L^if^ix), n > 1 has n real simple zéros in 
( 0 ,oo). 

(v) The Hermite polynomial Hnix), n > 1 has n real simple zéros in 
(—00,00). 

We conclude this lecture by stating the following theorem. 

Theorem 13.4. U xi < X 2 <•■■< Xn are the zéros of Pnix), and 
Vi <y 2 < ■ ■■ < Un+I are those of p„+i(x), then 

a <yi < Xi <y2 < X2 < ■ ■ ■ <yn < Xn < Vn+l < P- 


Problems 

13 . 1 . (i) Show that the functions piix) = 1 and (f> 2 ix) = 2x — l are 
orthogonal on the interval 0 < æ < 1 with r(a;) = 1. Further, détermine 
constants A and B so that the function (x) = 1 + Ax + Bx^ is orthogonal 
to both 4>iix) and p 2 ix). 

(ii) From the orthogonal functions in part (i) find three orthonormal func¬ 
tions on the interval 0 < a; < 1 with r(a;) = 1 . 

13 . 2 . Consider the functions 4>iix) = v^, 4>2ix) = x and psix) = 
x^ + Ax -I- ü. It is given that p^ix) is orthogonal to both piix) and 4’2ix) 
on the interval 0 < a; < 1 with r(a;) = 1. Find A and B. 

13 . 3 . Find constants Oj, i = 1,2,3,4,5 so that the set of three 
functions {ai, a 2 X, a^x^ + a^x + 05 } forms an orthogonal set on [— 1 , 1 ] 
with weight function wix) = 1 . 
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13.4. Verify that the set of functions given in Example 12.2 is or¬ 
thonormal on the interval 0 < x < n with r{x) = 1. 

13.5. Show that the relation (13.6) holds if fi and v are one of the 
following: 

(i) zéros of J^ix) 

(ii) zéros of xJ!^{x) + hJn{x), where h is any constant 

(iii) zéros of Jn+i{x) 

(iv) zéros of J„_i(x). 


(i) 


13.6. For the Legendre polynomials show that 
2"+i(n!)2 


{2n+l)l 


2n(n -I- 1) 


J X^Pn{x)dx = 

(ii) ^2n-l){in + l){in + S) 

(m) / ^ _ 1 ) + 4(2„ + 1 ) + 8 ( 2 „ + 3 ) 

(iv) (m-l-n-l-l) f x^Pn{x)dx = m f x'^~^Pn-i{x)dx 

Jo Jo ^ 

= {m — n + 2) / x'^Pn- 2 {x)dx 
Jo 

'0 if m < n 

ml F(im-in-hi) 


(v) J X™‘Pn{x)dx = < 


2" (m — n)! F (^m +\n+^') 

if m — n (> 0 ) is even 

, 0 if m — n (> 0 ) is odd 


(vi) J {1 - x'^)P^{x)P^{x)dx = 0, m^n 

(vii) J (x"^ - l)Pn+i{x)P^{x)dx = 2 n(n-hl) 


(2n + l)(2n + 3)' 


13.7. Let xi, - ■ ■ ,Xn be the zéros of the Legendre polynomial Pn{x), 
n > 1. Show that 

2 ”('r?n^ 

(i) Tl(x) = (X - Xi) ■ ■ ■ (X - Xn) = Pn{x) 


( 2 n)! 


(ii) J T]?'{x)dx = 


22n-Hl(^!)4 

(2 n-hl)((2 n)!)2- 


13.8. Find results similar to those in Problem 13.7 for the polynomials 
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r„(x), Unix), Ln\x) (mdHnix), n > 1. 

13.9. For the associated Legendre functions P^ix) of the first kind 
defined in Problem 7.12 show that 



p;ri^)p^i^)dx = 


0 , k n 

2 (n + m)! 

2 n + 1 (n — m)! ’ ^ 


13.10. A set {n;„(a;)} of complex-valued functions of a real variable 
X is orthogonal in the Hermitian sense in an interval (a, (3) if 


/ Wm{x)Wnix)dx = 0, m ^ TL. 

J Ol 


Show that the set 


1 


: exp I l 


2Tïnx \ 


y/j3 - a \ (3- a 
is orthogonal in the Hermitian sense in {a, (3). 


, n = 0, ±1, ±2, 


Answers or Hints 

13.1. (i) A = -6, H = 6(ii) 1, V3(2x-1), v^(6x2 - 6x + 1). 

13.2. A = -1, B = 1/6. 

13.3. Ol 0, 02 ^ 0 but arbitrary, 03 = — 805 , 04 = 0. 

13.4. Use cos(m — n)x — cos(to + n)a; = 2 sin mx sin nx. 

13.5. Relation (13.5) is the same as 

fg xJn(ftx)Jn(l^x)dx = fJ.Jn(f^)Jn(!y) - V J'^{v) JnilP) ■ (13.10) 

(i) Use (13.10) (ii) Use (13.10) (iii) Use (13.10) and (9.18) (iv) Use 
(13.10) and Problem 9.1(i) 

13.6. (i) From (7.8), P„(a:) = + Qn-iix), where Q„_i(a;) is a 

polynomial of degree at most n —1 (ii) Use x^Pn-iix) = 

+Qn(x) and (i) (iii) Use (7.13) (iv) Use Problem 7.8(i) and then Problem 
7.8(iii) (v) Use Corollary 13.2 and (7.9) (vi) Integrate by parts and use 
(3.19) with a = n (vii) Use Problem 7.8(iv) and (7.13). 

13.7. From (7.8), P„(a;) = (x - xi) ■ ■ ■ {x - x„). 
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13.8. Il{x) = J^^{l-x^) ^/'^lP{x)dx = 

n(a;) = ^Un{x), - x^)^^^n^(x)dx = ^é+T 

n(a;) = (—1)" n!L^\x), e~^x°‘lP{x)dx = n! r(n + a + 1) 
n(a;) = ^Hn{x), e~^^lP{x)dx = 

13.9. See the orthogonality of Legendre polynomials. 

13.10. Verify directly. 






Lecture 14 

Boundary Value Problems 


So far, we hâve concentrated only on initial value problems, in which 
for a given DE the supplementary conditions on the unknown function 
and its dérivatives are prescribed at a fixed value xq of the independent 
variable x. However, there are a variety of other possible conditions that 
are important in applications. In many practical problems the additional 
requirements are given in the form of boundary conditions: the unknown 
function and some of its dérivatives are fixed at more than one value of the 
independent variable x. The DE together with the boundary conditions is 
referred to as a boundary value problem. In this lecture we shall provide a 
necessary and sufficient condition so that a given boundary value problem 
has a unique solution. 

We shall consider the second-order linear DE 

Po{x)y”+pi{x)y'+p 2 {x)y = r{x), xeJ=[a,P] (14.1) 

where the functions po{x), pi{x), P 2 {x) and r{x) are continuons in J. To¬ 
gether with the DE (14.1) we shall consider the boundary conditions of the 
form 

^1 [y] = aoy{a) + aiy'{a) + boy{P) + biy'{f3) = A 
h[y] = coy{a) + ciy'{a) + doy{P) + diy'{P) = B, 

where a,, bi, Ci, di, i = 0,1 and A, B are given constants. Throughout, we 
shall assume that these are essentially two conditions, i.e., there does not 
exist a constant c such that (ag ai bg bi) = c(cg ci dg di). The boundary 
value problem (14.1), (14.2) is called a nonhomogeneous two-point linear 
boundary value problem, whereas the homogeneous DE 

Po{x)y'+pi{x)y +p 2 {x)y = 0, x&J (14.3) 

together with the homogeneous boundary conditions 

^ib]=0, 4 b] =0 (14.4) 

will be called a homogeneous two-point linear boundary value problem. 

Boundary conditions (14.2) are quite general and in particular include 
the 
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(i) first boundary conditions, 


II 

y(/3) = B] 

(14.5) 

second boundary conditions. 



II 

y'm = B, 

(14.6) 

II 

y{P) = B] 

(14.7) 


(iii) separated boundary conditions (third boundary conditions), also known 
as Sturm-Liouville conditions, 

aoy{a) + aiy'{a) = A 
doviP) +diy'{/3) = B, 

where Og + 0 and dg + df 0 ; and 

(iv) periodic boundary conditions, 

y{a)=y{P), y\a)=y'{P). 

The boundary value problem (14.1), (14.2) is called regular if both a 
and l3 are finite, and the function po(x) y^ 0 for ail x G J. If a = —oo 
and/or (3 = oo and/or pq{x) = 0 for at least one point x in J, then the 
problem (14.1), (14.2) is said to be singular. We shall consider only regular 
boundary value problems. 

By a solution of the boundary value problem (14.1), (14.2) we mean a 
solution of the DE (14.1) satisfying the boundary conditions (14.2). 

The existence and uniqueness theory for the boundary value problems 
is more difficult than that of initial value problems. In fact, in the case of 
boundary value problems a slight change in the boundary conditions can 
lead to significant changes in the behavior of the solutions. For example, the 
initial value problem y" + y = 0 , î/(0 ) = ci, y'( 0 ) = C 2 has a unique solution 
y{x) = Cl cosa:: + C 2 sinx for any set of values ci, C 2 . However, the boundary 
value problem y” + y = 0 , y{0) = 0 , y{n) = e(yf 0 ) has no solution; the 
problem y" + y = 0, y(0) = 0, y{(3) = e, 0 < /3 < tt has a unique solution 
y{x) = esinx/ sin/3; while the problem y" + y = 0 , y{0) = 0 , y{n) = 0 
has an infinité number of solutions y{x) = csinx, where c is an arbitrary 
constant. 

Obviously, for the homogeneous problem (14.3), (14.4) the trivial solu¬ 
tion always exists. However, from the above example it follows that besides 
the trivial solution homogeneous boundary value problems may hâve non- 
trivial solutions also. Out first resuit provides a necessary and sufficient 
condition so that the problem (14.3), (14.4) has only the trivial solution. 


(14.8) 


(14.9) 
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Theorem 14.1. Let yi{x) and 2 / 2 ( 2 ;) be any two linearly independent 
solutions of the DE (14.3). Then, the homogeneous boundary value problem 
(14.3), (14.4) bas only the trivial solution if and only if 


h[yi] h[y 2 ] 

Hyi] ^2[2/2] 


(14.10) 


Proof. Any solution of the DE (14.3) can be written as 
y{x) = ciyi{x) + 022 / 2 ( 2 :). 

This is a solution of the problem (14.3), (14.4) if and only if 

(■1 [ci2/i + C 22 / 2 ] = Ci^i [ 2 / 1 ] + C 2^1 [ 2 / 2 ] = 0 
^ 2 [ci 2 /l + C 22 / 2 ] = 01^2 [ 2 / 1 ] + 02 ^ 2 ( 2 / 2 ] = 0. 


(14.11) 


However, the System ( 14 . 11 ) Iras only the trivial solution if and only if 
A y^O. ■ 

Clearly, Theorem 14.1 is independent of the choice of the solutions 2/1(2;) 
and 2/2(2). Thus, for convenience we can always take 2/1(2) and 2/2(2) to be 
the solutions of ( 14 . 3 ) satisfying the initial conditions 

2 /i(a) = l, 2 /i(a) = 0 ( 14 . 12 ) 

and 

2/2(0;) =0, 2/2(0) = 1- (14.13) 

Corollary 14.2. The homogeneous boundary value problem (14.3), 
(14.4) has an infinité number of nontrivial solutions if and only if A = 0. 


The following examples illustrate how easily Theorem 14.1 and Corol¬ 
lary 14.2 are applicable in practice. 


Example 14.1. Consider the boundary value problem 


22/" — y ' — 42^2/ = 0 


(14.14) 


£i[2/] = 2/(1) = 0 

Hy] = 2 /( 2 ) = 0 . 


(14.15) 


For the DE (14.14), 2 / 1 ( 2 ) = cosh(a:^ — 1) and 2 / 2 ( 2 ) = (1/2) sinh(a;^ — 1) are 
two linearly independent solutions. Further, for the boundary conditions 
(14.15), we hâve 


A = 


1 0 
cosh 3 (l/ 2 )sinh 3 


0 . 
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Thus, in view of Theorem 14.1, the problem (14.14), (14.15) bas only the 
trivial solution. 


Example 14.2. Consider once again the DE (14.14) together with the 
boundary conditions 


^i[y] = 2/'(i) = 0 

t^[y]=y'{2)=Q. 


(14.16) 


Since y'i{x) = 2a;sinh(a;^ — 1) and y 2 {x) = a:cosh(a:^ — 1), for the boundary 
conditions (14.16), we find 


A = 


0 1 
4 sinh 3 2 cosh 3 


^ 0 . 


Thus, again in view of Theorem 14.1, the problem (14.14), (14.16) has only 
the trivial solution. 

Example 14.3. Consider the boundary value problem 


y” + 2y' + 5y = 0 


(14.17) 


i[y]=2/(0) = 0 

'2 [y] = y(7r/2) = 0 


For the DE (14.17), yi{x) = e ^cos2a: and y 2 {x) = e “sin2x are two 
linearly independent solutions. Further, since for the boundary conditions 
(14.18), 


A = 


1 0 
0 


the problem (14.17), (14.18) besides the trivial solution also has nontrivial 
solutions. Indeed, from Corollary 14.2 if follows that it has an infinité 
number of solutions y{x) = ce““sin 2 a;, where c is an arbitrary constant. 


The following resuit provides a necessary and sufficient condition for the 
existence of a unique solution of the boundary value problem (14.1), (14.2). 

Theorem 14.3. The nonhomogeneous boundary value problem (14.1), 
(14.2) has a unique solution if and only if the homogeneous boundary value 
problem (14.3), (14.4) has only the trivial solution. 

Proof. Let yi{x) and y 2 {x) be any two linearly independent solutions of 
the DE (14.3) and z(x) be a particular solution of (14.1). Then, the general 
solution of (14.1) can be written as 


y{x) = ciyi{x) + C 2 y 2 {x) + z{x). 


(14.19) 
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This is a solution of the problem (14.1), (14.2) if and only if 

(■1 [ciyi + C22/2 + -z] = ci£i [î/i] + C2^i [ 2 / 2 ] + il [z] = ^ 
4[Ci2/1 + C 22/2 + z] = 01^2 [yi] + C24[y2] + ^ 2 [z] = B. 


The nonhomogeneous System (14.20) has a unique solution if and only if 
A yf 0, i.e., if and only if the homogeneous System (14.11) has only the triv¬ 
ial solution. From Theorem 14.1, A yf 0 is équivalent to the homogeneous 
boundary value problem (14.3), (14.4) having only the trivial solution. I 

Example 14.4. Consider the boundary value problem 

~ y' ~ 4x^y =1-1- 4x^ (14.21) 


^i[y] = y(i) = o 

Hy] = y(2) = 1. 


(14.22) 


Since the corresponding homogeneous problem (14.14), (14.15) has only the 
trivial solution, Theorem 14.3 implies that the problem (14.21), (14.22) has 
a unique solution. Further, to find this solution once again we choose the 
linearly independent solutions of (14.14) to be yi{x) = cosh(x^ — 1) and 
y 2 {x) = (1/2) sinh(a;^ — 1), and note that z{x) = —x is a particular solution 
of (14.21). Thus, the System (14.20) for the boundary conditions (14.22) 
reduces to 

Cl - 1 = 0 

cosh3 Cl -I- (1/2) sinh3 C 2 — 2 = 1. 


This System can be easily solved to obtain ci = 1 and C 2 = 2(3 — cosh3)/ 
sinh3. Now substituting these quantities in (14.19), we find the solution of 
(14.21), (14.22) as 


y{x) = cosh(a;^ ~ 1) + 


2 (3 —cosh3) ... 2 


sinh(x^ — 1) — X. 


sinh 3 



Lecture 15 

Boundary Value Problems 
(Cont’d.) 


In this lecture we shall formulate some boundary value problems with 
engineering applications, and show that often solutions of these problems 
can be written in terms of Bessel functions. 

Example 15.1. Consider a string of length a with constant linear 
density p which is stretched along the a;-axis and fixed at x = 0 and x = a. 
Suppose the string is then rotated about that axis at a constant speed oj. 
This is similar to two persons holding a jump rope and then twirling it in a 
synchronous manner. We shall find the differential équation which defines 
the shape (deflection from the initial position) y{x) of the string. For this, 
we consider the portion of the string on the interval [x, x + Ax], where Ax 
is small. In what follows, for simplicity, we assume that the magnitude T 
of the tension T acting tangential to the string is constant along the string. 
Now from Figure 15.1 it is clear that the net vertical force F acting on the 
string on the interval [x, x + Ax] is 


6>2 



F = T sin 02 — T sin 0i . 

If the angles 9i and 62 (measured in radians) are small, then we hâve 
sin 02 — tan 02 — y'{x + /S.x) and sin0i ~ tan0i ~ y'{x) 
and hence 

F ~ r[î/'(x +Ax)- 2 /'(x)]. (15.1) 

The net force F can also be given by Newton’s second law as F = ma. 
Clearly, the mass of the string on the interval [x, x + Ax] is m = p Ax, and 
the centripetal accélération of a point rotating with angular speed a; in a 
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circle of radius r is a = Since Aa; is small, we can assume that r = y. 
Thus, another formulation of the net force is 

F ~ -(pAa;)2/u;^ (15.2) 


where the minus sign indicates the fact that the accélération points in the 
direction opposite to the positive y direction. From (15.1) and (15.2), we 
get 


T[y'{x + Ax) - y (x)] ~ -(pAx)yuj^, 


or 


y'{x + Ax)-y'{x) 
Ax 




which as Ax ^ 0 leads to the differential équation 


T— = -pu;y. (15.3) 

Since the string is fixed at the ends, the solution y{x) of (15.3) must also 
satisfy the boundary conditions y{0) = 0, y{a) = 0. Thus, the shape of the 
string y{x) can be determined by solving the boundary value problem 


0 + ^2 /=O, y{0) = y{a) = 0. (15.4) 

Clearly, y{x) = 0 is a solution of (15.4). However, in Lecture 19 we shall see 
that for some spécial values of uj the problem (15.4) has nontrivial solutions 
also. 

Finally, we note that if the magnitude T of the tension is not constant 
throughout the interval [0, a], then the boundary value problem which gives 
the deflection curve of the string is 


■^{t{,x)'^\+ pu}^y = {), 2 /( 0 ) 

CLjL \ CIJL J 


y{a) = 0. 


(15.5) 


Example 15.2. Consider the problem of a vertical column of uniform 
material and cross section, bent by its own weight. Let a long thin rod be 
set up in a vertical plane so that the lower end is constrained to remain 
vertical (Figure 15.2). Suppose the rod is of length a and weight W, and 
has the coefficient of flexural rigidity B (> 0). Then, iî p = dy/dx, the 
équation describing this System can be written as 


d'^p W (a — x) 


(15.6) 


p(0) = 0=p'{a). 


(15.7) 
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X 



Rod 


y 


Figure 15.2 


One possibility that is always présent is that the rod does not bend at 
ail, which is just another way of saying that the problem Iras only the trivial 


solution; i.e., p{x) = 0. One would expect that if the rod is short enough 


(just how short it would need to be dépends on the constants W, and B, of 
course) the rod cannot bend at ail, which is to say that the trivial solution 
is the only solution of the problem, and the problem is accordingly said to 
be stable. However, for ail sufficiently large a, the rod can bend and the 
problem Iras a nontrivial solution. Clearly, then uniqueness no longer holds 
for the boundary value problem. 

Equation (15.6) can be transformed into Bessel’s équation by the sub¬ 
stitution 



(15.8) 


In fact, it leads to the équation 



(15.9) 


whose solution can be written as 


viO — + ^'^-r/3(Ç)i 


and hence the solution of (15.6) is 


p(0 = (a - x)1 /2 [AJi/3(0 + iîJ-i/3(0]- (15.10) 


Now it a simple matter to see that p'{a) = 0 only if A = 0, and p(0) = 0 


provided J_i/ 3 (^) = 0 at ^ = {2a/‘i){W/. Since 



1 



n 


+ ••• + (- 1 ) 


n 


3.6...(3n).2.5...(3n-l) 




(15.11) 
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the rod remains stable provided a?/B is less than the first zéro, say, of 


(15.11). An easy computation shows that = 7.84- • •, and hence the rod 
will not bend by its own weight—i.e., it will remain stable—provided 



(15.12) 


In a similar situation the following problem occurs: 



(15.13) 


0(0) = 0 = 0'(a). 


(15.14) 


For this problem équations (15.8)-(15.12) take the following form: 




(15.15) 



(15.16) 


m = (« - + SJ-i/4(a], (15.17) 




1 _ (R^a^\ 


2 • 4 • 6 • 14 V AC ) 



1 


+ ••• + (- 1 ) 


,n 


2.4...(2n) - ô-14-• .(871-2) 


(15.18) 

(15.19) 


(AC) 


where 7 is a number very close to 2 . 

Example 15.3. Consider a wedge-shaped canal of uniform depth £ that 
empties into the open sea (see Figure 15.3). Assume that the water level at 
the mouth of the canal varies harmonically, i.e., the depth at the mouth of 
the canal is given by H coswt, where H and uj are positive constants. This 
assumption simulâtes the motion of the tides. Now the function h{x,t), 
which gives the depth at a distance x from the inland end of the canal at 
time t, has the form h{x,t) = y{x) cosiot, where y{x) satisfies the DE 


x^y” + xy' + k^x^y = 0 , 


(15.20) 


where A: > 0 is a constant. 
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Comparing (15.20) with (9.20), we find that ils solution can be written 
as 

y{x) = AjQ{kx) + BJ^{kx). (15.21) 

Since at a; = 0 the depth of the water must be finite at ail times, lima;_,o y(x) 
bas to be finite. However, since linia;^o | J°(fca;)| = oo, we need to assume 
that B = 0. Hence, the depth h{x,t) can be written as 

h{x,t) = AJo{kx) cosLüt. (15.22) 

Next using the condition that the depth at the mouth of the canal is 
H cos Lût, we hâve 


H cos Lût = h{a, t) = AJo{ka) cos ojt 

and hence A = H/jQ{ka) provided Jo{ka) yf 0. Thus, the depth h appears 
as 

h{x,t) = cosLût. (15.23) 

Jo{ka) 

Clearly, from (9.8) we hâve Jo{0) = 1 and hence Jo{x) yf 0 at least for 
sufficiently small x > 0. Thus, the solution (15.23) is meaningful as long as 
ka is sufficiently small. 

Example 15.4. Now in Example 15.3 we assume that the depth of the 
canal is not uniform, but varies according as £(x) = f3x. Figure 15.4 shows 
the lengthwise cross section of the canal. 

a 

I-1 

X 


Pa Sea 



Figure 15.4 
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Again we assume that the water level at the mouth of the canal varies 
harmonically. Then the depth Iras the form h(x,t) = y(x) cos uit, where y 
satisfies the DE 

x^y” + 2xy' + k^xy = 0; (15.24) 

here fc > 0 is a constant. 

Comparing (15.24) with (9.19), we find that its solution can be written 
as 

y{x) = Ax~^^^Ji . (15.25) 

Since at a; = 0 the depth of the water must be finite at ail times, we need 
to assume that B = 0. At t = 0 we hâve h(x,0) = jdx. In particular, 
fia = h{a,0) = y{a) = AJ\(2ka}l’^') and hence A = jJi{2ka^/^). 

Thus, the solution appears as 

which is meaningful as long as 2ka^/^ is small. 


Problems 


15 . 1 . Solve the following boundary value problems: 


y" -y =0 

2/(0) =0, 2/(1) = 1 

(ii) 

y" + Ay' + 7y = 0 

2/(0) =0, y'(l) = l 

2/" - 62 /'+ 252/= 0 

2/'(0) = 1, 2/(7I'/4) = 0 

(iv) 

x^y” + 7xy' + 3// = 0 
2/(1) = 1, 2/(2) =2 

2/" + 2/ = 0 

2/(0) + 2/'(0) = 10 

2/(1) + 32/'(1) = 4 

(vi) 

y" + y = x^ 

2/(0) = 0, y(7r/2) = 1 

N y" + 2//' + 2 / = a; 

^ 2/(0) = 0, 2/(2) = 3 

(viii 

y” + y' + y = X 
) 2/(0) + 22/'(0) = 1 
2/(l)-y'(l) = 8. 

15 . 2 . Solve the following periodic boundary value problems: 

y" + 2y' + my = 0 

2/(0) = y(7r/6) 

2/'(0) = y'(7r/6) 

(ii) 

y” +Tr'^y = 0 

2/(-l) = y(l) 

y'(-i)=y'(i). 


15 . 3 . Show that the boundary value problem y" = r(a;), (14.8) has a 
unique solution if and only if 

A = aodQ{/3 — a) + a^di — oido 7^ 0- 
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15 . 4 . Détermine the values of the constants jS, and B so that the 
boundary value problem y” + 2py' + qy = Q, y{Q) = A, y{P) = B with 

— q <0 bas only one solution. 

15 . 5 . Show that the boundary value problem y” +p{x)y = q{x), (14.5) 
where p{x) < 0 in [a,/3], Iras a unique solution. 

15 . 6 . Let z{x) be the solution of the initial value problem (14.1), 
z{a) = A, z'(a) = 0, and 2 / 2 ( 2 ;) be the solution of the initial value problem 
(14.3), (14.13). Show that the boundary value problem (14.1), (14.5) has a 
unique solution y{x) if and only if î/2(/3) ^ 0 and it can be written as 

, , , , {B — z{(3)) , . 

y{x) = z{x) + 

15 . 7 . Let yi{x) and 2 / 2 ( 2 ;) be the solutions of the initial value problems 
(14.3), yi{a) = ai, y[{a) = -üq and (14.3), 2/2(/3) = -di, 2/2(/3) = do, 
respectively. Show that the boundary value problem (14.3), (14.8) has a 
unique solution if and only if W{yi,y 2 ){a) yf 0. 

15 . 8 . Let 2 / 1 ( 2 ;) and 2 / 2 ( 2 ;) be the solutions of the boundary value 
problems (14.3), (14.2) and (IVl), (14.4), respectively. Show that y{x) = 
2 / 1 ( 2 ;) + 2 / 2 ( 2 ;) is a solution of the problem (14.1), (14.2). 

15 . 9 . For the homogeneous DE 

C 2 [y] = ( 2 ;" + 1)//" - 2xy' + 2y = 0 (15.26) 

X and {x^ — 1) are two linearly independent solutions. Use this information 
to show that the boundary value problem 

C2[y] = 6{x^ + lf, 2/(0) = 1, 2/(1) = 2 (15.27) 

has a unique solution, and find it. 

15 . 10 . A téléphoné cable stretched tightly with constant tension T 
between supports at a; = 0 and x = 1 hangs at rest under its own weight. 
For small displacements y the équation of equilibrium and the boundary 
conditions are 


y" = -mglT, 0 < 2 ; < 1, //(O) = 0 =//(l), (15.28) 

where m is the mass per unit length of the cable, and g is the gravitational 
constant. Show that the solution of (15.28) can be written as y{x) = 
mgx{l — x)/{2T), i.e., the téléphoné cable hangs in a parabolic arc. 

15 . 11 . In the construction of large buildings a long beam is often 
needed to span a given distance. To décidé the size of the beam, the 
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architect needs to calculate the amount of bending the beam will undergo 
due to its own weight. If E représente the modulus of elasticity of the beam 
material, / is the moment of inertia of a cross section about its center axis, 
2a is the length of the beam, and W is the weight per unit length, then 
the differential équation used to find the sag curve for a beam supported 
at both ends is 

W 

El y" = aWx - —, 

where y dénotés the vertical sag distance per horizontal x unit. If the 
beam is resting on two supports at its ends {simple beam), then the natural 
boundary conditions are y(0) = 0, y{2a) = 0. Show that the solution of 
this boundary value problem is 


y{x) 


K. 

'Ëï 





Verify that y'{a) = 0 and give its interprétation. 

15.12. The équation of equilibrium of a tightly stretched and initially 
straight elastic string embedded in an elastic foundation of modulus fc > 0 
is given by 

y" - {k/T)y = 0, 

where y is the deflection of the string. Here the weight of the string is 
neglected, the deflections are assumed to be small, and the tension T is 
considered as a constant. The end a; = 0 of the string is fixed, i.e., y{0) = 0, 
and at the end x = a there is a displacement given by y(a) = /3 > 0. Show 
that y(x) = P s\nE{yJk/T)x/ sinh(-\/fc/r)a is the solution of this boundary 
value problem, and maxo<a;<a 2 /(a;) = y{a) = /3. 

15.13. A gas diffuses into a liquid in a narrow pipe. Let y{x) dénoté 
the concentration of the gas at the distance x in the pipe. The gas is 
absorbed by the liquid at a rate proportional to y'{x), and the gas reacts 
chemically with the liquid and as a resuit disappears at a rate proportional 
to y{x). This leads to the balance équation 

ÿ' - {k/D)y = 0, 


where k is the reaction rate and D is the diffusion coefficient. If the initial 
concentration is a, i.e., î/(0) = a and at x = a the gas is completely 
absorbed by the liquid, i.e., y{a) = 0, show that y{x) = asiVih.)^k/D{a — 
x)]/sivL\i[yJk/Da]. 

15.14. A long river flows through a populated région with uniform 
velocity u. Sewage continuously enters at a constant rate at the beginning 
of the river x = 0. The sewage is convected down the river by the flow and 
it is simultaneously decomposed by bacteria and other biological activities. 
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Assume that the river is sufiiciently narrow so that the concentration y of 
sewage is uniform over the cross section and that the polluting has been 
going on for a long time, so that y is a function only of the distance x 
downstream from the sewage plant. If the rate of décomposition at x is 
proportional to the concentration y{x) and k is the proportionality constant, 
then y satisfies the DE 


y” - Py' - a^y = 0, 

where /3 = ujD and = k/{AD), A is the cross-sectional area of the river, 
and D > 0 is a constant. If the concentrations at a; = 0 and x = a are 
known to be y(0) = j/Qj y(a) = 2/i (< yo)i then show that the concentration 
in the stream for 0 < a; < a is 


y{x) = 


yo cosh 6 x - 


yie 


-&aj 1 _ 


yo cosh 0 a 


sinh 6 a 


sinh 9x 


where 9 = \/+ 4 : 0 ^ j 2 . 

15 . 15 . Suppose a hollow spherical shell has an inner radius r = a and 
outer radius r = (3, and the température at the inner and outer surfaces 
are Ua and M/ 3 , respectively. The température m at a distance r from the 
center (a < r < /3) is determined by the boundary value problem 


r-^+2—=0, u{a) = Ua, u{P)=Uf3. 


Show that 


i(r) = 


Upa ^ —UaP ^ 

v -1 _ fl -1 


U(y Uj3 \ 

\ r . 


a ^ — /3 ^ ' \a ^ — (3 ^ 


15 . 16 . A steam pipe has température Ua at its inner surface r = a 
and température u /3 at its outer surface r = (3. The température u at a 
distance r from the center (a < r < /3) is determined by the boundary 
value problem 


(Pu 

dP 



u(a) = Ua, 


u(/3) = up. 


Show that 


Ua ln(r/ (3) — Ufj ln(r/Q:) 
ln(a//3) 


15 . 17 . For the téléphoné cable considered in Problem 15.10, the large 
displacements y are governed by the équation and boundary conditions 


y" =0 < a; < 1, y(0) = 0 = y(l). 


(15.29) 
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Show that the solution of (15.29) can be written as 


i.e., the téléphoné cable hangs in a catenary. 


, , T \ mg 
yyx) = — |cosh — - cosh 


mg 

T 


^ 2 


Answers or Hints 


15.1. (i) 


(ü) 


„2(l-x) , 


1 \/Zx 


(iii) 


sinh 1 ^ (\/3 cos \/3 —2 sin \/3) ^ 4 

-V6w-3+V6_^(2^-16)x“3“^] (v) 


g3x 

1 


X 


2} cos æ + {5(3 sin 1 — cos 1) + 2} sin a;] (vi) 2 cos a; + ^3 — sin x + a:^ 


(2'/6_2-n/6) 

2smi+cosi[{5(sinl + 3cosl)- 

-2 


(vii) e [2 + (|e^ ~ l) 2^] + x — 2 (viii) 
+x — 1. 


18 


3 cos .^+\/3sin ^ 


g(l a:)/2gQg.^3 


15.2. (i) Trivial solution (ii) ci cos ttx + C 2 sin ttx, where ci and C 2 are 
arbitrary constants. 


15.3. For the DE y" = 0 two linearly independent solutions are 1, x. Now 
apply Theorem 14.3. 


15.4. (3^ 


>/ î-ï 


A cos yJq — p^X + 


— Acos ^ 


sinyV^/5 


• Sin 




15.5. Let y{x) be a nonnegative solution of y” + p{x)y = 0, y{a) = 0 = 
y (P). Then, at the point xi G (et, P) where y(x) attains its maximum 
y"(xi) +p(xi)y(xi) < 0. 


15.6. The function y{x) = Zi(x) + cypx) is a solution of the DE (14.1). 

15.7. Use Theorem 14.3. 


15.8. Verify directly. 

15.9. Use variation of parameters to find the particular solution z{x) = 
x^ + 3x^. The solution of (15.27) is x^ + 2x^ — 2x + 1. 

15.11.|y|i„ax = |y(a)| = 

















Lecture 16 

Green’s Functions 


The function H{x,t) defined in (2.12) is a solution of the homogeneous 
DE (2.1) and it helps in finding an explicit représentation of a particular 
solution of the nonhomogeneous DE (2.8). In this lecture, we shall find an 
analog of this function called a Green’s funetion G{x, t) for the homogeneous 
boimdary value problem (14.3), (14.4) and show that the solution of the 
nonhomogeneous boundary value problem (14.1), (14.4) can be explicitly 
expressed in terms of G{x,t). The solution of the problem (14.1), (14.2) 
then can be obtained easily as an application of Problem 15.8. 


In what follows throughout we shall assume that the problem (14.3), 
(14.4) has only the trivial solution. Green’s function G{x,t) for the bound¬ 
ary value problem (14.3), (14.4) is defined in the square [a,/3] x [a,/3] and 
possesses the following fundamental properties: 

(i) G{x,t) is continuons in [a,/3] x [a,/?], 

(ii) dG{x, t) jdx is continuons in each of the triangles a < x < t < P and 
a < t < X < P; moreover. 


where 

dG 




dG 


dG, 


— (t+,t) - —(t-,t) = 


dx 


lim 
a: —» t 

X > t 


dG{x, t) 
dx 


dx 


and 


Po{t)’ 


dG, _ 

dx 


,t) = 


lim 
a: —» t 
X < t 


dG{x, t) 
dx ' 


(iii) for every t G [a,/3], z{x) = G{x,t) is a solution of the DE (14.3) in 
each of the intervals [a, t) and (t, /3], 

(iv) for every t G [a, P], z{x) = G{x,t) satisfies the boundary conditions 
(14.4). 


These properties completely characterize Green’s function G{x,t). To 
show this, let yi{x) and 2 / 2 ( 2 ^) be two linearly independent solutions of 
the DE (14.3). From the property (iii) there exist four functions, say, 
Ai(t), A 2 (t), and 2 / 2 (t) such that 


G{x, t) 


yi{x)Xi{t)+y 2 {x)X 2 {t), a<x<t 
yi{x)yi(t)+ y 2 {x)y, 2 it), t<x<p. 


(16.1) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_16, 

(c) Springer Science-hBusiness Media, LLC 2009 
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Now using properties (i) and (ii), we obtain the following two équations: 

yi{t)Xi{t) + y 2 {t)X 2 {t) = yi{t)yi{t) + y 2 {t)y 2 {t) (16.2) 

y[{t)yi{t) + 2 / 2 (0^*2(t) - y[{t)Xi{t) - 2 / 2 (t)A 2 (t) = (16.3) 

Let vi(t) = yi{t) — Xi(t) and i' 2 {t) = H 2 {t) — X 2 {t), so that (16.2) and (16.3) 
can be written as 

2 /i(t)z/i(t) + y 2 {t)v 2 {t) = 0 (16.4) 

y[{t)vi{t) + y 2 {t)v 2 {t) = (16.5) 

Since yi{x) and 2 / 2 ( 2 :) are linearly independent the Wronskian VL( 2 /i, 2 / 2 )(t) 
^ 0 for ail t G [a, (3]. Thus, the relations (16.4), (16.5) uniquely détermine 
vi{t) and V 2 {t)- 

Now using the relations /ii(t) = Ai(t) + vi{t) and /i 2 (t) = X 2 {t) + V 2 {t), 
Green’s function can be written as 


C( _ j 2^1 + 2 ^ 2 ( 2 :) A 2 (t), a<x<t 

\ yi ( 2 :) Al (t) + 2/2 (x) X 2 (t) + 2/1 (x) 1^1 (t) + 2/2 (x) V 2 (t) , 

Finally, using the property (iv), we hnd 


t < X < p. 
(16.6) 


^i[vi]Xi{t) + (-i[y2]X2{t) 
^2[2/1]Al (t) + (-2[y2]X2{t) 


+ 2/2 (/3) 1^2 (t)) 
-bi{y'i{P)vi{t) + 2/2 (/3) 1^2 (t)) 
-do{yi{P)vi{t) +y 2 {P)v 2 {t)) 
-di{y'i{P)vi{t) + y'2{P)v2{t)). 


Since the problem (14.3), (14.4) has only the trivial solution, from Theorem 
14.1 it follows that the System (16.7) uniquely détermines Ai(t) and A 2 (t). 

From the above construction it is clear that no other function exists 
which has properties (i)-(iv); i.e., Green’s function G{x,t) of the boundary 
value problem (14.3), (14.4) is unique. 


As mentioned earlier, we shah now show that the unique solution y{x) of 
the problem (14.1), (14.4) can be represented in terms of G(x, t) as follows: 

r!^ fx r/3 

y{x) = / G{x,t)r{t)dt = / G{x,t)r{t)dt + / G{x,t)r{t)dt. (16.8) 

J Ci J ex. J X 

Since G{x,t) is différentiable with respect to x in each of the intervals, we 
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find 

y'{x) = G{x,x)r{x) + f 

J OL 

r dG{x,t) 


'dGix,t) 


r{t)dt — G{x, x)r{x) + [ - ^ ^ r{t)dt 

Jx àx 


dx 


, dx 
^ dG{x,t) 
, dx 


r(t)dt H 
r{t)dt. 


^ dG{x,t) 


dx 


■{t)dt 


(16.9) 

Next since dG{x,t)/dx is a continuous function of {x,t) in the triangles 
a < t < X < (3 and a < x < t < /3, for any point (s, s) on the diagonal of 
the square, i.e., t = x it is necessary that 


dG + dG + dG _ 

>= & <“ ■“> &<“■“ >= & <“ 
Now differentiating the relation (16.9), we obtain 


(16.10) 


, dG{x,x ) 

y (^) = — 


dx 
dG{x, x+) 

di ’ 


•(x) 


d’^G{x, t) 
dx"^ 

d^G{x,t) 

^ dx^ 


r(t)dt 

r(t)dt, 


which in view of (16.10) is the same as 
9G(x+,x) i9G(x“,x) 


y"(x) = 


dx dx 

Using property (ii) this relation gives 


r(x) 


y"(x) = 


r(x) d'^G{x,t) 

Po{x)~^Ja 


d^Gjx.t) 

r, dx"^ 


■{t)dt. 


r{t)dt. 


(16.11) 


Thus, from (16.8), (16.9), and (16.11), and the property (iii), we get 
Po{x)y"{x) +pi{x)ÿ{x) +p2{x)y{x) 

rinlx- +'1 1 

r{t)dt 


= r(x) + / 

J a 

= r(x), 


^ 1 d^G{x,t) dG{x,t) 

P^ix )— „ „ +pi{x)—-—- +p 2 {x)G{x,t) 


dx^ 


dx 


i.e., y{x) as given in (16.8) is a solution of the DE (14.1). 
Finally, since 

rd fd 

y{a) = G{a,t)r{t)dt, y{p)= G{f3,t)r{t)dt 

J a J Oi 


y'{a) = 


^ dG{a,t) 


dx 


r{t)dt, y'{j3) = 


^dGiM 


dx 


■{t)dt, 
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it is easy to see that 

^ib] = / ^l[G{x,t)\r{t)dt = G and i 2 [y\ = / i 2 [G{x,t)]r{t)dt = G 

J a. J a 

and hence y{x) as given in (16.8) satisfies the boundary conditions (14.4) 
as well. 

We summarize these results in the following theorem. 

Theorem 16.1. Let the homogeneous problem (14.3), (14.4) hâve only 
the trivial solution. Then, the following hold: 

(i) there exists a unique Green’s function G{x,t) for the problem (14.3), 
(14.4), 

(ii) the unique solution y{x) of the nonhomogeneous problem (14.1), (14.4) 
can be represented by (16.8). 

Example 16.1. We shall construct Green’s function of the problem 

y" = 0 (16.12) 


aoy{a) + aiy'{a) = 0 

doyil3) + diy'{l3) = 0 . 


(16.13) 


For the DE (16.12) two linearly independent solutions are yi{x) = 1 and 
y2{x) = X. Hence, in view of Theorem 14.1 the problem (16.12), (16.13) has 
only the trivial solution if and only if 


A = 


CLq CLqCX Cil 
dçj diifi + di 


= aQdQ{j3 — a) + aiidi — aidii yf 0 


(see Problem 15.3). Further, equalities (16.4) and (16.5) reduce to 
vi{t) + tv 2 {t) = 0 and 1^2 (t) = 1- 
Thus, i^i(t) = —t and V 2 {t) = 1- 

Next for (16.12), (16.13) the System (16.7) reduces to 


aoAi(t) + {aoa + ai)X2{t) = 0 

doXi(t) + (do/3 + di)X2{t) = —do^—t + /3) — di, 


which easily détermines Ai(t) and X 2 {t) as 

Ai(t) = ■^(aoa + ai)(do/3-dot + di) and A 2 (t) = ■^ao(dot - do/3 - di). 
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Substituting these functions in (16.6), we get the required Green’s fimc- 


tion 


Gix,t) = — 


1 I (doP — dot + di){aoa — aox + ai), a<x<t 


(16.14) 


(doP — dox + di){aoa — aot + oi), t < x < P, 
which is symmetric, i.e., G{x,t) = G{t,x). 

Example 16.2. Gonsider the periodic boundary value problem 

ÿ" + fc2y = 0, fc>0 (16.15) 


2/(0) = 2/(w) 

a;>0. 


(16.16) 


For the DE (16.15) two linearly independent solutions are yi{x) = cos kx 
and 2 / 2 ( 2 ;) = sinfca;. Hence, in view of Theorem 14.1 the problem (16.15), 
(16.16) lias only the trivial solution if and only if 

A = 4fcsin^^ ^ 0, i.e., we(0,27r/fc). 

Further, equalities (16.4) and (16.5) reduce to 

cos kt i'i{t) + sin kt 1 / 2 {t) = 0 
—ksinkt i'i{t) + kcoskt V 2 {t) = 1. 

These relations easily give 

vi(t) =—\ sinkt and i/ 2 (t) = t cos fct. 
k k 

Next for (16.15), (16.16) the System (16.7) reduces to 

(1 — cos kuj)Xi{t) — sin ku; X 2 {t) = t sinfc(w — t) 

k 

sin kuj Xi{t) + (1 — cos kuj)X 2 {t) = — cos k{uj — t), 

k 


which déterminés Ai(t) and A 2 (t) as 

Ai(t) = ^ , cosfc ff - and X 2 {t) = 

2fcsm|w V 2/ 


2 k sin ^uj 


sin kit — 


(‘-D- 


Substituting these functions in (16.6), we get Green’s function of the 
boundary value problem (16.15), (16.16) as 


G{x,t) = 


1 


2A:sin ^lü 


cos k {x — t + , 0 < X <t 

2 ^ I cos k (t — X + , t< X <üj 


(16.17) 
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which as expected is symmetric. 


Problems 


16.1. Show that 

G{x,t) = 


— costsinx, 0 <x<t 

— sintcosa:, t < x < 7r/2 


is Green’s function of the problem y" + y = 0, y{0) = y{nj2) = 0. Hence, 
solve the boundary value problem 

y" + y = l + x, y(0) = y(7r/2) = 1. 

16.2. Show that 

, , _ 1 J sinh(t — 1) sinhx, 0 < x <t 

sinhl \ sinhtsinh(x — 1), t<x<l 

is Green’s function of the problem y" — y = 0, î/(0) = î/( 1) = 0. Hence, 
solve the boundary value problem 

î/"- 2 /= 2sinx, 2 /( 0 ) = 0, y{l)=2. 

16.3. Gonstruct Green’s function for each of the boundary value 
problems given in Problem 15.1, parts (vi) and (vii), and then find their 
solutions. 

16.4. Verify that Green’s function of the problem (15.26), //(O) = 
0, 2/(1) = 0 is 

t{x‘^ — 1) 


G{x,t) = 


(t2 + 1)2 ’ 

x{t^ — 1 ) 


0 < t < X 


X < t < 1. 


(t2 + 1)2 ’ 

Hence, solve the boundary value problem (15.27). 

16.5. Show that the solution of the boundary value problem 


y” - y' = r{x), 2/(0) = 0 , 2/(1) = 0 

X 


can be written as 

2 /(x) = [ G{x,t)r{t)dt, 

Jo 
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where 


G{x,t) = 


(1 — 

2Î ^ 

t{l — x"^) 


X <t 
X > t. 


16.6. Show that the solution of the boundary value problem 
y"-y = r{x), y(-oo) = 0, y(oo) = 0 
can be written as 


1 r 






16.7. Consider the nonlinear DE 

y" = f{x,y,y') 


(16.18) 


together with the boundary conditions (14.5). Show that y{x) is a solution 
of this problem if and only if 




rf3 

/ G{x,t)f{t,y{t),y'{t))dt, 

*/ a 


where G{x,t) is Green’s function of the problem y” = 0, y{a) = y(/3) = 0 
and is given by 


G{x,t) = 


Also establish that 


1 J {P — t){a — x), a<x<t 


{P - a) \ {P-x){a-t), t<x<p. 


(i) G{x, t) < 0 in [a, P] x [a, P] 

(ii) \G{xp)\<^{P-a) 


(v) 


(iii) J \G{x,t)\dt=^{P-x){x-a) <^{P-a)" 

(iv) f \G{x,t)\ 

J a. 


. Tr{t — a) iP ~ ct)'^ ■ — a) 


{P - a) 


iP-a) 


dG{x, t) 


dx 


(x-a)2 + (/3-x)2 1 


16.8. Gonsider the boundary value problem (16.18), (14.6). Show 
that y{x) is a solution of this problem if and only if 

r0 

y{x) = A + {x - a)B + / G{x,t)f{t,y{t),ypt))dt, 

J a. 
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where G{x,t) is Green’s fimction of the problem y” = 0, y{a) = y'(P) = 0 
and is given by 

a < X < t 
’ (a —t), t < X < p. 

Also establish that 


(i) 

(ii) 

(iii) 

(iv) 


G{x, t) < 0 in [a, P] x [a, P\ 

\G{x,t)\ <{P- a) 

l 1 

J \G{x,t)\dt =-{x-a){2P - a-x) < -{P 



dG{x, t) 
dx 


dt = {P 


x) < (P 


a). 


a) 


2 


16.9. Consider the nonlinear DE 


y" - ky = f(x,y,y'), k>0 


together with the boundary conditions (14.5). Show that y(x) is a solution 
of this problem if and only if 


sinh VHip — x) sinh \/k{x — a) 

sinh \/k{P — a) sinh Vk{P — a) 


B + 


G{x,t)f{t,y{t),y\t))dt, 


where G{x, t) is Green’s function of the problem y” — ky = 0, y{a) = y{P) = 
0 and is given by 


, . _ —1 J sinh'\/Â:(a; — Qf) sinh'yfc(/3 — t), a<x<t 

A/fcsinhA/Â:(/3-a) lsinhA/Â:(t-Q;)sinh\/Â:(/3-a;), t < x < p. 

Also establish that 

(i) G{x,t) < 0 in [a, P] x [a, P] 

cosh \/k 

cosh '/k 


(ii) / \Gix,t)\dt=j 


< 


k 




cosh 


^(^)/ 


16.10. Show that 

(i) if we multiply the DE (14.3) by the integrating factor 


fi{x) = 


1 


Po{x) 


exp 


pijt) 

Po{t) 


dt 


then it can be written in the self-adjoint form 


L[y] = {p{x)y')' + q{x)y = 0, 


(16.19) 
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(ii) if 2/1 (x) and 2 / 2 (x) are two linearly indépendant solutions of (16.19) in 
[q;,/ 3], then p{x)W{yi,y 2 ){x) = C, where C 0 is a constant, 

(iii) if yi{x) and 2 / 2 (x) are solutions of (16.19) satisfying the same initial 
conditions as in Problem 15.7, then Green’s function of the problem (16.19), 
(16.13) can be written as 


- 1 / 2^2(02/1 (a;): a<x<t 
^ “ C 1 2/1 ( 2 ) 2 / 2 (x), t<x<p 


which is also symmetric. 


(16.20) 


Answers or Hints 


16.1. 1 + X — Ç sinx. 


16.2. 3inh X — sin X. 

16.3. The associated Green’s functions are— 

for Problem 15.1(vi) G(x,t) = | “Cosisinx, 

I — smtcosx. 


0 < X < t 

t < X < 'K 12 


for Problem 15.1(vii) G{x,t) 


-f(2-t)e-(’^-‘), 0<x<t 

-|(2-x)e-(’^-‘), t<x<2. 


16.4. Verify directly. x^ + 2x^ — 2x + 1. 

16.5. Verify directly. 

16.6. Verify directly. 

16.7. Verify directly. For Part (ii) note that |G(x,t)| < (/3—x)(x —a)/(/3— 

a). 

16.8. Verify directly. 

16.9. Verify directly. 

16.10. (i) Verify directly (ii) 2/2(P2/i)' - 2/i(P2/2)' = ( 2 / 2 P 2 /i - 2/iP2/2)' = 0 
(iii) From Problem 15.7 the homogeneous problem (16.19), (16.13) has only 
the trivial solution; from the same problem it also follows that yi{x) and 
2 / 2 (x) are linearly indépendant solutions of (16.19). Thus, in view of (2.13) 
and (ii) the general solution of nonhomogeneous self-adjoint équation 


L[y] = {p{x)y')' + q{x)y = r(x). 


can be written as 


(16.21) 
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y{x) = ciyi{x) + C 2 y 2 (x) + ^ jl[yi{t)y 2 {,x) - y 2 {t)yi{x)]r{t)dt. 

This solution also satisfies the boundary conditions (16.13) if and only if 
Cl = è Xf y 2 (t)r{t)dt and C 2 = 0. 


Lecture 17 

Regular Perturbations 


In Theorem 4.1 we hâve obtained sériés solution of the second-order 
initial value problem (2.1), (4.1) whose radius of convergence is at least as 
large as that for both the functions pi{x) andp 2 (a;). However, in many prob- 
lems the functions pi{x) and P2{x) are not necessarily analytic; moreover, 
we often need to find at least an approximate solution which is meaningful 
for ail a; in a given interval. In this lecture we shall discuss the regular 
perturbation teehnique which relates the unknown solution of (2.1), (4.1) 
with the known solutions of infinité related initial value problems. 

The essential ideas of regular perturbation technique can be exhibited 
as follows: Suppose that the auxiliary DE 

y”+Piix)y'+P 2 ix)y = 0 (17.1) 

together with the initial conditions (4.1) can be solved explicitly to obtain 
its solution yoix). We write the DE (2.1) in the form 

y” + (pi(x) + pi{x) - p^{x))y' + {p2{x) + P2{x) -P2{x))y = 0 , 

which is the same as 

y” + Pi{x)y' +P2{x)y = qi{x)y' + q2{x)y, (17.2) 

where qi{x) = Pi{x) — pi{x) and q2{x) = P2{x) —p2{x). We introduce a 
parameter e and consider the new DE 

y” +Pi{x)y' +P2{x)y = e{qi{x)y' + q2{x)y). (17.3) 

Obviously, if e = 1, then this new DE (17.3) is the same as (17.2). We look 
for the solution of (17.3), (4.1) having the form 

OO 

yi.x) = ^ e”î/„(a;) = yc,{x) + tyi{x) + e^y2{.x) H-. ( 17 . 4 ) 

n—0 

For this, it is necessary to hâve 

OO OO 

'^^'^{yu{x)+Pi{x)y'^{x)+P2{x)yn{x)) = e'^e'^{qi{x)y’^{x)+q2{x)yn{x)) 
n=0 n—0 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations^ 
Universitext, DOI 10.1007/978-0-387-79146-3_17, 

(c) Springer Science-hBusiness Media, LLC 2009 
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and 

OO OO 

= co, ^ e”î/^(a;o) = Cl. 
n—0 n—0 

Thus, on equating the coefficients of e", n = 0,1, • • • we find the infinité 
System of initial value problems 

yo{x)+p^{x)yQ{x)+P2{x)yo{x) =Çl, yo{xo) = cq, = ci (17.5) 

y'nix) +p^{x)y'^{x) +P 2 {x)yn{x) = qi{x)y'^_^{x) + q 2 {x)yn-i{x) 

ynixo) = y'^{xo) = Q, n = l,2,---. 

This infinité System can be solved recursively. Indeed, from our initial 
assumption the solution yo{x) of the initial value problem (17.5) can be 
obtained explicitly, and thus the term qi{x)y'Q{x) + q 2 {x)yQ{x) in (17.6)i is 
known; consequently the solution yi{x) of the nonhomogeneous initial value 
problem (17.6)i can be obtained by the method of variation of parameters. 
Continuing in this way the functions y 2 {x), ys^x), ■ ■ ■ can similarly be ob¬ 
tained. Finally, the solution of the original problem is obtained by summing 
the sériés (17.4) for e = 1. 

The above formai perturbative procedure is not only applicable for the 
initial value problem (2.1), (4.1) but can also be applied to a variety of 
linear as well as nonlinear problems. The implémentation of this powerful 
technique consiste the following three basic steps: 

(i) Conversion of the given problem into a perturbation problem by intro- 
ducing the small parameter e. 

(ii) Assumption of the solution in the form of a perturbation sériés and 
computation of the coefficients of that sériés. 

(iii) Finally, obtaining the solution of the original problem by summing 
the perturbation sériés for the appropriate value of e. 

It is clear that the parameter e in the original problem can be intro- 
duced in an infinité number of ways; however, the perturbed problem is 
meaningful only if the zero-th order solution, i.e., yoix) is obtainable ex¬ 
plicitly. Further, in a large number of applied problems this parameter 
occurs naturally, representing such diverse physical quantities as Planck’s 
constant, a coupling coefficient, the intensity of a shock, the reciprocal of 
the speed of light, or the amplitude of a forcing term. 

The perturbation method naturally leads to the question, under what 
conditions does the perturbation sériés converge and actually represent a 
solution of the original problem? Unfortunately, often perturbation sériés 
are divergent; however, this is not necessarily bad because a good approx¬ 
imation to the solution when e is very small can be obtained by summing 
only the first few terms of the sériés. 
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We shall illustrate this fruitful technique in the following examples. 


Example 17.1. The initial value problem 

y''-\x\y=Çi, y(0) = 1, y'(0) = 0 


(17.7) 


has a unique solution in M. However, in any interval containing zéro the 
sériés solution method cannot be employed because the function |a;| is not 
analytic. We convert (17.7) into a perturbation problem 

y” = e\x\y, 2/(0) = 1, //'(O) = 0 (17.8) 

and assume that the solution of (17.8) can be written as perturbation sériés 
(17.4). This leads to an infinité System of initial value problems 

2/(((x)=0, 2/o(0) = l, 2/o(0) = 0 (17.9) 

y'nix) = \x\yn-i{x), 2/n(0) = 2/(i(0) = 0, U = 1,2, • • • (17.10) 


which can be solved recursively, to obtain 


2/0 (x) = 1, 2/n(x) 


1.4.7. ■■■(3n-2) 
(3n)! 


^|a;|, if n odd 
if n even. 


Thus, the solution y{x,e) of the perturbation problem (17.8) appears as 


y(x,e) 


1 + E 


1.4.7. ••-(371 
(3n)! 


2 ) 


^|x|, if n odd 
x^”, if n even. 


(17.11) 


Hence, the solution y{x) = y{x, 1) of the initial value problem (17.7) can 
be written as 


y(x) 


1 + E 


1.4.7-■-(377 
(37i)! 


2 ) 


x^” ^|x|, if n odd 
x^", if n even. 


(17.12) 


From (17.12) it is clear that for the problem y” — xy = 0, y{0) = 
1, 2 /^( 0 ) = 0 the perturbation method as well as its sériés solution leads to 
the same Airy function. 


Example 17.2. Consider the initial value problem 

2/" + 2/ = 2x-1, 2/(1) = 1, 2/'(1) = 3. (17.13) 

We convert (17.13) into a perturbation problem 

2 /" = e(- 2 / + 2x-l), 2/(1) = 1, î/'(l) = 3 (17.14) 

and assume that the solution of (17.14) can be written as perturbation 
sériés (17.4). This leads to the System 

2/o(x)=0, 2/o(l) = l, 2/o(1)=3 

2/i (x) = - 2 /o(x) + 2x - 1, 2/i(l) = 2/i(l) = 0 

Vni^) = -yn-l{x), 2/n(l) =//(*(!)= 0, 71 = 2, 3, • • • . 
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Thus, the solution y{x) of the problem (17.13) appears as 

y{x) = 3x-2 + (2n+ 1)! =~ ^ “ !)■ 

n—1 '' ' 


Example 17.3. In the van der Pol’s équation (4.18) we consider ^ 
as the perturbing parameter, and seek its solution in the form y{x) = 
For this, we must hâve 


OO 

E 

n—O 


+ynix)) = ^ 1 - 


' OO 


M”î/n(a:) 






n—0 


which leads to the System 
yoix)+yo{x) = 0 
yïix)+yi{x) = {1 - y^{x))y'oix) 
y'iix) + y 2 {x) = (1 - yl{x))y[{x) - 2yo(x)yi{x)y'Q{x) 


(17.15) 

(17.16) 

(17.17) 


The general solution of (17.15) is readily available, and we prefer to 
Write it as yQ{x) = acos(x + b), where a and b are arbitrary constants. 
Substituting yo{x) in (17.16), one obtains 


y'({x)+yi{x) = — (1 — cos^(x + 6))asin(a; + 6) 

— 4a , , ,. 1 -î . ,x 

= --sin(a; + 6) +-a sin 3(a; + o), 


which easily détermines yi(x) as 


yi{x) 




X cos(a; + b) 


^a^ sin3(x + h). 


With yo{x) and yi{x) known, the right side of (17.17) is known. Thus, 
y 2 {x) can be determined from (17.17) in a similar fashion. Certainly, for a 
small y, the solution y{x) of (4.18) is better approximated by the function 


tcos(x + b) — y 


a'^ - 4a 


X cos{x + 5) + sin 3(x + b) 


compared to just acos(x + b). 

Example 17.4. Duffing’s équation 

'my" + ay + hy^ = Q (17.18) 


models the free velocity vibrations of a mass m on a nonlinear spring, 
where the term ay represents the force exerted by a linear spring, whereas 
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the term by^ represents the nonlinearity of an actual spring. For simplicity, 


in (17.18) let m = a = 1 so that (17.18) reduces to 

y" + y + by^ = 0. (17.19) 

We shall consider (17.19) together with the initial conditions 

y(0) = 2/o, y'(0) = 0. (17.20) 

In (17.19) let b be the perturbing parameter. We seek the solution of 
(17.19), (17.20) in the form y{x) = This leads to the System 

y(((x)+yo(x) = 0, yoi0) = yo, 2/^(0) = 0 (17.21) 

y”{x)+yi{x) =-y^{x), yi(0) = î/((0) = 0 (17.22) 


From (17.21) and (17.22), it is easy to obtain the functions 
yo{x) = 2/0 cos X 

2/1 (x) = -^ 2 /o*sinx + ^2 /o(cos3x - cosx). 

Thus, the solution y{x) of the problem (17.19), (17.20) can be written as 


2 /(x) = 2 /oCOSx + byl ( —-xsinx + —(cos3x — cosx) ) + 0 {b^). 
8 32 


Example 17.5. The boundary value problem 

y" = -2yy', 2/(0) = 1, 2/(1) = 1/2 (17.23) 

has a unique solution y{x) = 1/(1 + x). We convert (17.23) into a pertur¬ 
bation problem 

y" = e(-2yy'), y(0) = 1, y(l) = 1/2 (17.24) 

and assume that the solution of (17.24) can be written as perturbation 
sériés (17.4). This leads to the System 

y'o' = 0 , 2/o(0) = l, 2 /o( 1 ) = 1/2 

y'{ = -2yoyo, 2/i(0) = 2/i(l) = 0 
2/2 = -2(2/o2/i + yiy'o), 2/2(0) = 2/2(1) = 0 


From (17.25)-(17.27), we find the functions 


(17.25) 

(17.26) 

(17.27) 
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Thus, an approximation to the solution of the boundary value problem 
(17.23) can be taken as 

ÿ{x) = yo{x) + yi{x) + y 2 {x) 

= t4i( 180 - 182a; + leSa;^ - lOOa:^ + 30x'‘ - 3a:®). 

180 

In Table 17.1 we compare this approximate solution ÿ{x) with the exact 
solution y{x). 


Table 17.1 


X 

Exact solution 

Approximate solution 

Différence 

0.0 

1.000000 

1.000000 

0.000000 

0.1 

0.909091 

0.907517 

0.001574 

0.2 

0.833333 

0.830261 

0.003072 

0.3 

0.769231 

0.765476 

0.003755 

0.4 

0.714286 

0.710763 

0.003523 

0.5 

0.666667 

0.664062 

0.002605 

0.6 

0.625000 

0.623637 

0.001363 

0.7 

0.588235 

0.588049 

0.000186 

0.8 

0.555556 

0.556139 

-0.000583 

0.9 

0.526316 

0.527008 

-0.000692 

1.0 

0.500000 

0.500000 

0.000000 


Problems 


17.1. The initial value problem 


{1 + 60)—+9 = 0 , 0 ( 0 ) = 1 

CLT 

occurs in cooling of a lumped System. Show that 

0(r) = e-^ + e (e"^ - - 26-^^ + + 0(e®). 

Compare this approximation with the exact solution ln0 + e(0 — 1) = —r. 
17.2. The initial value problem 


de 

dr 


+ 0 + ^ 0 , 


0 ( 0 ) = 1 
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occurs in cooling of a lumped System. Show that 

9{t) = e-" + ei (e-4" - e"") + e^l (e"" - 26-^" + + 0{e^). 

O y 

Compare this approximation with the exact solution 

1, 1 + e6l3 

3*"(ÎT^ = ^^ 

17.3. For the initial value problem 

y" + (1 - ex)y = 0, y(0) = 1, y'(0) = 0 


show that 


.N 2 ■ 1 1 . 

ula;) = cos a; + e -Æ sinx +-xcosa;—-sina; 

\4 4 4 

1 4 5 3 . 72 7 . 

+e [——a; cosa:+-—a; smx+—a; cosa; — —a;sma; 
32 48 16 16 


Oie% 


17.4. Consider the case of dropping a stone from the height h. Let 
r = r(t) dénoté the distance of the stone from the surface at time t. Then, 
the équation of motion is 


cfr 

dt'^ 


'yM 

(iî + r)2’ 


r(0) = h, 


r'(0) = 0, 


(17.28) 


where R and M are the radius and the mass of the earth. Let e = 1/iî in 
(17.28), to obtain 


d'^r 

dt'^ 


(1 + er)2 ’ 


r(0) = h, 


r'(0) = 0. 


(17.29) 


In (17.29) use the expansion r{t) = X]i=o to show that 


r{t) 





17.5. Consider the satellite équation 


(P y 
dt^ 


+ y=ky^ 


together with the initial conditions y(0) = A, y'(0) = 0. Show that 


1 1 


1 


y(t) = Acost + kA"‘I - — - cost — - cos2t j + Icost 


6 


5 . 1 1 O 

-—tsmt+ -cos2t+ — cos3t 
12 9 48 


1 


29 


144 


O(k^). 
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17.6. For the harmonically/orcerf Dujfing’s équation 
my" + ay + hy^ = A cos ftx 

show that the periodic solution y(x) of period T = 27r/f2 can be written as 


y{x) = 


F 


F 


cos flx 




■ cos flx 


4(a;2-112)3(^2 

where = a/m ^ e = b/m and F = A/m. 

17.7. The boundary value problem 

cPe 


4(w2 _ Çi2y 

cos 311x1 + O(e^), 


dX2 


- £04 = 0, 0'(O) = 0, 6»(1) = 1 


occurs in beat transfer. Show that 

e(X) = 1 + - 1) + e^liX* - 6X^ + 5) + 0{€^). 

2 D 

17.8. The boundary value problem 

= ^^( 0 ) = 0 , 0 ( 1 ) = 1 

occurs in heat transfer. Show that 

9{X) = sech N cosh NX + e-sech^ A^(cosh 27Vsech N cosh NX 

3 


— cosh2A^X) + e^-sech^A^ 
6 


4 9 9 1 

-sech^A^ cosh^ 2N -A^tanh A^ 

3 2 


—sech A^ cosh 377 cosh A^X-sech X cosh 2X cosh 2XX 

8 JS 

+ - cosh 3NX H—NX sinh NX 

8 2 


O(e^). 


17.9. The boundary value problem 


d^lf 1 du ^ ^ 

d^0 1 d9 _ 

dR2 + ËÆ 

U'(0) = 9'(0) = 0, U(l) = 0(1) = 0 
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occurs in a flow of a fluid. Show that 


U{R) = |(1 - R^) + e^{R^ - 9iî4 + 27R^ - 19) 


P 


—e 


14745600 


{R^° - 25iî® + 30077® - 1900iî'‘ + 527577 ^ _ 3651) + 0(e®) 


9(R) = ^(77'‘-477^ + 3) + e— 1 ^( 77 ® + 1677®-10877^+ 30477^-211) 
^ ^ 64^ ^ 147456 


+P 


P 


2123366400 


(77^2 - 3677^° + 67577® - 760077® + 4747577'‘ - 131436772 
+ 90921)+ 0(e®). 
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Singular Perturbations 


In many practical problems one often meets cases where the parameter 
e is involved in the DE in such a way that the methods of regular per¬ 
turbations cannot be applied. In the literature such problems are known 
as singular perturbation problems. In this lecture we shall explain the 
methodology of singular perturbation technique with the help of the follow- 
ing examples. 


Example 18.1. For the initial value problem 

ey” -k (1 -k e)y' + y = 0 

2/(0)= Cl, y’{Q) = c2 
the explicit solution can be written as 
1 


(18.1) 

(18.2) 


y{x) = 


(e-1) L 


e(ci-l-C2)e - (c2e -I- ci)e 


Thus, it follows that 


y'{x) = 


(e-1) 1 


-(ci-|-C2)e -I- (c2e-|-ci)e 


Hence, as e ^ 0+, y{x) —> cic but y'{x) lias the following discontinuons 
behavior: 

a; > 0 


lim y'(x) = 

e^0+ 


— CiC 

C2, a; = 0 . 


As a conséquence, we find 

lim ( lim v'(x) | ^ lim ( lim v'ix)] . 

x^O \e^0+ ^ ^ ' J ^ e^o+ \x^0 ^ ^ J 

Further, if we set e = 0 in (18.1) then we are left with the first-order DE 

y' + y = 0- (18.3) 

Obviously, for the problem (18.3), (18.2) initial conditions are inconsistent 
unless Cl = — C 2 . 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_18, 

© Springer Science-|-Business Media, LLC 2009 
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If we seek the solution of (18.1), (18.2) in the regular perturbation sériés 
form (17.4), then it leads to the System of first-order DEs 

2/0(2;) + 2/0(2:) = 0 , 2 /o( 0 ) = Cl, 2/0(0) = C 2 

2/n(a:)+ 2 /^( 2 ) =-(//"_i(a:)+//;_! (x)), //^(O) =//(^(O) = 0, n > 1, 


which can be solved only if the initial conditions are consistent, i.e., ci = 
—C 2 . Further, in such a case it is easy to obtain 2 / 0 ( 2 :) = cie“^, yn{x) = 
0, n > 1; and hence (17.4) reduces to just y{x) = cie“^, which is indeed a 
solution of (18.1), (18.2). 


Example 18.2. For the DE (18.1) together with the boundary condi¬ 
tions 

2/(0) = 0, 2/(1) = 1 (18.4) 

an explicit solution can be written as 


2 /( 2 ) = 



e-i-e-i/c’ 


(18.5) 


which has the following discontinuons behavior 


lim 2 /( 2 ) 
£^0+ 


Thus, it follows that 


2 > 0 

0 , 2 = 0 . 


lim 

x^O 


( lim 2 /( 2 ) 

\e^0+ 




lim 
e—> 0 + 



This is due to the fact that the first-order DE (18.3) obtained by substi- 
tuting e = 0 in (18.1), together with the boundary conditions (18.4) cannot 
be solved. Hence, we cannot expect the solution of (18.1), (18.4) to hâve 
the regular perturbation sériés form (17.4). 

In Figure 18.1 we graph the solution (18.5) for e = 0.1, 0.01 and 0.001, 
and note that y{x) is slowly varying in the région e <C 2 < 1. However, in 
the small interval 0 < 2 < 0(e) it undergoes an abrupt and rapid change. 
This small interval is called a boundary layer. The boundary layer région 
is called the inner région and the région of slow variation of 2 /( 2 ) is called 
the outer région. 

Thus, as illustrated, singular perturbation problems are in general char- 
acterized by the nonanalytic dependence of the solution on e. One of the 
ways of constructing a uniformly valid perturbation solution of such prob¬ 
lems is to obtain straight forward solution (called an outer expansion) using 
the original variables, and to obtain a solution (called an inner expansion) 
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describing sharp variations using magnifying scales. The outer expansion 
breaks down in the boundary layer région, whereas the inner expansion 
breaks down in the outer région. Finally, these two solutions are matched 
by a procedure known as the method of inner and outer expansions, or the 
method of matched asymptotic expansions. This technique leads to global 
approximations to the solutions of singular perturbation problems. 


y 



Figure 18.1 


To appreciate this method, we reconsider the boundary value problem 
(18.1), (18.4). Its exact solution (18.5) consists of two parts: e““, a slowly 
varying function in [0,1], and a function of rapid variations in the 

boundary layer région 0 < x < 0(e). We need to introduce the notion of 
an inner and outer limits of the solution. The outer limit of the solution 
y{x) denoted as yout{x) is obtained by prescribing a fixed x outside the 
boundary layer, i.e., 0(e) ^ x < 1 and letting e ^ 0+. We therefore hâve 

Voutix) = lim y{x) = (18.6) 

e^0+ 

This yout{x) satisfies the first-order DE 

youtix)+yout{x) = 0, (18.7) 


which is the formai outer limit of the DE (18.1). Since yout{x) satisfies the 
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boundary condition y(l) = 1 but not y(0) = 0, it is not close to y{x) near 
a; = 0. 


Next we consider the inner limit of the solution denoted by yin{x) in 
which e ^ 0’'" in the boundary layer région 0 < a; < 0(e). To achieve 
this we magnify this layer using the stretching transformation x = et. The 
variable t is called an inner variable, its introduction is advantageous in the 
sense that in the boundary layer région the solution given by (18.5) varies 
rapidly as a function of x but slowly as a function of t. From (18.5) it is 
clear that 

i(a;) = z^n{t) = lim y{et) = e - (18.8) 


Vv. 


Further, defining y{x) = z{t), under the transformation x = et, (18.1) leads 
to the DE 

^ Z t'l \ dz , , 

+ 1)—+ z = 0. (18.9) 


Id^- 


dt"^ 


dt 


Now for a given t, we let e ^ O'*' to obtain 

. d . , „ 

J, 9 ^in (^) H TT^iniJ') — 0- 
dt^ dt 


(18.10) 


The function Zin{t) given in (18.8) not only satisfies the DE (18.10), but 
also Zin{0) = 0. 


The next step is to match Zin{t) and yout{x) asymptotically. This match- 
ing will take place on an overlapping région described by the intermediate 
limit æ —> 0, t = xje —> oo, e ^ 0+. From (18.6) and (18.8), we hâve 

lim youtix) = e = lim Zin{t). (18.11) 

X—t—»oo 

Satisfaction of (18.11) will ensure asymptotic matching. It also provides the 
second boundary condition Zin(oo) = e for the solution of (18.10) to satisfy. 
Observe here that although x G [0,1], the matching région is unbounded. 


We now seek a perturbation expansion of the outer solution of (18.1) in 
the form 

OO 

yout(x) = ^ e’^yn(x) (18.12) 

n—0 

satisfying the relevant boundary condition y(l) = 1. This leads to the 
infinité System of initial value problems 

yô(x) + yo{x) = 0, yo{l) = 1 

ynix) + yn{x) = -(î/"_i(x) + î/;_i(x)), y„(l) = 0, n > 1, 

which can be solved to obtain y(j{x) = yn{x) = 0, n > 1. Thus, 

yout{x) = e^~^. (Note that yout(x) in (18.6) is not the same as in (18.12), 
rather it is yo{x) in (18.12)). 
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In order to obtain Zin{t), we assume that the DE (18.9) bas the expan¬ 
sion 

OO 

Zin{t) = ^ (18.14) 

n—0 

satisfying the other boundary condition 2;(0) = 0. This gives the infinité 
System of initial value problems 

Zq (t) + z'oit) = 0, 2:o(0) = 0 

z'nit) + z'„(t) = + Zn-l(t)), Z„(0)=0, 71 >1. 

The System (18.15) can be solved to find 
zo{t) = Ao{l - e"*) 

Zn{t) = 

where An, n > 0 are constants of intégration. To find these constants, we 
shall match yout{x) with Zin{t). For this, we hâve 

Voutix) = = e\^l-et+^- ^ + • • • j . (18.17) 

Thus, on comparing zo(t) obtained in (18.16)o for large t (^ oo) with 
the constant term on the right of (18.17), we hâve zo{t) ~ Aq = e. Once 
Zo{t) is known, we easily obtain zi{t) = [Ai + Ao)(l — e“*) — et. Hence, 
on comparing zi(t) for large t (—> oo) with the second term on the right 
of (18.17), we find zi{t) ~ {Ai + Aq) — et = —et, i.e.. Ai + Aq = 0, or 
Al = —Aq = —e, so that zi{t) = —et. Proceeding in a similar fashion we 
arrive at Zn{t) = (—l)"(et"/r7!), and finally the inner expansion is 

Zin{t) = e V -ei-‘ = - e^"*. (18.18) 

n\ 

n—Q 

Clearly, Zin{t) is a valid asymptotic expansion not only for t in the 
boundary layer région 0 < t < 0(1), but also for large t {t = 0(e““), 0 < 
a < 1), while yout{x) is valid for e <C ce < 1, and not for x = 0{e) since it 
does not satisfy the boundary condition y{0) = 0. Further, from the above 
construction we are able to match inner and outer expansions asymptoti- 
cally in the région e ^ x < 1 to ail orders in powers of e. 

Finally, to construct a uniform approximation yunif{x) of y{x) we may 
take 

yunif {x) — ym (ce) ~t“ yout{x') ymatch{x) , (18.19) 

where ymatch{x) approximates y{x) in the matching région. If we compute 
y%n{x), yout{x) and ymatch{x) up to nth-order, then \y{x) - yunif{x)\ = 


f 




(18.16), 



Singular Perturbations 


143 


Q(gn+i) g+^ 0 < x < 1). Since for the boundary value problem 

(18.1), (18.4) we can compute yout{x) = , yin{x) = and 

Vmatchix) = it follows that 

Vunifix) = (18.20) 

is an infinité order approximation to y{x). 

It is to be noted that yunif{x) ^ y{x), i.e. yunif{x) is only asymptotic 
to y{x) and one should not expect yunif{x) —> y{x) as n —> oo. 

We remark that the DE (18.1) is sufficiently simple so that we could per- 
form the preceding perturbation analysis and could obtain uniformly valid 
approximations to the solution of the problem (18.1), (18.4). However, in 
general, straightforward computations of yin{x) and yout{x) are practically 
impossible. Matching criteria are in general very complicated and there is 
no a priori reason to believe the existence of an overlapping région where 
both outer and inner expansions remain valid. Finally, to obtain yunifix) 
one needs to make necessary modifications, at times one may hâve to hâve 
composite, (e.g., multiplicative) expansions. 

A careful analysis of the method of matched asymptotic expansions is 
too complicated to be included in this elementary discussion on singular 
perturbations. 


Problems 


18 . 1 . For the initial value problem 

(x + ej/)y'+ 2 /= 0, y(l) = 1 

show that 


... , , 1 — 1 9x^ — 1 

w = i + 

(ii) the exact solution is 


Vi.x) = -h 

e 


0(e3) 


x^ 2 ^ 

— H-h 1 

e 


1/2 


(iii) y{x) = 1 + i(l - x) + ^\{x‘^ “ 1) + 
the expanded version of the exact solution. 
18 . 2 . For the initial value problem 

{x + ey)y' - iy = 1 + x^, 


which is the same as 


y(i) = 1 
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show that 

y{x) = l{2x^ + 7x^/2 - 6) - flôx^ - ITSx^/^ _ 240 a; + 539xi/^ 
3 45 V 

+105X-1/2 - 245) + 0 { e ^). 


18 . 3 . For the initial value problem 

^+6»i+'^ = 0, 0(0) = 1 

dr 

which occurs in cooling of a lumped System, show that 

(i) the exact solution is 0(r) = (1 + er)”^/'^, e 0 

(ii) 0(r) = + 0(6^). 

18 . 4 . For the boundary value problem 

ey" + y' + y = 0, y(0) = 0, y{l) = 1 


show that 


y(x) = 


^æVl~4€/2e ^-xJl-Ael2e 

^(i-x)/ 2 e e ' -e 

g^î^^/2e _ g-v^ï^^/2e 

as e ^ 0. 


18 . 5 . For the boundary value problem 

2 2 

y —^y + — = 0 

y(e) = 0, y(l) = 1 

show that 

(i) the exact solution is 

1 — e'^ 

(ii) the constant function z{x) = 1 satisfies both the DE and the right 
boundary condition 

(iii) limj^o vix) = z(x), 0 < x < 1 and hence the solution has a boundary 
layer near x = 0. 






Lecture 19 

Sturm—Liouville Problems 


In Lecture 14 we hâve seen that homogeneous boundary value problem 
(14.3), (14.4) may hâve nontrivial solutions. If the coefficients of the DE 
and/or of the boundary conditions dépend on a parameter, then one of the 
pioneer problems of mathematical physics is to détermine the value (s) of 
the parameter for which such nontrivial solutions exist. In this lecture we 
shall explain some of the essential ideas involved in this vast field, which is 
continuously growing. 

A boundary value problem which consiste of the DE 
{p{x)y')'+ q{x)y + \r{x)y = V[y\ + \r{x)y = Q, x&J=[a,(3] (19.1) 

and the boundary conditions 

aoî/(a) + aiy'(a) = 0, ag + af > 0 . . 

do2/(/3)+diy'(/3) = 0, dl + dl>Q 

is called a Sturm-Liouville problem. In the DE (19.1), A is a parameter, 
and the functions q, r G C{J), p S C^(J) and p{x) > 0, r{x) > 0 in J. 

The problem (19.1), (19.2) satisfying the above conditions is said to 
be a regular Sturm-Liouville problem. Clearly, y{x) = 0 is always a solu¬ 
tion of (19.1), (19.2). Solving such a problem means finding values of A 
called eigenvalues and the corresponding nontrivial solutions 4>\{x) known 
as eigenfunctions. The set of ail eigenvalues of a regular problem is called 
its spectrum. 

The computation of eigenvalues and eigenfunctions is illustrated in the 
following examples. 

Example 19.1. Consider the boundary value problem 


y" + Ay = 0 (19.3) 

y(0) = y{^) = 0. (19.4) 

If A = 0, then the general solution of (19.3) (reduced to y" = 0) is y{x) = 
Cl -I- C 2 X and this solution satisfies the boundary conditions (19.4) if and 
only if Cl = C 2 = 0, i.e., y{x) = 0 is the only solution of (19.3), (19.4). 
Hence, A = 0 is not an eigenvalue of the problem (19.3), (19.4). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations^ 
Universitext, DOI 10.1007/978-0-387-79146-3_19, 

(c) Springer Science-hBusiness Media, LLC 2009 
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If A 7 ^ 0, it is convenient to replace A by where ^ is a new parameter 
and not necessarily real. In this case the general solution of (19.3) is y{x) = 
and this solution satisfies the boundary conditions (19.4) 

if and only if 


Cl + C2 = 0 

cie*''’" + C2e-^^^^ = 0. 


(19.5) 


The System (19.5) has a nontrivial solution if and only if 




(19.6) 


If /r = O + where a and b are real, condition (19.6) reduces to 
e^’^(cosa7r — isinoTr) — e“^’^(cosa7r + isinoTr) = 0 


or 


or 


(e^’^ — e cos an — i{e^^ + e *'’^) sin utt = 0 
2 sinh bn cos an — 2i cosh bn sin an = 0 


or 


sinh bn cos an = 0 


(19.7) 


and 


cosh bn sin an = 0. 


(19.8) 


Since coshèTr > 0 for ail values of b, équation (19.8) requires that a = n, 
where n is an integer. Further, for this choice of a, cos an ^ Q and équation 
(19.7) reduces to sinh^Tr = 0, i.e., 6 = 0. However, if 6 = 0, then we cannot 
hâve a = 0, because then y, = Q, and we hâve seen it is not an eigenvalue. 
Hence, y, = n, where n is a nonzero integer. Thus, the eigenvalues of (19.3), 
(19.4) are A„ = = n^, n= 1,2, • • •. Further, from (19.5) since C 2 = —ci 

for A„ = v? the corresponding nontrivial solutions of the problem (19.3), 
(19.4) are 

(t>n{x) = ci(e*"“ — e“™“) = 2icisinnx, 


or simply 4>n{x) = sinncc. 


Example 19.2. Consider again the DE (19.3) but with the boundary 
conditions 

2/(0) + 2/'(0) = 0, 2/(1) = 0. (19.9) 

If A = 0, then the general solution y{x) = ci +C 2 a; of (19.3) also satisfies the 
boundary conditions (19.9) if and only if ci + C 2 = 0, i.e., C 2 = — ci. Hence, 
A = 0 is an eigenvalue of (19.3), (19.9) and the corresponding eigenfunction 
is (j)Q{x) = 1 — X. 
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If A ^ 0, then once again we replace A by and note that the general 
solution y{x) = + C 2 e~'^^^ of (19.3) satisfies the boundary conditions 

(19.9) if and only if 


(ci + C 2 ) + — C 2 ) = 0 

cie*^ + 026 "*'^ = 0. 


(19.10) 


The System (19.10) has a nontrivial solution if and only if 
(1 + iy)e~''^ ~ (1 ~ = 0 , 


which is équivalent to 

tan fJL = y.. (19.11) 

To find the real roots of (19.11) we graph the curves y = and y = tan/i 
and observe the values of y, where these curves intersect. 


y 



From Figure 19.1 it is clear that the équation (19.11) has an infinité 
number of positive roots n = 1,2, • • • which are approaching the odd 
multiples of 7r/2, i.e., ~ (2n+l)7r/2. Further, since the équation (19.11) 

remains unchanged if y is replaced by —y^ we find that the only nonzero 
real roots of (19.11) are yn — ±(2n + l)7r/2, n = 1,2, • • •. 
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Thus, the problem (19.3), (19.9) also has an infinité number of eigenval- 
ues, Aq = 0, Xn — (2n + l)^7r^/4, n = 1, 2, • • •. Further, from (19.10), since 
C 2 = — for these A„, n > 1 the corresponding nontrivial solutions of 

the problem (19.3), (19.9) are 

yix) = = -2cie*^sin v^(l - x). 

Hence, the eigenfunctions of (19.3), (19.9) are 
4>o{x) = l - X 

(l)nix) = smy/X^{l - x), n = l,2,---. 

From Example 19.1 it is clear that the problem (19.3), (19.4) has an in¬ 
finité number of real eigenvalues A„, which can be arranged as a monotonie 
increasing sequence Ai < A 2 < • • • such that A„ ^ 00 as n ^ 00 . Also, 
corresponding to each eigenvalue A„ of (19.3), (19.4) there exists a one- 
parameter family of eigenfunctions 4>n{x), which has exactly (n — 1) zéros 
in the open interval (0, tt). Further, the eigenfunctions 4>n{x) = sinna:, n = 
1,2, •• • of (19.3), (19.4) are orthogonal in (0,7r) with the weight function 
r{x) = 1. Clearly, these properties are also valid for the problem (19.3), 
(19.9). In fact, these properties hold for the general regular Sturm-Liouville 
problem (19.1), (19.2). We shah State these properties as theorems and 
prove the results. 

Theorem 19.1. The eigenvalues of the regular Sturm-Liouville prob¬ 
lem (19.1), (19.2) are simple; i.e., if A is an eigenvalue of (19.1), (19.2) 
and (pi (x) and (p 2 (x) are the corresponding eigenfunctions, then (pi (x) and 
(p2{x) are linearly dépendent. 

Proof. Since (pi{x) and (p 2 {x) both are solutions of (19.1), we hâve 

{p{x)(p'iy + q{x)(pi + Xr{x)(pi = 0 (19.12) 

and 

(p(x)(/) 2 )' -I- q{x)(p2 + Xr{x)(p2 = 0. (19.13) 

Multiplying (19.12) by 02, and (19.13) by (pi and subtracting, we get 

(p2{p{x)(p'iy - {p{x)(p'2)'(pi = 0. (19.14) 


However, since 

[4>2{p{.x)(p'-^) - (p{x)(p'2)(pl]' 

= (p2{p{x)(p’iy + (p2{p{x)(p'i) - {p{x)(p2y(pl - {p{x)(p2)(p'i 
= (p2{p{x)(p'iy - (p(a:) 02 )'</'! 
from (19.14) it follows that 

[02(p(a;)0i) - (p(a;)02)0i]' = 0 
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and hence 

p(a;)[(/) 2 (/)i — </> 2 <^i] = constant = C. (19.15) 

To find the value of C, we note that (pi and (f )2 satisfy the boundary condi¬ 
tions, and hence 

ao<(>i(a) -I- ai(^j(a) = 0 
ao(j)2ia) + a2<('2(«) = 0^ 

which implies (j)i{a)cj) 2 {a) — (j> 2 {ct)(l)i{a) = 0. Thus, from (19.15) it follows 
that 

p(a;)[(/) 2 <(>i — (/> 2 ^i] = 0 for ail x G [a,/3]. 

Since p{x) > 0, we must hâve (/) 2 ^i — (t>24>i = 0 for ^ ^ [o,/3]. But, this 
means that pi and p 2 are linearly dépendent. I 

Theorem 19.2. Let A„, n = 1,2, ••• be the eigenvalues of the reg- 
ular Sturm-Liouville problem (19.1), (19.2) and pn{x), n = 1,2,-- - be 
the corresponding eigenfunctions. Then, the set {((>„(a;) : n = 1,2, • • •} is 
orthogonal in [a,/3] with respect to the weight function r{x). 

Proof. Let Afe and A^, {k ^ £) be eigenvalues, and pk{x) and pe{x) be 
the corresponding eigenfunctions of (19.1), (19.2). Since pk{x) and pe{x) 
are solutions of (19.1), we hâve 

{p{x)p'^y + q{x)pk + Xkr{x)pk = 0 (19.16) 

and 

{p{x)p'iy + q{x)pi + Xer{x)pe = 0. (19.17) 

Now following the argument in Theorem 19.1, we get 

[pi{p{x)p'^) - {p{x)pg)pky + (Afc - Xi)r{x)pkpi = 0, 


which on intégration gives 


fP 0 

{Xi-Xk) r{x)pk{x)pe{x)dx = p{x)[pi{x)p',,{x) - p'i{x)pk{x)] ■ 

Je “ 

(19.18) 

Next since pk{x) and pi{x) satisfy the boundary conditions (19.2), i.e.. 


aopk{a) + aip'^.{a) = 0 , dopkiP) + dip'^.{f3) = 0 

aopi{a) + aip'iia) = 0 , dopeiP) + dipi{(3) = 0 

it is necessary that 

pk{a)p'i{a) - p'k{a)pi{a) = pk{P)P'i{(i) - p'k{P)Pi{(d) = 0. 

Hence, the identity (19.18) reduces to 

{Xi-Xk) / r{x)pk{x)pi{x)dx = 0. (19.19) 
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However, since ^ Afc, it follows that r{x)4)k{x)4>i{x)dx = 0. ■ 

Corollary 19.3. Let Ai and A 2 be two eigenvalues of the regular 
Sturm-Liouville problem (19.1), (19.2) and and 4'2{x) be the corre- 

sponding eigenfunctions. Then, 4>i{x) and (1)2(x) are linearly dépendent if 
and only if Ai = A 2 . 

Proof. The proof is a direct conséquence of equality (19.19). ■ 

Theorem 19.4. For the regular Sturm-Liouville problem (19.1), (19.2) 
the eigenvalues are real. 

Proof. Let A = a + be a complex eigenvalue and (j){x) = iJ,{x) + iu{x) 
be the corresponding eigenfunction. Then, we hâve 

{p{x){^ + il))')' + q{x){pL + iu) + (a + ib)r{x){p + ii)) = 0 


and hence 
and 


{p{x)fj,'y + q{x)fi + {apL — hv)r{x) = 0 


{p{x)v'y + q{x)v + {bp + av)r{x) = 0. 

Now following exactly the same argument as in Theorem 19.1, we get 
0 

0 = p{x){vp' — d'p) = / [—{ap — bv)vr{x) + {bp + aD)pr{x)]dx 

“ Ja 

f0 

= b r{x){v^{x) + p^{x))dx. 

J Oi 

Hence, it is necessary that 5 = 0, i.e., A is real. ■ 


Since (19.3), (19.9) is a regular Sturm-Liouville problem, from Theorem 
19.4 it is immédiate that the équation (19.11) has only real roots. 


In the above results we hâve established several properties of the eigen¬ 
values and eigenfunctions of the regular Sturm-Liouville problem (19.1), 

(19.2) . In ail these results the existence of eigenvalues is tacitly assumed. 
We now State the following very important resuit whose proof involves some 
advanced arguments. 

Theorem 19.5. For the regular Sturm-Liouville problem (19.1), 

(19.2) there exists an infinité number of eigenvalues A„, n = 1,2,- 
These eigenvalues can be arranged as a monotonically increasing sequence 
Al < A 2 < • • • such that A„ ^ 00 as n ^ 00 . Further, eigenfunction (j)n{x) 
corresponding to the eigenvalue A„ has exactly (n — 1) zéros in the open 
inter val {a, P). 

The following examples show that the above properties for singular 
Sturm-Liouville problems do not always hold. 
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Example 19.3. For the singular Sturm-Liouville problem (19.3), 

y{0) = 0, |y(a;)| < M < oo for ail x G (0,oo) 

each A G (0, oo) is an eigenvalue and sin '/Xx is the corresponding eigenfunc- 
tion. Thus, in comparison with the regular problems where the spectrum 
is always discrète, the singular problems may hâve a continuons spectrum. 

Example 19.4. Consider the singular Sturm-Liouville problem (19.3), 

y{-TT) = y(7r), y\-Tr) = y'(7r). (19.20) 

This problem has eigenvalues Aq = 0, Xn = n^, n = 1,2, ■ ■ ■. The eigenvalue 
Aq = 0 is simple and 1 is the corresponding eigenfunction. The eigenvalue 
Xn = , n > 1 is not simple and two independent eigenfunctions are sin nx 

and cosnx. Thus, in contrast with regular problems where the eigenvalues 
are simple, there may be multiple eigenvalues for singular problems. 

Finally, we remark that the properties of the eigenvalues and eigenfunc¬ 
tions of regular Sturm-Liouville problems can be extended under appro- 
priate assumptions to singular problems also in which the function p{x) is 
zéro at a or /?, or both, but remains positive in {a, (3). Some examples of 
this type are given in Problems 19.13- 19.18. 


Problems 

19 . 1 . The deflection y of a uniform column of length a under a 
constant axial load p is governed by the boundary value problem 

= y{0)=y{a) = 0 

here E is Young’s modulus, and I is the moment of inertia of the column. 
Find the values of p for which this problem has nontrivial solutions. The 
smallest such value of p is the upper limit for the stability of the unde- 
flected equilibrium position of the column. (This problem with different 
terminology is the same as (15.4)). 

19 . 2 . Find the eigenvalues and eigenfunctions of the problem (19.3) 
with the boundary conditions 

(i) y(0) = 0, y\P) = 0 

(ii) y'(0) = 0, y(/3) = 0 

(iii) y'(0) = 0, y'(/3) = 0 

(iv) y(0) = 0, y{/3) + y'{P) = 0 

(v) y(0) - y'(0) = 0, y'{P) = 0 
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(vi) y(0) - î/'(0) = 0, y{(3) + y'(P) = 0. 


19 . 3 . Find the eigenvalues and eigenfunctions of each of the following 
Sturm-Liouville problems: 


(i) y'' + Xy = 0, y(0) = y(7r/2) = 0 

(ii) y” + (1 + X)y = 0, î/(0) = y{Tr) = 0 

(iii) y” + 2y' + (1 - X)y = 0, î/(0) = y(l) = 0 

(iv) {x^ÿ)' + Xx-'^y = 0, y(l) = y(2) = 0 

(v) x'^y” + xy' + (Ax^ - (l/4))y = 0, î/(7r/2) = 2/(37r/2) = 0 

(vi) ((x^ + l)î/')'+ A(x 2 + l)"iy = 0, y(0) = 2/(1) = 0. 


19 . 4 . Find the eigenvalues and eigenfunctions of the boundary value 
problem 


y” + Aî/ = 0, 2/'(0) = 0, hy{P) + kPy'{P) = 0. 


Further, show that the set of ail its eigenfunctions is orthogonal on [0,/3]. 

19 . 5 . Consider the boundary value problem 


x'^y" + xy' + Xy = G, l<x<e 
2/(1) = 0, 2 /(e) = 0. 


(19.21) 


(i) Show that (19.21) is équivalent to the Sturm-Liouville problem 



(19.22) 


2/(1) = 0, 2/(e) = 0. 


(ii) Verify that for (19.22) the eigenvalues are A„ = rpir'^, n = 1,2,--- 
and the corresponding eigenfunctions are 4 >n{x) = sin(n 7 rlnx). 

(iii) Show that 



m n 
m = n. 


19 . 6 . Verify that for the Sturm-Liouville problem 


{xy'Y + -2/ = 0, 1 < X < 

X 

2/'(l) = 0, 2/'(e2-) = 0 


the eigenvalues are A„ = n^/4, n = 0,1, • • • and the corresponding eigen¬ 
functions are (j)n{x) = cos ( " ) . Show that 
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19 . 7 . Consider the DE in Problem 6.4 with n = 4, i.e., 

x^y” + k^y = 0. (19.23) 

(i) Verify that the general solution of (19.23) is 

f . k k 

y(x) = X A cos — h Bsin — 

\ X X 

(ii) Find the eigenvalues and eigenfunctions of the Sturm-Liouville prob¬ 
lem (19.23), y{a) = y{l3) =0, 0 < a < p. 

19 . 8 . Show that the problem 

y'' -4Xy' + 4X^y = 0, 2/(0) = 0, //(l) + 2 /'(l) = 0 

has only one eigenvalue, and find the corresponding eigenfunction. 

19 . 9 . Show that for the singular Sturm-Liouville problem (19.1), 
(14.9) with p{a) = p(/3) eigenfunctions corresponding to different eigenval¬ 
ues are orthogonal in [a,/?] with respect to the weight function r(x). 

19 . 10 . Solve the following singular Sturm-Liouville problems: 

(i) y” -I- Aî/ = 0, 2/^(0) = Oj \y{^)\ < oo for ail x e (0, oo) 

(ii) y" + Xy = 0, | 2 /(x)| < oo for ail a: € (— 00 , 00 ). 

19 . 11 . Find the eigenvalues and eigenfunctions of the problem 


y(4) -Xy = 0 (19.24) 

with the boundary conditions 

(i) 2/(0) = 2/"(0) = y{P) = y" {P) = 0 (19.25) 

(ii) 2/(0) = 2/'(0) = y" {P) = ÿ"{P) = 0 (19.26) 

(iii) 2/(0) = 2/'(0) = 2/(/3) = 2/'(/3) = 0. (19.27) 

19 . 12 . Find the eigenvalues and eigenfunctions of problem 

y(4) + Xy” = 0 (19.28) 


with the boundary conditions (19.25). Further, show that (19.28), (19.26) 
is not an eigenvalue problem. 

19 . 13 . Consider the singular Sturm-Liouville problem 


(1 - x^)y'' - 2xy' + Xy = ((1 - x'^)y'y + Xy = 0 
lim y{x) < 00 , lim y{x) < 00 . 

X —>■— 1 X —>-1 


(19.29) 

(19.30) 
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Show that the eigenvalues of this problem are A„ = n(n+1), n = 0,1,2, • • • 
and the corresponding eigenfunctions are the Legendre polynomials (x). 

19 . 14 . Consider the singular Sturm-Liouville problem (19.29), 

î/'(0) = 0, lim y{x) < oo. (19.31) 

X^l 

Show that the eigenvalues of this problem are A„ = 2n{2n + 1), n = 
0,1,2, • • • and the corresponding eigenfunctions are the even Legendre poly¬ 
nomials P 2 n{x). 

19 . 15 . Consider the singular Sturm-Liouville problem (19.29), 

î/(0) = 0, lim y{x) < oo. (19.32) 


Show that the eigenvalues of this problem are A„ = (2n -|- l)(2n -1-2), n = 
0,1,2, • • • and the corresponding eigenfunctions are the odd Legendre poly¬ 
nomials P 2 n+l{x). 


19.16. Consider the singular Sturm-Liouville problem 

y” - 2x2/' + Ay = 0 = + Ae"“"î/ 


(19.33) 


y(x) ^ 

lim , ,, < oo. 


lim 


y(x) 


< oo for some positive integer k. 


X—> —oo |x| æ—too X 

(19.34) 

Show that the eigenvalues of this problem are A„ = 2n, n = 0,1, 2, • • • and 
the corresponding eigenfunctions are the Hermite polynomials iï„(x). 


19.17. Consider the singular Sturm-Liouville problem 
xy" -|- (1 — x)y' + Ay = 0 = (xe~^y')' + Ae~^y 


(19.35) 


lim |î/(x)| < oo, lim 


y{x) 


x^O 


x^oo X 


< oo for some positive integer k. 


(19.36) 

Show that the eigenvalues of this problem are A„ = n, n = 0,l,2,-- - and 
the corresponding eigenfunctions are the Laguerre polynomials L„(x). 

19.18. Let a > 0 be fixed, and n = 0,1,2, • • • be the zéros of the 
Bessel function Jq(x). Show that the singular Sturm-Liouville problem 


x^y” + xy' + {Ax^ — a^)y = 0 = {xy')' -I- ( Ax — 


(19.37) 


lim y{x) < oo, y(l) = 0 

X— 


(19.38) 
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bas the eigenvalues A„ = 6^, n = 0,1, 2, • • • and the corresponding eigen- 
functions are Ja{bnx). 

19 . 19 . Let Xk be an eigenvalue of the regular Sturm-Liouville problem 
(19.1), (19.2) and (j)k{x) be the corresponding eigenfunction. Show that 

^ -p{x)MxWk{x)\t + Xf - <l{x)4’Ux)] dx 

Xf r{x)(l)l{x)dx 

This expression is called Rayleigh quotient. From this quotient it follows 
that 

(i) Afe > 0 if -p{x)(j)k{x)(j)'^{x)f^ > 0 and q{x) < 0, a; e [a,/3] 

(ii) the minimum value of the Rayleigh quotient over ail continuons fonc¬ 
tions satisfying the conditions (19.2) is the smallest eigenvalue Ai. 


Answers or Hints 


19 . 1 . n^TT^EI/a^, n = l,2, •••. 



(iii) \ ^ is a solution of 

tan A/3 -I- A = 0, sinA„a; (v) A^, where A = A„ is a solution of cot A/3 = 
A, sinA„a; -I- A„cosA„a; (vi) A^, where A = A„ is a solution of tan A/3 = 
2A/(A^ — 1), sin A„a;-I-A„ cos A„a;. 

19 . 3 . (i) 4n^, sin 2nx (ii) n^—1, sin nx (iii) —n^7r^, sin riTrx (iv) 4n^x 
TT^, sin2n7r(l —i) (v) n^, ^sinn(x—f) (vi) 16n^, sin(4ntan“^ x). 

19 . 4 . A„ = a^/0^ where is a root of a tan a = h/k, cos 

19 . 5 . Verify directly. 

19 . 6 . Verify directly. 

19 . 7 . (i) Verify directly (ii) kn = ^j^, æsin . 

19 . 8 . -1, xe-2^. 

19 . 9 . Use (19.18). 

19 . 10 . (i) A > 0, (j){x) = cos\^Xx (ii) A > 0, (j){x) = Cl cos 0Xx + 
C2 sin ^/Xx. 
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19.11. (i) A„ = = sin 

(ii) Xn = (fin/P)'^ where is the n-th root of the équation cosh/rcos/r- 


1 = 0 , 


cosh{finx/f3) — cos{finx//3) sinh{fj.nX / /3)—sin{finx/13) 

cosh/in+cos/in sinh/in+sin/in 

(iii) A„ = (/r„//3)^ where is the n-th root of the équation cosh /j, cos fi — 


1 = 0 , 


COs(/inX//3)—COSh(/inlc//5) 

COS /in —cosh fin 


19.12. A„ = pnix) = sin 

19.13. See Lecture 7. 

19.14. See Lecture 7. 

19.15. See Lecture 7. 

19.16.See Lecture 8. 


sin{finx/f3) — sinh{finx/f3) 

sin fin —sinh fin 


n-KX 

/3 • 


19.17.See Lecture 8. 

19.18. See Lectures 9 and 13. 

19.19. Multiply (19.16) by (j>k{x) and integrate over [a,/?]. 











Lecture 20 

Eigenfunction Expansions 


Often we need to expand a given function in ternis of other functions 
with specified exactness so as to be able to compute it in practice. In this 
and the next lecture we shall show that the sets of orthogonal polynomials 
and functions we hâve provided in earlier lectures can be used effectively 
as the basis in the expansions of general functions. 

The basis {e^, • • •, e"} (e^ is the unit vector) of R” has an important 
characteristic—namely, for every u G R” there is a unique choice of con¬ 
stants for which u = Further, from the orthonor- 

mality of the vectors e*, 1 < i < n we can déterminé 1 < i < n as 

follows: 



Thus, the vector u has a unique représentation u = < u, e® > e®. 

A natural generalization of this resuit which is widely applicable and 
has led to a vast amount of advanced mathematics can be stated as follows: 
Let {(j)n{x)^ n = 0,1, 2, • • •} be an orthogonal set of functions in the interval 
[a, (3\ with respect to the weight function r{x). Then, an arbitrary function 
f{x) can be expressed as an infinité sériés involving orthogonal functions 
(j>n{x), n = 0,1,2,-•• as 



( 20 . 1 ) 


It is natural to ask the meaning of equality in (20.1), i.e., the type of 
convergence, if any, of the infinité sériés on the right so that we will hâve 
some idea as to how well this represents f{x). We shall also détermine the 
constant coefficients c„, n = 0,1, 2, • • • in (20.1). 

Let us first proceed formally without considering the question of con¬ 
vergence. We multiply (20.1) by r{x)(j)rnix) and integrate from a to /3, to 
obtain 



R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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Thus, under suitable convergence conditions the constant coefficients c„, 
n = 0,1, 2, • • • are given by the formula 


c„ = y r{x)(j)n{x)f{x)dx / 


( 20 . 2 ) 


However, if the set {(j)n{x)} is orthonormal, so that \\cj)n\\ = 1, then we hâve 

r/3 

(20.3) 


Cn= f r{x)(j)nix)f{x)dx. 
J a 


If the sériés Cn<^n(x) converges uniformly to f(x) in [a,/3], then 

the above formai procedure is justified, and then the coefficients c„ are 
given by (20.2). 

The coefficients c„ obtained in (20.2) are called the Fourier coefficients 
of the function f{x) with respect to the orthogonal set {(j)n{x)} and the 
sériés Cn4’n(x) with coefficients (20.2) is called the Fourier sériés of 

f{x). 

We shall write 

OO 

n—0 

which, in general, is just a correspondence, i.e., often f{x) yf c-n4>n{x), 

unless otherwise is proved. 


Fourier cosine sériés. In Lecture 12, we hâve seen that the set 



is orthonormal on 0 < a; < tt. Thus, for any piecewise continuous function 
f{x) on 0 < X < TT, 


f{x) 


OO 

Co'poix) + ^ Cn(t>n{x) 
n—1 


OO nr 

cq / 2 

+ / Cn A / — COS nx 

A /TT ■‘i-—^ V TT 


where 


1 2 

cq = / f{t)—j=dt^ Cn= f{t)\ —cos ntdt, n>l. 
Jo 'd'x Jo V tt 


Hence 
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which can be written as 


OO 

f{x) ~ Y + ^a„cosnx, (20.4) 

n—1 


where 


2 

an=— f{t) cos ntdt, n > 0. 
TT Jo 


The sériés (20.4) is known as the Fourier cosine sériés. 


(20.5) 


Example 20.1. We shall find the Fourier cosine sériés of the function 
f{x) = X, 0 < X < n. Clearly, 


2 r 2 r 

oo = — / tcosOtdt = — tdt = -K, 

J0 ^ Jo 


2 r ,2 

sin nt 

TT /»7r . , 1 

/ sinnt . 


ün = — t COS ntdt = — 

t - 

- / - 

—dt 


J 0 tt 

n 

S 

O 

O 



2 

O 

1 

O 

cos nTT — 1 

2 (-1)" - 1 

TT 

n 

n^ 

TT 

n^ 


Thus, from (20.4), we hâve 


X 


OO 



2 (- 1 )" - 1 
TT V? 


COS nx, 


0 < a; < TT. 


Fourier sine sériés. Recall that the set 


(pnix) = \ — sinnx, n=l,2,- 


is orthonormal on 0 < a; < tt. Thus, for any piecewise continuons function 
f{x) on 0 < a; < TT, 


f{x) ~ Cn\l -smnx, 

V TT 


where 


r fit) 

Jo 


sin ntdt, n > 1. 


Again we can rewrite it as 


fix) ~ y] bn sin nx, 

n—1 


( 20 . 6 ) 
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where 

2 

bn = — f{t)sinntdt, n>l. (20.7) 

TT J O 

This représentation of f{x) is called the Fourier sine sériés. 

Example 20.2. We shall find the Fourier sine sériés of the function 

0 < a; < tt/2 
(0, tt/2 < X < TT. 

Clearly, for n > 1 

2 r , 2 , 4 

bn = — f(t)sinntdt = — / 2sinntdt = — 

TT 7o TT 7o TT 

Thus, 


— cos(n7r/2) + 1 




n—1 


1 — cos(n7r/2) 


sinnx, Q < x < tt. 


Fourier trigonométrie sériés. In Lecture 12, we hâve verified 
that the set 


4>o{x) = -^=, (j) 2 n-i{x) = -^cosnx, (j) 2 n{x) = ^sinnx, n = 1,2,- 
V27r ^TT \/tt 


is orthonormal on —tt < x < tt. Thus, for any pieeewise continuons function 

f{x) on —TT < X < TT, 


fix) 


cq 


E 

n—1 


cosnx smnx 
C2n-1 - 1= -1" C2n- T=^ 


where 


C2n-1 — 


r 1 

/ f {t)—= cos ntdt, n>l 
J-TT 

r 1 

C2n = / f (t) sin ntdt, n > 1. 

J-TT 

On rewriting the above relation, we hâve the Fourier trigonométrie sériés 


fix) 


ao 


+ cos nx + bn sin nx). 


n—1 


( 20 . 8 ) 
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where 


«n = 


bn. — 


1 r 

— / f{t) cos ntdt, n>0 
TT J-TT 

1 r 

— / f(t)smntdt, n > 1. 
TT J-TT 


For our later use we note the following relations: 


Cq — 2^^’ ^2n — l — C2n — 


(20.9) 


( 20 . 10 ) 


Example 20.3. We shall find the Fourier trigonométrie sériés of the 
function 

1, — TT < a; < 0 

X, 0 < X < TT. 


f(x) = 


From (20.9), we hâve 


Gj2 - 

TT 


f{t) cos ntdt = — 


i f° 1 r 

1 • cos ntdt H — / t cos ntdt 

TT TT 


/O 


= 0 + 1 

TT 


t sin nt cos nt 


1 ^(- 1 )^ - 1 
TT 


n > 1 


1 


TT 


gq = — 1 • ldi H — / t ’ Idt = 1 H— 


bn — 

TT 


rO 


’ —TT 

Hence, we hâve 


1 • sin ntdt H — / t sin ntdt = 
TT ./n 


-l + (l-7r)(-l)' 


nvr 


n > 1. 


/(a;) 


1 + 


E 


(-1)"-1 -l+(l-7r)(-l)’' 

-r-cos nx H- 


sin nx 


— TT < X < TT. 


It is clear that the constants a„, bn for the Fourier trigonométrie sé¬ 
riés are different from those for the Fourier cosine and Fourier sine sériés. 
However, if the function f{x) is odd, then since 

1 

an= — fit) cosntdt = 0, n > 0 
TT J-tt' 


1 2 

bn = — fit) sinntdt = — / /(t) sin ntdt, n > 1 

^ J-TT Jo 
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the Fourier trigonométrie sériés reduces to the Fourier sine sériés. Thus, 
we conclude that if f{x) is odd, or defined only on (0, tt) and we make its 
odd extension then the Fourier sine sériés (20.6) holds on (—7r,7r). Exactly, 
in the same way if /(x) is even, or defined only on (0,7r) and we make its 
even extension then since 

1 /.TT 2 

an = — f (t) cos ntdt = — / f{t) cos ntdt, n>0 

TT J-TT TT Jo 


1 r 

bn = — fit) sinntdt = 0, n > 1 
TT J-TT 

the Fourier trigonométrie sériés reduces to the Fourier cosine sériés. 

Finally, we remark that if the pieeewise continuous function /(x) is 
defined on —a < x < a, then its Fourier trigonométrie sériés (20.8) takes 
the form 


/w ~ f+i:( 


riTïx mrx N 

a„ cos-h bn sin 


where 


2 

n—l 

a 


O^n — ~ 

a , 

f fit) 

J —a 

nirt 

cos- dt, 

a 

n > 0 

bji = — 

a ^ 

r fit) 

> —a 

. nirt - 

sin- dt^ 

a 

n > 1. 


) 


( 20 . 11 ) 


( 20 . 12 ) 




Lecture 21 

Eigenfunction Expansions 
(Cont’d.) 


In this lecture also, we shall expand a given function in ternis of or¬ 
thogonal polynomials and functions we hâve provided in Lectures 12 and 


13. 


Fourier—Legendre sériés. We hâve proved that the set of Leg¬ 
endre polynomials {(f)n{x) = Pn{x), n = 0 , 1 , • • •} is orthogonal on [— 1 , 1 ] 
with r{x) = 1. Also, 


||P„f = 

Thus, for any piecewise continuons function f{x) on —1 < x < 1 the 
Fourier-Legendre sériés appears as 


fix) ~ ^c„P„(x), (21.1) 

n—0 


where 


2n -I- 1 


Cn — 


J Pn{x)f{x)dx, n > 0. 


( 21 . 2 ) 


Example 21.1. For the function f{x) = cos( 7 rx/ 2 ) (recall explicit form 
of Pq{x), Pi{x), P 2 {x), Psix) and P 4 {x)) it is easy to find from (21.2) that 


2 10 

co =-, ci=0, C 2 =- -{12 

TT TT'^ 

1 8 

C3 =0, C4 = —r{'ïï'^ — ISOtt^ -I- 1680), cs = 0. 

7r° 


Hence, the Fourier-Legendre sériés of the function f{x) = cos{'kx/2) up to 
P 4 {x) in the interval [— 1 , 1 ] is 

O 1 n 1 O 

—Po{x) - 7(12 — tt^)P 2 {x) H- t{'k‘^ — ISOtt^ -|- 1680 )P 4 (a;). 

TT TT'^ 7r° 


Note that P 2 m{x) is an even function, whereas ^ 2771 - 1 - 1 ( 2 ;) is odd. So, if 
f{x) is even or defined on ( 0 , 1 ) and we make its even extension, then the 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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Fourier-Legendre sériés (21.1) reduces to 

CXD 

f{x) ~ ^C 2 ™P 2 m(a^), (21.3) 

m—0 

where ^ 

C 2 m = (4m + 1) / P 2 m{x)f{x)dx, m > 0. (21-4) 

Jo 

In our previous example the function f(x) = cos(7rx/2) is even, and hence 
ail odd Cn’s are zéro. 

Similarly, if f(x) is odd or defined on (0,1) and we make its odd exten¬ 
sion, then the Fourier-Legendre sériés (21.1) reduces to 

OO 

f(x) ~ ^ C2m+1^2m+l (^) i (21.5) 

m=0 


where ^ 

C 2 m+i = (4m + 3) [ P 2 m-\-i{x)f{x)dx, m>0. (21.6) 

Example 21.2. For the function 


gix) 


0, — 1 < a; < 0 

x, 0 < a; < 1 


dénoté the Fourier-Legendre sériés by ^nPn{x). Then, since the func¬ 

tion 


./N /N Plix) f . X 

f{x) = 9{x) - — = g{x) - - 

is even, in the expansion 


—xj2, —1 < X < 0 

x/2, 0 < X < 1 


f{x) ~ ^ CnPn{x) - 

n—0 


2 


the odd Fourier coefficients are zéro, i.e.. 

Cl -1=0, C3 = 0, C5 = 0, •••. 


Hence, the expansion of the function g{x) reduces to 
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Fourier—Chebyshev sériés. We hâve shown that the set of 
Chebyshev polynomials {(f)n{x] = Tn{x), n = is orthogonal in 

[—1,1] with r{x) = (1 — Also, 

||r„f = 1^1 - = I 

Thus, for any piecewise continuons function f{x) on —1 < a; < 1 the 
Fourier-Chebyshev sériés appears as 

OO 

/(x) - ^c„r„(x), (21.8) 

n=0 


where 

2dn r fi^)Tn{x) , 1 , , _ , 

Cn — / y-- dx., dç) — , dfi — 1, TT. ^ 1. (21.9) 

TT y/l - 2 

Fourier—Hermite sériés. Following the argument in the earlier 
cases this sériés over the interval (— 00 , 00 ) appears as 

00 

f{x) ~ ^c„iï„(x), (21.10) 

n—0 


where 


Cn — 


1 r 

2" n! y/ïr 


e “ f{x)Hn{x)dx, n > 0. 


( 21 . 11 ) 


Fourier—Bessel sériés. Let m > 0 be a fixed integer and let 
{bn, n = 0, 1, • • •} be the zéros of the Bessel function Jm{x). In Lecture 13 
we hâve seen that the set {Jm{bnx), n = 0,1, • • •} is orthogonal on [0,1] 
with respect to the weight function x, i.e., 

/•i f 0, 

/ xJm{bpX)Jm{bqX)dx = ^ 1 

■>0 [ ^Jm+l{Op), q = p. 

Now following the argument in the earlier cases the Fourier-Bessel sériés 
can be written as 


where 


/(x) ~ ’^CnJmibnX), X G [0, 1] (21.12) 


n—0 


Cn — 


-'O 


/ xJm{bnx)f{x)dx, n > 0. 

Jo 


1 


(21.13) 
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We also remark that with little adjustment the above sériés can be 
written over the interval [0, c] instead of [0,1]. Indeed, if {a„, n = 0,1, • • •} 
are the positive roots of the équation Jm{ac) = 0 , then ( 21 . 12 ) can be 
written as 

OO 


where 


î{x) ~ 

^ ^ C-n, t/ïTT, (û- 7 ï,x) , X Ç: [0, c] 

(21.14) 


n—0 


2 

/ xJm{o.nx)f{x)dx^ n > 0 . 

Jo 

(21.15) 

"" “ cV^+i(a„c) 


Our last two examples illustrate how the eigenfunctions of a regular 
Sturm-Liouville problem can be used to expand a given function. 


Example 21.3. To obtain the Fourier sériés of the function /(x) = 1 in 
the inter val [ 0 , tt] in terms of the eigenfunctions 4>nix) = sin nx, n = 1 , 2 , • • • 
of the eigenvalue problem y” + Xy = 0, y{0) = y{n) = 0 (see Example 19.1) 
we recall that 





sin^ nxdx = —. 

2 


Thus, it follows that 


Cn — 


11 ^^ 

Hence, we hâve 


1 2 f'^ 2 

— 7-77 / f(x) sin nxdx = — / sin nxdx =—(1 — 1 )”). 


4 ^ 1 

1 = 


say. 


(21.16) 


Example 21.4. We shall obtain the Fourier sériés of the function 
/(x) = X — x^, X G [0,1] in terms of the eigenfunctions 4>o{x) = 1 — x, 
4>n{x) = sin \/Â)K(l — x), n = 1, 2, • • • of the eigenvalue problem y" + Xy = 
0, y(0) + y'(0) = 0, y{l) = 0 (see Example 19.2). For this, we note that 


Uof = {l-xŸdx= i 
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where we hâve used the fact that tan V%i" = V%î- 
Thus, it follows that 

cq = 3 / {1 — x){x — x^)dx = 

Jo 

/ {x — x^) sin \/Â^(l — x)dx 
Jo 


and for n > 1, 
2 


sin^ 


sin^ 

-2 


(x — x^) 


cos ^/X^{l — x) 


y/~Xn sin y/~Xn 
-2 


(l-2a;) 


V 0 -^0 

sin \/}^{l — x) 


- / (l-2a:) 
Jo 


cos y/Xi'i{l — x) 

y/ 


dx 


a/ 




0 -^0 




sinV%î 2 cos V%î(l — 2 ;) 


sin^ y/X^ I y/TX VX^ VXX 

_2 r 

sin - 2 + 2 cos \/Â^ 


A„ cos \/Â^ — 2 + 2 cos \/Â^ 


2 (2 + Ati) cos \/\n 


xil'^ SW? ^JXX - 
-2 

A^'^^sin^VÂ^ ■ 

2 

A^'^^ sin^ '■ 

Hence, we hâve 

~ + “372 - - (2-(2 + An)cos^Æ)sin v^(l-a;) 

4 XX sin^ XXX 

= F 2 (x), say. (21.17) 


Problems 

21 . 1 . Find the Fourier cosine sériés on the interval 0 < x < tt of each 
of the following functions: 

(i) /(x)=x2 (ii) /(x) = I (iii) /(x) = cosx. 

21 . 2 . Find the Fourier sine sériés on the interval 0 < x < tt of each of 
the following functions: 

(i) /(x) = 1 (ii) /(x) = TT - X. 
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21 . 3 . Find the Fourier sine sériés on the interval 0 < x < tt of each of 
the functions (i)-(iii) given in Problem 21.1. 


21 . 4 . Find the Fourier trigonométrie sériés of each of the following 
functions: 


(i) 

II 

0 

— TT < X < 0 
0 < X < TT 

(iii) 

II 

H 

1 

yï 

— TT < X < 

(v) 

/(x) = X^, 

— TT < X < TT 

(vii) 

II 

H 

— TT < X < TT. 


(ii) 

f(x) = <j 

' 1, 

— TT < X < 0 
0 < X < TT 

(iv) 

f(x) = 


— TT < X < TT 



f X, 

— TT < X < 0 

(vi) 

fix) = \ 

2, 

H 

II 

0 


e ^, 0 < X < TT 


Further, for each sériés sum a few terms graphically, and compare with 
the function expanded. 


21 . 5 . Find the Fourier trigonométrie sériés of each of the following 
functions: 


[ 0, - 2 < X < -1 

(i) /(x) = x^, 0 < X < 27r (ii) f(x) = < 1, —l<x<l 

[ 0, 1 < X < 2. 

21 . 6 . Establish the identities sin^ x = (3/4)sinx — (l/4)sin3x and 
cos^x = (3/4) cos X + (1/4) cos 3x. Prove that in each case expression on 
the right-hand side is the Fourier sériés for the function on the left-hand 
side. 


21 . 7 . Let /(x) be a periodic function with period 27r such that its 
Fourier coefficients exist. Suppose further that /(tt — x) = /(x) for ail x. 
Show that ün = 0 when n is odd and = 0 when n is even. 

21 . 8 . In the expansion (21.7) find co,C2 and C4. 

21 . 9 . Find the Fourier-Legendre sériés of the function 


f(x) 


0, — 1 < X < 0 

1, 0 < X < 1. 


21 . 10 . Show that the Fourier sériés expansion of the function /(x) = 
TTX — x^, 0 < X < TT in terms of the orthonormal functions çî>„(x) = 


sinnx, 0 < x < tt, 


n = 1,2, • • • can be written as 


E 


—^ 7r(2n — 1)3 


sin(2n — l)x. 
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21.11. Expand the function f{x) = 1 when 0 < a; < c in sériés of 
functions Jo{Xjx), where Xj are the positive roots of the équation Jo{Xc) = 


0 . 


21.12. Expand the function 


[1, 0 < a; < 1 

f{x) = 1/2, a; = 1 

I 0, 1 < a; < 2 


in sériés of Jo{Xjx) where Xj are the roots of Jo(2A) = 0. 

21.13. Expand the function f{x) = x, 0 < a; < 1 in sériés of Ji(Aja;) 
where Xj are the positive roots of Ji(A) = 0. Also find the function repre- 
sented by the sériés in the interval — 1 < a; < 0. 

21.14. Show that 


X 


2 


h 


— 1 < a; < 1 


where A^ are the positive roots of Jo(A) = 0. 


Answers or Hints 


21.1. (i) ^+Er=i 

(iii) cosx. 


4(-l)" 


COS nx 


(ii) è + Er=i 


oo —2sin(n7r/2) 


COS nx 


01 O 4 sin(2n—l)a; r) sinnæ 

Z1,Z, ^ 2^n—l 2n—1 2^n—l n 

21-3- (i) 


21.4. (i) A + ^ (sina; + ^ sinSx + I sin 5a; + • • •) 

(ii) l + f (sinx+isin3a;+Asin5a:H-) (ni) + -sin) 

(iv) f+Er=i^((-l)"-l)cosna;(v) ^ cos, 

(vi) - (^ + f) + i S” r CCS, 

(vii) ^+8X:r=i (^ - ;f) (-l)”cosna;. 


n + l 

5 nx 


sin nx 


471'^ 


21.5. (i) 3 


E“i( 


4 471 • A 

COS nx — — sin nx 

n-^ n ) 
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21.6. Note that 

a„ = sin X cos nxdx ——J sinSx cos nxdx, 

bn = -jf^ sin X sin nxdx — -j sin 3x sin nxdx 

TT 4 J— TT TT 4 J— TT 

and hence a„ = 0, n > 0, bi = ^tt, 62 = 0, 63 = — = 0, n > 4. 

21.7. For n odd, successively, we hâve 

au = i î{x) cos nxdx = ^ /(tt - y) cosn(7r - 2/)(-l)dî/ 


i lo^ f{y)i-^T(^osnydy = f (y) cos nydy 


= Jl^f{y)cosnydy =-au, 

where we hâve used the fact that f{y) cos ny is periodic. Hence, a„ = 0. 

21.8. co = 1/4, C2 = 5/16, C4 = -3/32. 

21.9. From (21.2), cq = 1/2, ci = 3/4, use Problems 7.8(ii) and 7.9(i) 
to get c„ = i(P„_i(0) — P„+i(0)) which in view of Problem 7.2 gives 



n l-3"-(2n—1) 4n+3 
2-4---2n 2n+2 ■ 


21.10. See Example 21.3. 




Jo{Xjx), 0 < X <2. 







Lecture 22 

Convergence of the 
Fourier Sériés 


In this and the next lectures we shall examine the convergence of the 
Fourier sériés of the fimction f{x) to f{x). For this, to make the analysis 
widely applicable, we assume that the functions 4>n{x), n = 0, l,-- - and 
f{x) are only piecewise continuons on [a,/3]. Let the sum of first N + 
1 terms Cn4>n{x) be denoted by Sn{x). We consider the différence 

|<S'Ar(x) — f{x)\ for varions values of N and x. If for an arbitrary e > 0 
there is an integer N{e) > 0 such that |S'Ar(a;) — /(x)| < e, then the Fourier 
sériés converges uniformly to f{x) for ail x in On the other hand, if 

N dépends on x and e both, then the Fourier sériés converges pointwise to 
f{x). However, for the moment both of these types of convergence are too 
demanding, and we will settle for something less. To this end, we need the 
following définition. 

Définition 22.1. Let each of the functions ipn{x), n > 0 and ijjix) be 
piecewise continuons in [a,/3]. We say that the sequence {tpnix)} converges 
in the mean to (with respect to the weight function r(a;)) in the interval 
[a, P] if 


rP 

lim W-ipn —= 1™ / r{x){'ipnix) —'ip{x))'^dx = 0. (22.1) 

n —>00 n —*00 I 

Oi 


Thus, the Fourier sériés converges in the mean to f{x) provided 


lim 
N —►OO 


r{x){SNix) - f{x)Ÿdx = 0. 


( 22 . 2 ) 


Before we prove the convergence of the Fourier sériés, let us consider 
the possibility of representing f{x) by a sériés of the form Yl^=o^ri4>n{x), 
where the coefficients are not necessarily the Fourier coefficients. Let 

N 

TN{x;do,di, - ■ ■ ,dN) = dnpnjx) 

n—0 

and let cn be the quantity ||Tiv — /||. Then, from the orthogonal!ty of the 
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fimctions 4'nix) it is clear that 


Gn — 


l|ÎAf-/lP=/ r{x) (^dn(l}n{x) - fixU dx 

\n=0 / 

N /3 N 0 

/ r{x)(j)l{x)dx-2'^dn r{x)(j)n{x)f{x)d:i 

—n J Oi ^—n J OL 


n—0 


N 


r{x) {x)dx 


N 


Y^diuj^-2j2d^cM\^ + \\ 

n—O n—0 

N N 

X UnW^idn - Cnf - X 


n—0 


n—0 


(22.3) 

Thus, the quantity ejv is least when d„ = c„ for n = 0,1, • • •, Therefore, 
we hâve established the following theorem. 


Theorem 22.1. For any nonnegative integer N, the best approximation 
in the mean to a function f{x) by an expression of the form J2n=o dn4>n{x) 
is obtained when the coefficients dn are the Fourier coefficients of f{x). 


Now in (22.3) let fi„ = c„, n = 0,1, • • •, TV to obtain 

N 

l|5iv-/f =||/f-Xll<^-ll'"- (22-4) 

n—0 

Thus, it follows that 

N 

\\Tn - /f = X Unfidn - - /f. (22.5) 

n—0 

Hence, we find 

0 < WS^-fW < WT^-fl ( 22 . 6 ) 

If the sériés Yl^=odn4>n{x) converges in the mean to /(x), i.e., if 
limAT^oo IjîTv — /Il = 0, then from (22.6) it is clear that the Fourier sériés 
converges in the mean to /(x), i.e., limAr^oo IIS'at — /|| = 0. However, 
then (22.5) implies that 

N 

lim '^\\(j)n\\'^{dn - Cn)'^ = 0. 

N^oo ^' 
n=0 

But this is possible only if cî„ = c„, n = 0,1, • • •. Thus, we hâve proved the 
following resuit. 
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Theorem 22.2. If a sériés of the form d-n(t>n(.x) converges in the 
mean to /(æ), then the coefficients must be the Foncier coefficients of 
î(x). 

Now from the equality (22.4) we note that 

0 < IIW-/II < ||5^-/||. 

Thus, the sequence {IIS'at —/||, A^ = 0,l,---}is nonincreasing and bounded 
below by zéro, and therefore it must converge. If it converges to zéro, then 
the Foncier sériés of f{x) converges in the mean to f{x). Further, from 
(22.4) we hâve the inequality 

N 

< ii/f- 

n=0 


Since the sequence {Cn, fV = 0,1, • • •} where Cn = ^n=o is 

nondecreasing and bounded above by ||/|P, it must converge. Therefore, 
we hâve 

OO 

< ll/f- (22.7) 

n—0 

Hence, from (22.4) we see that the Foncier sériés of f{x) converges in the 
mean to f{x) if and only if 


ll/f = 

n—0 


( 22 . 8 ) 


For the case when (j)n{x), n = 0,1, 2, • • • are orthonormal, (22.7) reduces 
to Bessel’s inequality 

OO 

< ll/f (22.9) 

n—0 

and (22.8) becomes the well-known ParsevaVs equality 

OO 

ll/f = E^^ (22.10) 

n=0 


We summarize the above considérations in the following theorem. 

Theorem 22.3. Let {(/)„(a;), n = 0,1,2,...} be an orthonormal set, 
and let c„ be the Fourier coefficients of f{x) given in (20.3). Then, the 
following hold: 
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(i) the sériés converges, and therefore 

fp 

lim c„ = lim / r{x)(j)n{x)f{x)dx = 0, 

n —*00 n—*00 I 

Oi 

(ii) the Bessel inequality (22.9) holds, 

(iii) the Fourier sériés of f{x) converges in the mean to f{x) if and only if 
Parseval’s equality (22.10) holds. 

Now let Cp[a,(i] be the space of ail piecewise continuons fonctions in 
[a,/3]. The orthogonal set {(/)„(x), n = 0,1, • • •} is said to be complété in 
Cp[a,(3\ if for every fonction f{x) of Cp[a,/3] its Fourier sériés converges 
in the mean to f{x). Clearly, if {(jjn^x), n = 0,1, • • •} is orthonormal then 
it is complété if and only if Parseval’s equality holds for every fonction in 
Cp[a,P]. The following property of an orthogonal set is fondamental. 

Theorem 22.4. If an orthogonal set {(j)n{x), n = 0,1, • • •} is complété 
in Cp[a,P], then any fonction of Cp[a,l3\ that is orthogonal to every 4>n{x) 
must be zéro except possibly at a finite number of points in [a,/3]. 

Proof. Without loss of generality, let the set {(j)n{x), n = 0, l,---} 
be orthonormal. If f{x) is orthogonal to every çi>„(x), then from (20.3) ail 
Fourier coefficients c„ of f{x) are zéro. But, then from the Parseval equality 
(22.10) the fonction f{x) must be zéro except possibly at a finite number 
of points in [a,/3]. ■ 

The importance of this resuit lies in the fact that if we delete even 
One member from an orthogonal set, then the remaining fonctions can- 
not be a complété set. For example, the sets {cosnx, n = 1,2,---} and 
{sinriTra::, n = 1,2, •••} are orthogonal in [0,7r] and [—1,1], respectively, 
with respect to the weight fonction r{x) = 1, but not complété. 

Unfortunately, there is no single procedure for establishing the com- 
pleteness of a given orthogonal set. However, the following results are 
known. 

Theorem 22.5. The orthogonal set {(()„(a;), n = 0,1, • • •} in the inter¬ 
val [a, (3] with respect to the weight fonction r{x) is complété in Cp[a,j3\ if 
4>n{x) is a polynomial of degree n. 

As a conséquence of this resuit, it is clear that the Fourier-Legendre 
sériés of a piecewise continuons fonction f{x) in [—1,1] converges in the 
mean to f{x). The same conclusion holds for other sériés also. 

Theorem 22.6. The set of ail eigenfunctions {cj)n{x), n = 1, 2, • • •} of 
a regular Sturm-Liouville problem is complété in the space Cp[a^(3]. 

Example 22.1. In view of Theorem 22.6 the expansion Fi(x) of the 
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function 1 obtained in (21.16) converges in the mean to 1 on the interval 
[0,7r]. Similarly, the expansion F 2 {x) oî x — x'^ given in (21.17) converges 
in the mean to the function a; — on the interval [0,1]. 

Theorem 22.6 can be extended to encompass the periodic eigenvalue 
problem (19.1), (19.20). Thus, in particular, the set {1, cosnx, sinnx, n 
> 1} is complété in Cp[— tt, tt], and therefore, the Foncier trigonométrie 
sériés of any function f{x) in Cp)— tt, tt] converges in the mean to f{x). 
Similarly, Foncier sine and cosine sériés of any function f{x) in Cp[0,7r] 
converge in the mean to f{x). 

In view of the above remark and the relations (20.10), for the Foncier 
trigonométrie sériés Parseval’s equality can be written as 



or 


n—1 



( 22 . 11 ) 


Example 22.2. The Foncier trigonométrie expansion of the function 
|a;|, — TT < a; < TT is 


TT 

2 


OO 


-4 


7r(2n — 1)' 


■ cos(2n — l)a;, — tt < x < tt. (22.12) 


Clearly, |x| S C'p(—7r,7r). Further, comparing (22.12) with the Foncier 
trigonométrie sériés, we hâve 


oo 

2 


2 I Û2n — 0; 


4 

®2n—1 — TZ 

7r(2n — 1)^ 


bn = 0. 


Thus, equality (22.11) gives 


TT 

t + E 


—^ 7r(2n — 1)2 



\x\'^dx, 


which is the same as 


^2 16 “ 1 

2 + 7r2 (2n- 1)4 

n=l ^ ' 


3 


OO ^ 

E (2n- 1)4 

n—1 ^ ' 


96' 


and hence 
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Convergence of the 
Fourier Sériés (Cont’d.) 


The analytic discussion of uniform and pointwise convergence of the 
Fourier sériés of the function f{x) to f{x) is difficult. Therefore, in this 
lecture we shall state several results without proofs. These results are easily 
applicable to concrète problems. 

Theorem 23.1. Let {^„(x), n = 1, 2, • • •} be the set of ail eigenfunc- 
tions of a regular Sturm-Liouville problem. Then, the following hold: 

(i) the Fourier sériés of f{x) converges to [f{x+) + f{x—)]/2 at each point 
in the open interval (a, /3) provided f{x) and f'{x) are piecewise continuons 
in [a,/3], 

(ii) the Fourier sériés of f{x) converges uniformly and absolutely to f{x) in 
[a, /3] provided f{x) is continuons having a piecewise continuons dérivative 
f'{x) in [a,/3], and is such that /(a) = 0 if (j)n{ct) = 0 and /(/3) = 0 if 

= 0 . 

Example 23.1. For the expansion F'i(x) of the function f{x) = 1 
obtained in (21.16), Theorem 23.1(i) ensures that Fi{x) = 1 at each point 
of the open interval (0,7r). However, Fi{x) yf 1 at x = 0 and tt, i.e., at the 
end points of the interval. We also note that since (()n(0) = = 0, but 

/(O) = /(tt) = 1, Theorem 23.1(ii) cannot be applied. 

Example 23.2. For the expansion ^ 2 ( 2 ^) of the function f{x) = x — x^ 
given in (21.17), Theorem 23.1(ii) ensures that ^ 2 ( 2 :) = x — x'^ uniformly 
in [0,1]. In fact, here ^n(l) = 0 so does /(l) = 0, however, ^„(0) yf 0, but 
/(O) = 0 (see if in Theorem 23.1(ii)). 

Theorem 23.2. Let f{x) and f'{x) be piecewise continuons in the 
interval [—1,1]. Then, the Fourier-Legendre sériés of /(x) converges to 
[/(x+) + /(x—)]/2 at each point in the open interval (—1,1), and at x = —1 
the sériés converges to /(—1+) and at x = 1 it converges to /(!—). 

Theorem 23.3. Let /(x) and /'(x) be piecewise continuons in the 
interval [0, c]. Then, the Fourier-Bessel sériés of /(x) converges to [/(x+) + 
/(x—)]/2 at each point in the open interval (0, c). 

Theorem 23.4. Let /(x) and /'(x) be piecewise continuons in the 
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interval [—tt, tt]. Then, the Fourier trigonométrie sériés of f{x) converges to 
[f{x+) + f{x—)]/2 at each point in the open interval (— tt, tt) and at a: = ±7r 
the sériés converges to [/(—7r+) + /(tt— )]/ 2 . 

Example 23.3. Consider the function f{x) = | ?’ * ^ rn 

Il ï € [U, ttJ . 

Clearly, f{x) G C'p(— tt, tt) and has a single jump discontinuity at 0. For 
this function (see Problem 21.4(i)), the Fourier trigonométrie coefficients 
are oq = 1, a„ = 0, = (1 — (—1)") /mr. Thus, we hâve 


1 2 , ^ 1 

fix) ~ - + Yysin(2n-l)a: = F(a;), say. (23.1) 

n—1 ^ ' 


From Theorem 23.4 in (23.1) the equality F{x) = f{x) holds at each point 
in the open intervals (— tt, 0 ) and ( 0 , tt), whereas at a: = 0 the right-hand 
side is 1/2 which is the same as [/(0+) + /(O—)]/2. Also, at x = ± 7 r the 
right-hand side is again 1/2 which is the same as [/(— 7 r+) + /(tt— )]/ 2 . 

Example 23.4. We shall use the Fourier trigonométrie sériés 


TT 

12 


E 

n—1 


i-iy 


[cos nx — 2n sin nx ], — n < x < tt 


to show that = tt^/ô. 

Since f{x) = x + x^/4 e Cp(— tt, tt), by Theorem 23.4, we hâve 


>rA(-l)"r ^ . 

—-+> r—cosnx—2nsmnx 

12 ^ 


[f{x+) + f{x-)]/2, - 7 r<x< 7 r 

[/(t^-) +/(-7r+)]/2, x = ±7r. 


Thus, at X = TT, we find 


TT l - -L 1 r rx • 1 

— + > -^—cos riTT — 2 n sin riTT = 

12 ^ l J 


2 oc 


M) 

n 


/(tt-) + /(-7r+) 


and hence 


TT 

12 


, go (-1)" 0] + ^V4) + (-TT + 7rV4) ^ 


n—1 


or 


OO -, 9 9 9 

1 TT^ TT^ TT^ 


n=l 


Example 23.5. We shall find the Foncier trigonométrie sériés of the 
function cos ax on [— tt, tt] where a y 0, ±1, ±2, • • •. For this, since cos ax is 
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an even function, = 0, n > 1 and 


an = - 

TT 


r 1 r 

/ cosax cos nxdx = — / [cos(na: — ax) + cos(na; + aa;)](ia; 
Jo ^ Jo 


sin(na; — ax) sin(na; + ax) 


n + a 


= -(-1) 
TT 


n+1 


sin an sin an 


n — a n + a 


= — (—sin OTT 


2 a 


Hence, it follows that 


j[x) ~ — sin air 

TT 


1 


(_l)n+l 
^2 


> —cos nx 

rnZ _ 


n—1 


Now in view of Theorem 23.4 at x = 0, we hâve 
2a . 


■ sin OTT 


1 


rj2 — 


n—1 


= cos 0=1 


and hence 


air 

sin OTT 


= 1 + 2a" Y \ ^ 


n—1 


Example 23.6. We shall use the Foncier trigonométrie sériés 


sin a; 


2 4 cos2na; 

TT TT 4n2 — 1 ’ 

n—1 


— n < X < n 


to find Er=i (-l)7(16n"-l). 

Clearly, the fu 
rem 23.4 we hâve 


Clearly, the function f{x) = \ sina;| S C'p[— tt, tt], and hence from Theo- 


2 4 

TT TT ^ 


TT TT 4n2 — 1 
n—1 


cos2nx I [/(a:+) +/(a:-)]/2, - tt < x < tt 

I [/7-) +/(-7î‘+)]/ 2, a; = ±7r. 


At X = 7r/4, we find 


2 4 ^ cos(2n7r/4) /(7r/4+) + /(7r/4—) 1 

TT TT 4n2 — 1 2 


V2 


and hence 


2 4 / ^ cos(2fc7r/2) ^ cos(2fc — l)7r/2 \ 1 

TT TT l 4(2fc)^ — 1 ^ 4(2fc — 1)^ ~ 

\/c—1 /c—1 / 
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or 

2 4^ (-1)'= _ 1 

TT TT 16fc2 — 1 

k=l '' 

which gives 

^ (-1)'= TT /2 Ml ^ 

i6fc2 -1 “ 4 M “ 71 y ~ 2 “ iTl' 


Theorem 23.5. Let /(æ) and /'(x) be piecewise continuons in the 
interval [0, tt], Then, the Fourier cosine sériés of f{x) converges to [f{x+) + 
f{x—)]/2 at each point in the open interval (0,7r) and at a; = 0 and tt the 
sériés converges, respectively, to /(0+) and /(tt—). 

Example 23.7. Since 

^2 - 

X ~ TT + 4 > -— COS nx, 0 < X < TT 

3 ^ 

n—1 

from Theorem 23.5 it follows that 

f{x) = X^, 0 < X < TT 

/(0+) =0, X = 0 
/(tt— ) = TT^, X = TT. 

Thus, at X = TT, we hâve 


9 OO 

TT^ . 

n—1 


i-iy 


cos nx = { 




+ 4 V 

3 M 

n—1 


• COS niï = TT 


and hence 



which gives H7i(l/^^) = /Q- 


Theorem 23.6. Let /(x) and f'{x) be piecewise continuons in the 
interval [0,7r]. Then, the Fourier sine sériés of /(x) converges to [/(x+) + 
/(x—)]/2 at each point in the open interval (0,7r) and at x = 0 and tt the 
sériés converges to 0. 


Example 23.8. Since 


„ sin nx 

2 2_^ -) 0 < X < TT 


n—1 


TT — X 


n 
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from Theorem 23.6 it follows that 




sin nx 
n 


Thus, a,t X = -K 12 we hâve 


f{x) = TT — X, 0 < X < TT 
0, a; = 0, TT. 


oo . 

sinn7r/2 tt 

2 > - = TT - 

^ Tl 9 


and hence 


1 - 


1 1 1 

3 5 ~ 7 


TT 

4' 


Example 23.9. For the function /(x) = 
of (20.12) we hâve 


0, — 3 < X < 0 . 
1, 0 < X < 3 


(23.2) 


in view 


17 ^ 17 ^ TITTX 

«0 = g y f{x)dx = 1, an = - J /(x) cos —^dx = 0 


and 


mrx 


6 „ = - / /(x) sin dx = 




n> I 


1-3 


and hence the Foncier trigonométrie sériés (20.11) for this function is 

f{x) ~ ô + E - Sin— -=F(x), say. 

2 niT 3 

n—l 

Now from Theorem 23.4 (over the interval [—3,3]) it follows that 

f f{x), ai€(-3,0)U(0,3) 

^ ’ I 1/2, x= 0,-3,3. 


For the différentiation and intégration of Foncier trigonométrie sériés we 
hâve the following results. 

Theorem 23.7. Suppose /(x) is continuons in (— tt, tt), /(—tt) = /(tt) 
and /'(x) is pieeewise continuons. Then, 

OO 

/'(T)=(—na„ sin nx + cos nx) 

n—l 

at each point x € (— tt, tt) where f"{x) exists. 
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Theorem 23.8. Suppose f{x) is piecewise continuons in (—tt, tt) and 

OO 

m ~ f + E (a„ cos nx + sinnx), — tt < a; < tt. 

n—1 

Then, for x € [—tt, tt] 

/ X nx ^ PX 

f(t)dt = / / (a„cosnt + 6„sinnt)dt 

-TT ^—7T ^ —TT 


= + ’’’) + — [a„ sin nx — bn (cos nx — (—1)”)]. 

2 ^' n 


Example 23.10. For the function f{x) = |a;|, x G [— tt, tt] we hâve 
(see Problem 21.4(iv)) 


... TT 4 ^ cos(2n — l)x 
f[x) ~ X- 

2 TT (2n — 1)^ 

n—1 ^ ^ 


— TT < X < TT. 


Clearly, f{x) is continuons on [—7r,7r], /(— tt) = /(tt) = tt, f'{x) = 

^ C!p{-TT,n), f''{x) = 

0, X G (—TT, 0) U (0,7r) and /"(O) does not exist. Thus, Theorem 23.7 is 
applicable and we hâve 


[—1, — TT < a; < 0| 
1 1, 0 < a; < TT f 


4 —(2n —1) sin(2n —l)x 4 sin(2n—l)a; 

TT (2n — 1)^ 


n—1 


TT —' 2n — 1 

n—1 


(23.3) 

At a: = tt/2 this sériés immediately gives (23.2). Also, note that at a; = 0 
the left-hand side of (23.3) is not defined, but its right-hand side is zéro. 

Example 23.11. We shall use the relation 


TT 


(-1)^ 


cosnx, — TT < X < TT 


to find a polynomial p(x) such that 


Pi.x) = E 


(-1)” 


sinnx, — tt < x < tt. 


n—1 


Clearly, for the function f{x) = x"^ ail the conditions of Theorem 23.8 are 
satisfied. Thus, on integrating the above relation from 0 to x, we get 


rdt = 


.,^2 
' TT 


px /_-| \n 

Æ + 4 E / -— cos ntdt. 


JO 


n—1 
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or 


and hence 


tt'^x 


■4E 


(- 1 )' 


• sin nx 


n—l 


E 


(- 1 )" . 

- 5 — sin nx = 


x^ — TT^æ 

Ï2 


= p{x), 


— TT < X < TT. 


Problems 


23.1. Functions (j)i{x) = 1, 4>2{x) = '/3{2x — 1) are orthonormal on 
0 < a; < 1. Define 


F{a, ~ J — a(j)i{x) — b(j) 2 {x)J dx. 

Find a, b such that F(a,b) attains its minimum. Find also the minimum 
value of F{a, b). 


23.2. Consider the function f{x) = 


1 , 0 < a; < tt/2 
0, 7t/2 < X < 7T. 


It is given 


that (j)n{,x) = y;! sin na;, n = 1,2,3 are orthonormal on the interval 0 < 
X < TT. Find the values of a, b at which the intégral 

F{a,b)= [ {f{x) - a(l)i{x)-h{(j) 2 {x) F (t)^{x))Ÿ dx 
Jo 


attains its minimum. 


23.3. Let f{x) = 


0 , a; e [-1,0) 


Show that 


1, æe [0,1]. 

J ^ dx < J {f{x) - do-dix-d 2 x'^) 


dx 


for any set of constants doj di and ^ 2 . 

23.4. Show that the following cannot be the Fourier sériés représen¬ 
tation for any piecewise continuons function 
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23.5. Find Parseval’s equality for the fimction f{x) = 1, x G [0, c] 
with respect to the orthonormal set | y^sin n = 1, 2, • • - j . 


23.6. Consider the function f{x) 
val’s equality (22.11) to show that 


0, — TT < X < 0 

^Jx^ Q < X < TT. 


Use Parse- 



f{x) cos nxdx ) 


f{x) sin nxdx 


< 


bTT^ 

"se”' 


23.7. Assume that Parseval’s equality holds for piecewise continuons 
functions. If {oq, oi, 6 i, • • •} and {«Oi crij /di, • ’ ’} £^re the sets of Foncier co¬ 
efficients of piecewise continuons functions / and g, respectively, on [—tt, tt]. 
Show that 


1 

2 


OO 

n—1 


f{x)g{x)dx. 


23.8. Let f{x) and g{x) be piecewise continuons in the interval [a,/3] 
and hâve the same Foncier coefficients with respect to a complété orthonor¬ 
mal set. Show that f{x) = g(x) at each point of [a, /3] where both functions 
are continuons. 

23.9. (i) Let Tpn{x) = x € [0,1]. Show that tpn{x) —> 0 

as n —> OO for each x in [0,1]. Further, show that 

4 = ^ (V'n(x) - 0)^dx = |(1 - e"”), 

and hence e„ ^ oo as n ^ oo. Thus, pointwise convergence does not imply 
convergence in the mean. 

(ii) Let tpn{x) = æ", x G [0,1], and f{x) = 0 in [0,1]. Show that 

4 = ^ ii’nix) - f{x)fdx = ^ , 

and hence ipn{x) converges in the mean to f{x). Further, show that ipn{x) 
does not converge to f{x) pointwise in [0,1]. Thus, mean convergence does 
not imply pointwise convergence. 

23.10. Show that the sequence {xl{x + n)} converges pointwise on 
[0,oo) and uniformly on [0,a], a > 0. 

23.11. Consider the function f{x) = | ^.’ The 

^ ' 1 sincc, 0 < ce < TT. 
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Fourier trigonométrie sériés of f{x) is given by 

f{x) 


11 . 2 cos 2 na; 

--c-sinx-> —5 - 

TT 4n^ — 1 

n—\ 


TT 2 


(i) Show that the above sériés converges to /(a;) everywhere in the interval 

[-7r,7r]. 

(ii) Use Part (i) to show that 


E 

n—l 


(-1)" 1 TT 


4n2 _ 1 2 4 ■ 


(iii) Find the sum of the sériés l/(4n^ — 1). 

23.12. The Fourier sériés of on the interval — tt < a; < tt is given 


by 


2 sinh TT 


1 


r (~4) / • \ 

- + > - -icosnx — nsvanx) 

2 ^ v? + V ’ 


(i) Use the above correspondence to show that 

00 .. .. 

E l TT 1 

— 7 ^-T = — COth TT — - . 

r»^ -U 


n—l 


n^ + l 2 


(ii) Find the sum of the sériés ^ + 1 ' answer. 


n—l 


23.13. Let f{x) be a twice continuously différentiable, periodic func- 
tion with a period 27r. Show that 

(i) the Fourier trigonométrie coefficients a„ and of f{x) satisfy 

, , M , ,, , M 

\an\ < and | 6 „| < ^, n = l, 2 , ••• 


where M = ^ lf"(x)ldx 

(ii) the Fourier trigonométrie sériés of f(x) converges uniformly to f(x) 
on [—TT, tt]. 


23.14. Suppose that f{x) is continuous in [— 7 r, 7 r], /(— tt) = /(tt), 
and f {x) is pieeewise continuous in [— 7 r, 7 r]. Show that 

(i) Y.n=i l«"l and X;r=i converge, 

(ii) nün —> 0 and nhn 0 , 
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(iii) the Fourier trigonométrie sériés of f{x) converges to f{x) absolutely 
and uniformly in [—tt, tt]. 

23.15. The proof of Theorem 23.4 requires the following steps: 

(i) Establish Lagrange’s trigonométrie identity 

N 


2 cos n0 = — 1 


sin (iV + i) 0 


n—1 


sin 


(ii) If f{x) is pieeewise continuons in the interval [a, b], then show that 


f 

lim / f (x) sin kxdx = 0. 
k^ooJa 


(iii) If f{x) is pieeewise continuons in the interval [0, b] and has a right- 
hand dérivative at a; = 0, then show that 


lim f f{x)^^^^dx =^f{+0). 
k^oo If) X Z 


(iv) Show that 


Sn{x) = -qq + (om COS mx + bm siu mx) 


1 

TT 


2 sm(I(t-a;)) 


(v) If f{x) is pieeewise continuons in the interval (a, b) and has dérivatives 
from the right and left at a point x = Xq where a < xq < b, then show that 

lim [ — —dx=^[f{xQ + 0) + f{xo-0)]. 


fc—»oo 


X — Xq 


Answers or Hints 

23.1. In view of Theorem 22.1, F{a, b) is minimum when a =< (j)i > 

= l/-\/3, b =< \/3x'^,(j)2 >= 1/2. Now from (22.4), minF(a,5) = ||^/3a;^|p 

-a^ -b^ = 1 / 60 , 

23.2. Let tp{x) = {4>2{x) + (/^{x))/\/2. Then, (j)i{ x),iIt{x) are orthonormal 
on 0 < a; < TT. Thus, F{a,b) is the same as F{a,b) = J^ifix) — a(j)i{x) — 
{■\/2b)'il){x)Ydx. Now F(a, b) is minimum when a = y/ÔJrr, \/2b = 4/(3y^). 
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23.3. For the given fimction Fourier-Legendre coefficients are cq = 1/2, ci 
= 3/4, C2 = 0. 

23.4. Use Theorem 22.3(i). 


23.5. 


0 , n even 
8 c/(n^7r^), n odd. 


Thus, c = 


8c 1 

^ 2 ^ 71—1 (2n—1)^ ' 


23.6. Left-hand side = ^ + K)- 

23.7. Add and subtract Fourier trigonométrie sériés of / and g, write Par- 

seval’s equalities for (/ + g) and (/ — g), use {u + — {u — v)^ = Auv. 


23.8. Let h{x) = f{x) — g{x) and {(j)n{x)} be a complété orthonormal set 
on the interval [a, /3] with respect to the weight function r{x). Note that for 
the function h(x) Fourier coefficients c„ = 0, n > 0. Now apply Theorem 

22.4. 


23.9. (i) Use l’Hospital’s rule to show that > 0 as n —*■ oo, x G [0,1] 

(ii) tpnix) ^ 0 as n — > oo, x G [0,1), and V’n(l) = n > 0 . 

23.10. Use définition. 


23.11. (i) Use Theorem 23.4 (ii) Let a; = 7r/2 (iii) 1/2. 

23.12. (i) Use Theorem 23.4 and let a; = tt (ii) Let a; = 0, = 

77 _ 1 

2 sinh 77 2 ' 

23.13. (i) an= (x) cos nxdx =(x) cos nxdx (ü) |iao 

+ (“ncosnx + sinnx)I < i|ao| + l^n|)- 

23.14. (i) If/'(x) ~ (ao/2) + X]^i('^riCOsnx +/3„sinnx), then Oo = 
0, On = nbn, Pn = —Tian- Now Bessel’s inequality applied to f'{x) implies 

that T,n=i I3n converges. Since ^ < ÆLi 

for each n, pn is bounded. Further, since pn is increasing, the sequence 
{pn} converges. Thus, p„ = YJk=i ^ = YJk=i l^fel converges (ii) The 
convergence of Pn imphes that /3„ = —na„ ^ 0 (iii) From Theorem 

23.4, /(x) = (ao/2)+^))^^(anCOsnx+6„cosnx), x G [— tt, tt]. Finally, note 
that |(ao/2) + cosnx + &„cosnx)| < (|ao|/2) + + 6„|) 

and use (i) 







Lecture 24 

Fourier Sériés Solutions of 
Ordinary Differential Equations 


In this lecture we shall use Fourier sériés expansions to find periodic 
particular solutions of nonhomogeneous DEs, and solutions of nonhomoge- 
neous self-adjoint DEs satisfying homogeneous boundary conditions. 


We begin with the second-order nonhomogeneous DE 


y”+ ay'+ by = f{x), x&[-tt,-k], 

(24.1) 

where a, b are constants, and the function /(x) is periodic of period 27r, 
and satisfies the conditions of Theorem 23.4 so that it can be expanded in 
a Fourier trigonométrie sériés (20.8). Our interest here is to find a periodic 
particular solution of (24.1), which we shall dénoté by yp{x) and call it a 
steady periodic solution. We assume that 

A °° 

yp{x) = — -I- {A-n cos nx + Bn sin nx) 

n—1 

(24.2) 

so that the term by term différentiation gives 


OQ 

y'p{x) = 'y^ {—nAn sin nx + nBn cos nx) 

n—1 

(24.3) 

and 

OO 

yp{x) = 'y^{—n^An cos nx — n^Bn sin nx). 

(24.4) 


n—1 


Substituting (24.2) - (24.4) and (20.8) in (24.1), we get 



OQ 

+ Ea —Ti^An + anBn+bAn] cosnx + [—n^Bn — anAn + bBn] sinrix) 

n—1 


0-0 

y 


OQ 

y^(a„ cos nx + bn sinnx). 

n—1 


Now matching the coefficients, we find 
bAo = ao 

(6 — n'^)An + onB-n = 

-anAn + {b - n^)Bn = bn- 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_24, 

(c) Springer Science-|-Business Media, LLC 2009 
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Solving this System, we obtain 

^ oo ^ {b - v?)an - anhn ^ {b - v?)bn + anan 

-^0 7 5 -^n /7 2\2 I 2 2’ /? 2\2 i 22' 

b [b — n^y-\-[b — n^y-\- 

Since for a given function f(x) the coefficients a^, n > 0 and b„, n > 1 
are known from (20.9), the unknowns An, n > 0 and i3„, n > 1 can be 
determined explicitly from (24.5). 


Example 24.1. We shall find the steady periodic solution of the 
nonhomogeneous DE 


y” + 3y = f{x) = 
From Problem 21.4 (ii), we hâve 


1 , — TT < a; < 0 

2, 0 < a; < TT. 




1 1 

sm X + - sm 3x + - sin 5x - 
3 5 


and hence a„ = 0, n = 1,2, • • •, and 

2 


«0 — 3, b2n-l — 


7T{2n — 1 ) ’ 




Now since a = 0, 5 = 3 from (24.5), it follows that = 0, n = 1,2, • • • 
and 


Aq — 1 , B2n-1 — 


7 r(2n — 1) [3 — (2n — 1)^] 
Hence, the required particular solution is 

2 


yp{x) = l + 


^^7r(2n-l)[3-(2n-l)2] 


, B 2 n = 0, n=l,2, 


sin(2n — l)x. 


Using the same procedure we can obtain a steady periodic solution of 
(24.1) over any interval [—L, L], L > 0. For this, we need to use the Fourier 
sériés (20.11) of f{x) with the coefficients a„, bn given in (20.12), and let 


yp{x) 


Aq 

2 


E / . riTTX ^ . 

cos -J- + Bn sm 


(24.6) 


n—1 

The unknown An, n > 0 and Bn, n > 1 are then determined from the 
relations 


Aq = 


5 ’ 


(b-^yn-a^bn 

/ 22\2 22 ’ 

{b-^) 


(h-^)bn + a^a, 


n^TT^ \ I _2 n^TT^ 

^2 ; -h a ^2 


(24.7) 
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Example 24.2. We shall find the steady periodic solution of the 
nonhomogeneous DE 

y" + by = X, — 2 < X <2. 


Since 


4 ^ (-1)"+! 
x = - y - 

TT 


n—1 


n 


mr 

sin —X 
2 


we hâve qq = 0, a„ = 0, = 4(—l)”+^/(n7r), and since a = 0, 6 = 5 from 

(24.7) we obtain Aq = 0, = 0 and 


Br, = 


16(-1) 


n+1 


^5 _ n7r(20 — n^Tr^) 


Thus, the required particular solution is 


yp{x) 


16 

TT 


E 


(_l)>ï+i ^ nir 

,_ _ „ sin ——X 

7r(20 — n^TT^) 2 


Next we shall consider the nonhomogeneous self-adjoint DE 

{p{x)y'y + q{x)y + yr{x)y = V 2 [y] + nr{x)y = f{x) (24.8) 

together with the homogeneous boundary conditions (19.2). In (24.8) func- 
tions p{x), q{x) and r{x) are assumed to satisfy the same restrictions as 
in (19.1), fl is a, given constant and f{x) is a given function in [a,/3]. For 
the nonhomogeneous boundary value problem (24.8), (19.2) we shall as¬ 
sume that the solution y{x) can be expanded in terms of eigenfunctions 
4>n{x), n = 1,2,-•• of the corresponding homogeneous Sturm-Liouville 
problem (19.1), (19.2), i.e., y{x) = To compute the coeffi¬ 
cients c„ in this expansion first we note that the infinité sériés Cn<pnix) 

does satisfy the boundary conditions (19.2) since each (j)n{x) does so. Next 
consider the DE (24.8) that y{x) must satisfy. For this, we hâve 


V2 


Cn'Pnix) 


+ fJLr{x) Cn'pnix) = /(x). 


Thus, if we can interchange the operations of summation and différentiation, 
then 


Cn'P 2 [(l}nix)] + fir{x) C„(/)„(x) = /(x). 

n—1 n—1 

Since 'P2[4>n{x)] = —A„r(x)(^„(x), this relation is the same as 


QO 

y](/r - \n)Cn4>n{x) 
n—1 


fjx) 

r(x) 


(24.9) 
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Now we assume that the function f{x)/r{x) satisfies the conditions of The- 
orem 23.1, so that it can be written as 

/(x) _ ^ ^ \ 

r(x) 

^ ' n—l 

where from (20.2) the coefficients dn are given by 
1 f(x) 1 

dn = Il , 112 / r{x)(l)nix)——dx= / 4>n{x)f{x)dx. (24.10) 

\\9nV Je, r{x) \\(t)nV Je, 

With this assumption (24.9) takes the form 

OO 

^ ^ [(M ^n)Cn dn\(l^n{x^ = 0. 
n—l 

Since this équation holds for each x in [a,/3], it is necessary that 

(/i - A„)c„ - = 0, n=l,2,---. (24.11) 

Thus, if ^ is not equal to any eigenvalue of the corresponding homoge- 
neous Sturm-Liouville problem (19.1), (19.2), i.e., /i ^ A„, n = 1,2,- 
then 

c„ = ^^, n=l,2,---. (24.12) 

M - An 

Hence, the solution y{x) of the nonhomogeneous problem (24.8), (19.2) can 
be written as 

OO , 

y(^) = X! 4>n{.x). (24.13) 

n—l 

Of course, the convergence of (24.13) is yet to be established. 

If fj, = Am, then for n = m équation (24.11) is of the form 0 • Cm—dm = 0. 
Thus, if dm ^ 0 then it is impossible to solve (24.11) for Cm, and hence 
the nonhomogeneous problem (24.8), (19.2) has no solution. Further, if 
dm = 0 then (24.11) is satisfied for any arbitrary value of Cm, and hence the 
nonhomogeneous problem (24.8), (19.2) has an infinité number of solutions. 
From (24.10), dm = 0 if and only if 

rd 

/ (l>m{x)f{x)dx = 0, 

J a 

i.e., /(x) in (24.8) is orthogonal to the eigenfunction (j)m{x). 

This formai discussion for the problem (24.8), (19.2) is summarized in 
the following theorem. 
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Theorem 24.1. Let f{x) be continuous in the interval [a,/3]. Then, 
the nonhomogeneous boundary value problem (24.8), (19.2) bas a unique 
solution provided /i is different from ail eigenvalues of the corresponding 
homogeneous Sturm-Liouville problem (19.1), (19.2). This solution y{x) is 
given by (24.13), and the sériés converges for each ce in [a,/?]. If /i is equal 
to an eigenvalue Xm of the corresponding homogeneous Sturm-Liouville 
problem (19.1), (19.2) then the nonhomogeneous problem (24.8), (19.2) 
has no solution unless f{x) is orthogonal to i.e., unless 

r/3 

/ (l)m{x)f{x)dx = 0. 

J Ol 

Further, in this case the solution is not unique. 


Alternatively, this resuit can be stated as follows: 

Theorem 24.2 (Fredholm’s Alternative). For a given con¬ 
stant n and a continuous function /(cc) in [a, /3] the nonhomogeneous prob¬ 
lem (24.8), (19.2) has a unique solution, or else the corresponding homoge¬ 
neous problem (19.1), (19.2) has a nontrivial solution. 

Example 24.3. Consider the nonhomogeneous boundary value prob¬ 
lem 

y” + TT^U = X — x"^ 

(24 14) 

y{0)+y'{0) = 0 = y{l). 

This problem can be solved directly to obtain the unique solution 


c X 2 1^4 

2/W = ^ COSTTX-- 1 -h ^ 


sin TTX - 


— \ x- X -I- — 
V tt^ 


(24.15) 


From Example 19.2 we know that is not an eigenvalue of the Sturm- 
Liouville problem (19.3), (19.9). Thus, from Theorem 24.1 the nonhomoge¬ 
neous problem (24.14) has a unique solution. To find this solution in terms 
of the eigenvalues A„ and eigenfunctions (j)n{x) of (19.3), (19.9) we note 
that the function f{x) = x — x'^ has been expanded in Example 21.4, and 
hence from (24.9) and (24.11), we hâve 

do = -, dn = —^ - - (2-(2-k A„)cos\Æ), n>l. 

4 Xr/ sin y/X^ 


Thus, from (24.13) we find that the solution y{x) of (24.14) has the expan¬ 
sion 


y{x) 




i: 


^ (tt^ - A„)A 


3/2 


Sin 


’s/ 


X (2 — (2 -h Ati) cos y/ Ati) sin V^{l-x). 


(24.16) 
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Problems 


24 . 1 . Find periodic particular solutions of the following nonhomoge- 
neous DEs: 


(i) 2 /" + 3y = 

(ii) y" + y = 


X, — TT < a; < 0 
0, 0 < X < TT 

—X, — 1 < a; < 0 

X, 0 < X < 1 
(iii) 2 /" + 2y'+ Sy = e^, — tt < x < tt 

1, — TT < X < 0 


(iv) y" + 3y' + 7y = 


0 < X < TT. 


24 . 2 . Use Fourier trigonométrie sériés to solve the following initial 
value problems: 


(i) y' + y= 

TT ^^ 

n 

oo 

(ii) 2/' + 2/ = X! 


4 sin(2n — l)7rx 
2n- 1 ’ 

2 /( 0 ) = 0 


2 /( 0 ) = 0 


n—1 

COS nx 


n\ 


/•••X // . 4^sin(2n —l)x 

111 2/ + 42/ = - V —;;-^-, 2/ 0 =2/0=0 

TT T 


(iv) 2/" 


TT —' 2n — 1 

n—1 

4 ^ sin(2n — l)x 

y / ^ ô ï ’ 

TT ^ 2n — 1 

n—1 


2 /( 0 ) = 2 /'( 0 ) = 0 . 


24 . 3 . Solve the following nonhomogeneous boundary value problems 
by means of an eigenfunction expansion: 

(i) y" +4y = 4x, 2/(0) = 0 = 2/(1) 

(ii) y'' + ny=x‘^, y{0) = 0 = y{l) 

(iii) 2/" + 32/ = e^, //(O) = 0 = 2/(1) 

(iv) y" -x = X, 2/(0) = 0 = y'{TT) 

(v) y” + 2y = -X, y'{0) = 0 = y{l) + y'{l) 

(vi) y" + 2y = x, y\0) = 0 = y^Tr) 

3 1 

{vii){xy'y + -y= -sin(lnx), y{l) = y{2) = 0. 

X X 

24 . 4 . A simply supported beam of length a has a constant load qo/a dis- 
tributed over its length. The small deflections of the beam are governed by 
the boundary value problem 


EIyW = ^, 2 /( 0 ) = 2 /"( 0 ) = 0, y{a)=y"{a) = 0. 

a 
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Show that the deflections are given by the sériés 


y{x) 


4goa^ ^ 1 

EItt^ (2n + 1)® 

n—0 


sin 


{2n + l)7ra; 
a 


Answers or Hints 


24.1. (i) f 1 ( 2 n-i)^[(L-i)^- 3 ] cos(2n - l)x 

+ Er=i sin nx (ii) ^ + ^ ( 2 n-i)q( 2 n-i)^^^-i] cos(2n - l)n7rx 


(iii) 0 = 2, 6 = 3, oq = sinhTr, a„ = sinhTr, 6„ = 

(iv) 0 = 3, 6 = 7, oo = 1 + f, a„ = 


— - - sinh TT 


- tiL.. - 

l+n-‘ 

- (-d"-l U _ (-l)"(l-7r)-l 
5 T Un — 


24.2. (i) 4X:r=i (e “sin(2n-l)7ra: - cos(2n-l)7ra) 

(ii) Er=i n!(J+i) (-e-^ + cos nx + n sin nx) (iii) | 4-(2n-i)^ x 

sin2x + sin(2n — l)x^ (iv) ^(sinx — xcosx) 

+ 1 EZ 2 (2n-l)^-i (sina^ - 2 ;^^ Sin(2n - l)x) . 


OA q ("ii (- 1 )"+ sinriTræ /-.n „ y^oo 

td TT 2^n=l n(4-n27i-2) FF ^ 2^ra=l 

1 . ,...S r,\-^oo r!,7r(l+e(-l)"+^) sinr 

Xttt— i sinnTTX ( 111 ) 2 > , —ry -;— 2 üw„ 

(11 —n^TT^) '' ■' ^n=l (l+n^7r^){3—n^TT^) 

('iv'l 32^^00 ; n£ / \ r, y^oo (2 cos yOF-1) cos VÂFæ 

Fvj ^ Z^nodd 2 ^Z^n=l A„(A„-2)(l+sin= VÂF) ’ 

cot VÂT = (vi) f + f (’^ii) 2(ln 2)^ sin(ln 2)7r 

^ Z)n=l [3(ln2)2-(nl)2n(ln2)2-(ii7r)2] sin in x) . 


(- 1 )" 


2tl-(-l)"l 


rnr 

1 UTTX 

7^ 






























Lecture 25 

Partial Differential Equations 


Partial differential équations arise in many branches of science and tech- 
nology, for example, in electromagnetic theory, elasticity, fluid mechanics, 
beat transfer, acoustics, quantum mechanics, and so on. In this lecture we 
shall introduce partial differential équations, and explain several concepts 
through elementary examples. Here we shall also provide the most funda- 
mental classification of second-order linear équations in two independent 
variables. 


A partial differential équation (DE) is a relation that involves partial 
dérivatives of an imknown function. Let the unknown function be u, and 
æ, y, Z, - ■ ■ be independent variables, i.e., u = u{x^ y, z, ■ ■ ■). Often, one of 
these variables represents the time. Thus, a partial DE is an équation of 
the form 


F{x,y, 


Z, li, Uxi Uzt '^xxj '^xyt ' 


•) = 0. 


(25.1) 


In (25.1) we hâve used the subscript notation for the partial différentiation. 


i.e.. 


Ux 


du d'^u 

dx ’ dxdy 


and so on. 


We will always assume that the unknown function u is sufficiently well 
behaved so that ail necessary partial dérivatives exist and corresponding 
mixed partial dérivatives are equal, e.g.. 


^xy — ^yxi '^xzx — ’^xxzi and SO OU. 


As in the case of ordinary DEs, we define the order of the partial DE 
(25.1) to be the highest order partial dérivative appearing in the équation. 
Furthermore, we say that the partial DE (25.1) is linear if F is linear 
as a function of the variables u, Ux, Uy, Uz, Uxx, ■ ■ •, i-e-, A is a linear 
combination of the unknown function and its dérivatives. Equation (25.1) 
is said to be quasilinear if F is linear as a function of the highest-order 
dérivatives. 


The following are examples of partial DEs: 


Ux + Uy = 3uz — — 5z 

Uxx + u = 4a:^ 
bxyuxy — izuy + 2u = 0 
Uxz + 2uuy — dz = 0. 


(first-order linear) 
(second-order linear) 
(second-order linear) 
(second-order quasilinear) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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With a very few exceptions, we will limit our discussion to only first 
and second-order partial DEs. Thus, our most general partial DE in three 
independent variables can be written as 


(25.2) 

where u = u{x, y,z), f = f{x, y, z) and ai = ai{x, y,z), i = 1, • • •, 10. 

In (25.2) it is understood that the function / and the coefficients ai 
are known, and u is unknown. By a solution of (25.2) we mean a continu¬ 
ons function u = u{x,y,z), with continuons first and second-order partial 
dérivatives, which, when substituted in (25.2), reduces équation (25.2) to 
an identity. 

Example 25.1. For the first-order partial DE 
Wæ + Uy = 0, u = u{x,y) 

we shall show that u = (j){x — y ), where (j) is any function having continuons 
first-order partial dérivatives is a solution. Indeed, since 

Ma, = 0'(x - y) X (1) and Uy = (j)'{x - y) x {-l) 

it immediately follows that Ux + Uy = (p'{x — y) — cj)'{x — y) = 0. 

If f{x,y,z) = 0 the partial DE (25.2) is called homogeneous; otherwise 
it is called nonhomogeneous. If each coefficient Oi is constant, then (25.2) is 
called a partial DE with constant coefficients. If at least one of the ai is not 
a constant, équation (25.2) is called a partial DE with variable coefficients. 

Example 25.2. Consider the first-order partial DE 

Ux=x + y, u = u{x,y). (25.3) 


Integrating (25.3) partially with respect to x, i.e., treating y as a, constant, 
we obtain 



+ xy + c. 


(25.4) 


We note that the constant of intégration is denoted by c. In order to verify 
that u as given in (25.4) is a solution of (25.3), we need only to substitute 
this expression for u in (25.3). When verifying this, notice that even when 
c = c(y), u as given in (25.4) still is a solution of (25.3), since dc{y)/dx = 0. 
Thus, the general solution of (25.3) is 


M= -x'^ + xy + c{y), 


(25.5) 


where c is an arbitrary function of y. 
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Hence, in contrast with ordinary DEs the solution (25.5) of the partial 
DE (25.3) contains an arbitrary function rather than an arbitrary constant. 

Example 25.3. Consider the partial DE 

Uxy = z + x^ u = u{x,y,z). (25.6) 

First we integrate (25.6) partially with respect to y (treating x and z as 
constants), to obtain 


Ux = yz + xy + fi{x,z), 

where /i is an arbitrary function of the variables x and z. Next we integrate 
partially with respect to x (treating y and z as constants), to get 

u = xyz+-x'^y+ fi{s, z)ds + g{y, z), 

where g{y^ z) is an arbitrary function of the variables y and z. If we set 

nX 


f(x,z) 


fi{s,z)ds, 


then our solution takes the form 

u = xyz + ^x'^y + f{x,z)+g{y,z), (25.7) 

where / is an arbitrary function of x and z, and g is an arbitrary function 
of y and z. Functions / and g must hâve continuons first-order partial 
dérivatives with respect to their arguments. 


The general solution of a given partial DE of order n in k independent 
variables usually involves n arbitrary functions of fc — 1 variables. Thus, the 
solutions (25.5) and (25.7) are the general solutions of équations (25.3) and 
(25.6), respectively. Each spécifie assignment of the arbitrary function(s) in 
the general solution gives rise to a particular solution of the corresponding 
partial DE Thus, 



is a particular solution of équation (25.3), and 


U = xyz + —X y + z cos x + ye 


is a particular solution of équation (25.6). 
Now let 


A[u] = ai{x, y, z)uxx H-h « 10 ( 2 ;, y, z)u 
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so that the partial DE (25.2) can be written as 

A[u] = f. 


(25.8) 


The principle of superposition, which plays a fundamental rôle in ordi- 
nary DEs, for partial DEs can be stated as follows: Let fi = fi{x, y,z), 1 < 
i < mhe given functions and let Ci, 1 < z < m be arbitrary constants. If 
Ui = Ui{x,y, z), 1 < i < m are respective solutions of the partial DEs 
A[ui\ = fi, 1 < i < m then u = ciUi + • • • + CmUm is a solution of the 
partial DE A[u] = ci/i H-h Cmfm- 

Two important conséquences of the principle of superposition are as 
follows: 

(i) If wi, • • •,Um are solutions of A[u] = 0 and ci, - ■ ■ ,Cm are any constants, 

then ^ solution of A[u] = 0, i.e., any linear combination 

of solutions is also a solution. Also a sériés built from an infinité number 
of solutions i® ^ solution in a région D, provided the sériés and 

the varions dérivative sériés required for substitution into the partial DE 
converge uniformly in D. 

(ii) If Ufi is a general solution of A[u] = 0 and if Up is a particular solution 
of A[u] = f, then u = Uh + Up is a, solution of A[u] = /, i.e., the sum of a 
general solution of the homogeneous équation and a particular solution is 
also a solution. 

If u{x, y, Z, /i) is a solution of A[u] = 0 containing a parameter pt, then 
by the principle of superposition 


u{x, y,z,y + A/r) - u{x, y, z, p) 
Afi 


is also a solution. Generally, the limit Up,{x,y, z, y) of this différence quo¬ 
tient is also a solution. For ail problems that we shall consider, for ail 
choices of intégrable functions (f>, the intégral 



is another solution. Since the intégral is the limit of a sum, this is a further 
extension of the superposition theorem. We also note that if ail coeffi¬ 
cients of the équation A[u] = 0 are constants, then the varions dérivatives 
Ux, Uy, Uxx, ■ ■ ■ etc., are also solutions. In conclusion, the general solution 
often does not represent the collection of ail possible solutions. 

Example 25.4. Consider again the partial DE (25.6). Clearly, Uh = 
f{x, z) + g{y, z) is the general solution of Uxy = 0, where / and g are 
arbitrary functions; ui = xyz is a particular solution of Uxy = z; and 
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U2 = x^yl‘2. is a particular solution of Uxy = x. Thus, the general solution 
of (25.6) can be written as (25.7). 


Now we shall discuss the most crucial classification of second-order linear 
partial DEs in two independent variables 


C[u] = A{x,y)uxx +B{x,y)uxy + C{x,y)uyy 

+D{x, y)ux + E{x, y)uy + F(x, y)u = G{x, y), u= u{x, y), 

(25.9) 

where the functions A(xA),‘‘‘,G(x,t) sxe continuons in some open set 
n Ç In (25.9), often y = t represents the time, and sometimes for con- 
venience x and y are interchanged. Following the analogy of the quadratic 
équation 

ax^ + bxy + cy^ + dx + ey + f = 0 

that it represents a hyperbola, parabola, or ellipse according as — 4ac is 
positive, zéro, or négative, the operator £ (and so the partial DE (25.9)) is 
said to be hyperbolic, parabolic, or elliptic at a point (xq, yo) € ^ according 
as 

B'^ixo, yo) - AA{xo, yo)G{xo, yo) (25.10) 

is positive, zéro, or négative. It is said to be hyperbolic, parabolic, or elliptic 
in a domain, if it has the required property at each point of the domain. 


Example 25.5. The wave équation in one dimension 


d'^u 

'æ 


2d'^u 
dx'^ ’ 


c > 0 


(25.11) 


occurs in the study of processes of transversal vibrations of a string, the 
longitudinal vibrations of rods, electric oscillations in conductors, the tor- 
sional oscillations of shafts, gas vibrations, and so on. Clearly, for (25.11), 
A = —c^, B = 0, C = 1 so that B^ — AAC = 4c^ > 0, and hence it is 
hyperbolic in any domain. 


Example 25.6. The one-dimensional beat équation 


du d'^u 

'm ^ 


O > 0 


(25.12) 


arises in the study of processes of the propagation of heat, the filtration of 
liquide and gases in a porous medium, e.g., the filtration of oil and gas in 
subterranean sandstones, some problème in probability theory, and so on. 
Clearly, for (25.12), A = —a, B = 0, C = 0 so that B^ — AAC = 0, and 
hence it is parabolic in any domain. 


Example 25.7. The potential, or Laplace équation in two dimensions, 
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is invoked in the study of problems dealing with electric and magnetic fields, 
stationary States, problems in hydrodynamics, diffusion, and so on. Clearly, 
for (25.13), A = 1, i? = 0, C = 1, so that — AAC = —4 < 0; and hence 
it is elliptic in any domain. Solutions of (25.13) are often called potential 
functions as well as harmonie functions. 

In the literature équations (25.11)“(25.13) are known as the classical 
équations of mathematical physics, as these équations keep on popping 
up in varions other applications. Further, these équations are important 
examples of the three major types of linear partial differential équations. 

Example 25.8. The Tricomi équation 

y'^xx ^yy ~ d (25.14) 

occurs in the study of aerodynamics. This équation is elliptic for y > 0, 
parabolic for y = 0, and hyperbolic for y < 0. The elliptic région corre¬ 
sponds to smooth subsonic ffow, the parabolic région to a sonie barrier, 
and the hyperbolic région to supersonic propagation of shock waves. 


Problems 


25 . 1 . Show that the given function satisfies the corresponding partial 
DE 

(i) U = f{x^ + y^), yux = xuy 

(ii) u = f{xy), xux-yuy = 0 

(iii) u = eyf{x-y), u=Ux + Uy 

(iv) u = ax + by + ab, u = xux + yuy + u^Uy 

(v) {u + = {x + ay + b)"^, uul + Uy = 4:/9. 

25 . 2 . Find where the following operators are hyperbolic, parabolic, 
or elliptic: 

(i) ^yy T y'^xy XUxx 

(ii) x'^Uyy - Uxx + U 

(iii) yUyy + 2uxy + XUxx + Ux- 


25 . 3 . Show that for the one-dimensional heat équation (25.12) with 
a = 1 the function 

rx/Vt ^ 

(j){x, t) = A + B / 

Jo 

as well as its partial dérivatives 4'xix,t) and (j)t{x,t) are solutions; here A 
and B are arbitrary constants. 
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25 . 4 . Let ipi''') be an arbitrary function such that 

is convergent. Show that (f>{x,t) is a solution of (25.12) with a = 1. 

25 . 5 . Show that if u = u{x,y) and v = v{x,y) satisfy Cauchy- 
Riemann équations 

= Vy^ Uy = Vx 

then each is a solution of Laplace’s équation (25.13). 

25 . 6 . Show that u = Inl/r, where r = [x — a)'^ + {y — hY is a 
solution of Laplace’s équation (25.13). 

25 . 7 . A linear approximation of one-dimensional isentropic flow of 
an idéal gas (a gas in which the only stress across any element of area is 
normal to it) is given by 


Ut + Pæ = 0 

Ux + a^pt = 0 , 


where u = u(x, t) is the velocity, and p = p{x, t) is the density of the gas. 
Show that u and p both satisfy the wave équation (25.11). 

25 . 8 . A nonlinear partial DE that arises in shallow-water theory is 
the Korteweg-de Vries équation 

ut + {a + eu)ux + Puxxx = 0, 

where a, j3, e are constants. Show that its one solution (the solitary wave, 
or soliton) is given by 

u = Asech^[(eA/12/3)^/^(a; — Vt)], V = a + (l/3)eA. 


Answers or Hints 


25 . 1 . Verify directly. 

25 . 2 . (i) Hyperbolic when y"^ > 4a;, parabolic on the parabola y^ = 4a;, 
elliptic when y^ < 4a; (ii) Hyperbolic when a; yf 0, parabolic when a; = 0 
(iii) Hyperbolic when xy < 1, parabolic on the hyperbola xy = 1, elliptic 
when a;y > 1. 


25 . 3 . Verify directly. 
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25 . 4 . Verify directly. 

25 . 5 . Uxy — Uyx- 

25 . 6 . Verify directly. 

25 . 7 . Differentiate the first équation with respect to x, and the second 
équation with respect to t, and subtract. 

25 . 8 . Verify directly. 


Lecture 26 

First-Order Partial 
Differential Equations 


We begin this lecture with simultaneous DEs, which play an important 
rôle in tire theory of partial DEs. Then we shall consider quasilinear partial 
DEs of tire Lagrange type, and show tirât such équations can be solved 
rather easily provided we can frnd solutions of related simultaneous DEs. 
Finally, in this lecture we shall explain a general method to find solutions 
of nonlinear first-order partial DEs which is due to Charpit. 


Simultaneous DEs. 


To solve simultaneous DEs of the form 
dx dy du 


(26.1) 


where P, Q, and R are functions of a;, y, u, several different techniques are 
known. We shall présent here only the following two methods. 


The method of grouping. If in dx/P = du/R the variable y can be 
canceled or absent, leaving the équation in x and u only, then an intégration 
of this équation gives 

(j){x, u) = Cl. (26.2) 

Again, if one variable, say, x, is absent or can be removed from dy/Q = 
du/R, then an intégration of this équation leads to 

ilj{y,u) = C2. (26.3) 

The general solution of (26.1) is then the solutions (26.2) and (26.3) taken 
together. 

Example 26.1. For the DE 

dx dy du 

~ ~T~ ~ ( 26 . 4 ) 

u‘^y u^x y^x 

we take first two fractions and cancel out to get dx/y = dy/x or xdx — 
ydy = 0, which can be integrated to obtain 

x^ — y^ = Cl. (26.5) 

Again, we take second and third fractions and cancel out x, to hâve dy/u^ = 
du/y^ or y^dy — u^du = 0, which on intégration yields 

y^ — u^ = C2. (26.6) 
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Equations (26.5) and (26.6) taken together gives the solution of (26.4). 

The method of multipliers. By a proper choice of multipliers £, m, n 
which are not necessarily constants, we write 

dx dy du êdx + mdy + ndu 
P Q R £P + mQ + nR 

so that £P + mQ + nR = 0. Then £dx + mdy + ndu = 0, and this can be 
solved to get the intégral 

(l){x,y,u) = Cl. (26.7) 

Again we search for another set of multipliers A, /i, i/ so that XP + yQ + 
nR = 0 giving Xdx + ydy + ndu = 0, which on intégration yields 


'ip{x,y,u) = C2. 


(26.8) 


These two intégrais (26.7) and (26.8) taken together give the required so¬ 
lution of (26.1). 


Example 26.2. For the DE 

dx 


dy 


du 


x{y^ — u'^) —y{u'^ + x^) u{x^ + y'^) 

we use the multipliers x, y, u so that each fraction is the same as 
xdx + ydy + udu xdx + ydy + udu 


(26.9) 


2;2(y2 _ y2) _ j^2(y2 _|_ 2;2) _|_ y2(^2 _|_ j^2) Q 

and hence xdx + ydy + udu = 0, which on intégration gives 

x^ + y^+u^ = ci. (26.10) 

Again using the multipliers l/a;, —Ijy, — 1/m we obtain 


—dx - dy - du = 0 , 

X y U 


which can be solved to get the intégral 


yu = C2X. 


(26.11) 


Hence, the solution of (26.9) is (26.10) and (26.11) taken together. 


Lagrange’s fîrst-order linear partial DE Now we shall 
study the first-order quasilinear partial DE 


Pux + Quy = R, U = u{x, y) 


(26.12) 








204 


Lecture 26 


where P, Q, and R are fimctions of x, y, u. Such an équation is obtained 
by eliminating an arbitrary function from the relation 

= (26.13) 

where /r, v are some functions of x, y, u. Indeed differentiating (26.13) 
partially with respect to x and y, we get 


+ y-uUx) + + VuUx) = 0 


and 


+ fJ-uUy) + 4>v{Vy + UuUy) = 0. 


Eliminating (j)^ and (j)i, from these relations, we get 


Mæ “t” ^^u’^x “t” ^u'^x 

y y y^u'^y ^y “t“ ^u'^y 


= 0 , 


which simplifies to 


{y-y’^u - yuVy)Ux + {yu^x - yxVu)Uy = yxVy “ yyVx- (26.14) 

Clearly, équation (26.14) is of the form (26.12). 

Now suppose that y = a and v = b, where a and b are constants, so 
that 


yxdx + yydy + yudu = dy = 0 


and 

Vxdx + Vydy + Vudu = dv = Q. 

By cross-multiplication, we hâve 

dx dy du 


yyi 


l^yf-lu 


f^u^x l-^x^u f^x^y l^y^x 


which in view of (26.14) and (26.12) is of the same form as (26.1). Now since 
the solutions of these équations are y = a and v = b the required solution 
of (26.12) can be written as (t>{y, v) = 0. Thus, to solve (26.12) first we need 
to form the subsidiary équations (26.1), and need to solve these to obtain 
y = a and i/ = b, and finally write the solution as (j){y, ly) = 0 or y = f{v). 

We also note that any intégral of (26.12), u = f{x,y) represents a 
surface. We call it an intégral surface of (26.12) and dénoté it by S. Con- 
sider any point M{xo,yo,uo) on S. If Ux and Uy are evaluated at M, then 
Ux-,Uy^—l are direction numbers of the normal to S and M. Thus, DE 
(26.12) expresses the géométrie fact that this normal is perpendicular to 







First-Order Partial Differential Equations 


205 


the line through M whose direction numbers are the values of P, Q and R 
evaluated at M. This line, which is tangent to S at M, has the équations 

x-xq _ y-yo _ u-uq 
P ~ Q ~ R ' 

Hence, at each point of S there is defined a direction whose direction num¬ 
bers dx, dy, du satisfy the équations (26.1). 

Although our above discussion is only for two independent variables, it 
can be extended rather easily to the case of n independent variables. In 
fact, analytic methods can be used to prove the following general theorem. 

Theorem 26.1. If (l)i{xi,X 2 , ■■■ ,Xn,u) = Ci, 1 < i < n are independent 
solutions of the équations 

dxi _ _ _ dx^ _ (M 

Pi ~ P2 Pu ~ R' ^ ’ 

then the relation (j) 2 ,' ' ' jff’n) = 0, where the function 'h is arbitrary, 

is a general solution of the linear partial DE 

PlUxi + P 2 UX 2 + • ■ ■ + PnUx„ = R- (26.16) 


Example 26.3. For the partial DE 

{mu — ny)ux + {nx — iu)uy = iy — mx (26.17) 

the subsidiary équations are 

dx dy du 

mu — ny nx — £u iy — mx 

Using multipliers x,y,u we find that each fraction is the same as {xdx + 
ydy + udu)/0 and hence xdx + ydy + udu = 0, which on intégration gives 

x^ + y'^ + u'^ = a. (26.18) 

Again using multipliers i, m, n we hâve each fraction equal to {idx + mdy + 
ndu)/0 and thus idx + mdy + ndu = 0, which on intégration yields 

ix + my + nu=b. (26.19) 

Thus, from (26.18) and (26.19) the solution of (26.17) is x'^ + y'^ + u'^ = 
f{ix + my + nu). 

Charpit’s method. We shall now explain a general method for 
finding the solutions of first-order nonlinear partial DEs which is due to 
Charpit. Consider the équation 

f{x,y,u,p, q) = 0, 


(26.20) 
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where for simplicity p = Ux and q = Uy. Since u dépends on x and y, we 
hâve 

du = Uxdx + Uydy = pdx + qdy. (26.21) 

If we can find another relation involving x, y, u,p, q such as 

= 0, (26.22) 

then we can solve (26.20) and (26.22) for p and q and substitute in (26.21). 
This will give the solution provided the resulting équation is intégrable. 

To détermine we differentiate (26.20) and (26.22) with respect to x 


and y, to obtain 

îx + fuP + fpPx + fqqx = 0 (26.23) 

4>x + (puP + 4>pPx + (pqdx = 0 (26.24) 

fy + fuq + fpPy + fqqy = 0 (26.25) 

4>V + 4>uq + (ppPy + (pqdy = 0- (26.26) 

Eliminating px between the équations (26.23) and (26.24), we get 

Ux(t>p - (pxfp) + {Mp - (pufp)p + {fq(pp - (pqfp)qx = 0. (26.27) 

Also eliminating qy between the équations (26.25) and (26.26), we obtain 
ifyP^q ~ p^yfq) + ifu<Pq ~ 4’ufq)q + {fp(pq ~ <Ppfq)Py = 0- (26.28) 


Adding (26.27) and (26.28) and using qx = Uxy = Py, we find that the last 
terms in both cancel and the other terms, on rearrangement, give 

{~fp)4‘x + i.~ fq)4’y 4 “ {~pfp ~ Qfq)4‘u + {fx + pfu)<pp + {fy + dfu)4>q = 0 . 

(26.29) 

This is Lagrange’s DE (26.16) with x, y, M,p, q as independent variables and 
(f) as the dépendent variable. Its solution will dépend on the solution of the 
subsidiary équations 

dx _ _ du _ dp _ dq _ 

-fp -fq -pfp-qfq fx+pfu fy+qfu 0 ' 

An intégral of these équations involving p or y or both, can be taken as the 
required relation (26.22). 

Example 26.4. For the partial DE 

{p'^ + q^)y = qu, (26.31) 


we hâve 


f{x, y, u,p, q) = {p^ + q^)y - gw = 0. 


(26.32) 
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Thus, the subsidiary équations are 

dx dy du dp dq 

—2py U — 2qy —qu —pq p'^ 

The last two équations give pdp + qdq = 0, and hence 


Now we solve (26.32) and (26.33), to get p = (clu)yju^ — c^y^, 
Thus, 

du = pdx + qdy = — — c^y'^dx H- -du, 

U U 


which is the same as 


1 d{u'^ — c^y^) 

2 \Ju^ — c^y'^ 


= cdx, 


and hence on intégration and squaring, we get 


2 / I \2 I 2 2 

U = (a + ex) + c y , 


which is the required solution of (26.31). 


Problems 


26 . 1 . Solve the following simultaneous DEs: 


(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 


(i) 

(ii) 


dx dy du 

x^ y^ nxy 

dx dy du 

mu — ny nx — £u iy — mx 
dx dy du 

x"^ — yu y^ — ux u'^ — xy 
dx dy du 

u{x + y) u{x — y) + y^ 

dx dy du 

x{y‘^ — M^) y{u‘^ — x"^) u{x‘^ — y^) 

dx dy du 

x^ — y 2 — y 2 2xy 2xu 

26 . 2 . Solve the following first-order linear partial DEs: 

(x^ — y^ — u^)ux + 2xyuy = 2xu 
{y - u)ux + (x - y)uy = u - x 


(26.33) 
q = y(?/u. 
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(iii) {x^ — yu)ux + {y^ — ux)uy = v? — xy 

(iv) y'^Ux - xyuy = x{u - 2y) 

(v) x'^Ux + y'^Uy = (x + y)u. 

26 . 3 . Show that the conditions for exactness of the ordinary DE 

y{x, y)M{x, y)dx + fj.{x, y)N{x, y)dy = 0 
is a linear partial DE of the form (26.12). 

26 . 4 . Show that the general solution of the partial DE 


Ux + {o-{x)y + b{x)u)uy = c{x)y + d{x)u 


is of the form 


( yvi{x) — uwi(x) 




Z(x) 


yV2(x) - UW2(x)\ 

Z{x) J - 


where W{x) = ciWi{x) + C2Vü2{x), = CiVi{x) + C2V2(x) is the general 

solution of the System of équations 

DW dV 

= aW + bV, — = cW + dV 
dx dx 


and Z = wiV2 — W2V1. Hence, solve the following partial DEs: 


(i) 

(ii) 


+ {—y + 2u)uy = 4y + u 
2y + U 4y + 2u 

r. U., = . 


26 . 5 . Solve the following first-order nonlinear partial DEs: 

(i) U = p^x + q^y 

(ii) = xypq 

(iii) 1 + p^ = qu 

(iv) pxy +pq + qy = yu 

(v) u^(p^ + g^) = 


Answers or Hints 

26 . 1 . (i) i = ^+ci, U = C 2 + PI In I (ii) gx+my+nu = ci, x'^+y'^+u'^ = 

C 2 (iii) f5^=ci, xy + yu + xu= C 2 (iv) a;^-y^-2xy = ci, x^-y^-u^ = 
C 2 (v) xyu = Cl, = C 2 (vi) y = Ciu, + y^ + = C 2 U. 

26 . 2 . (i) + y^ + = u/(y/u) (ii) ^x'^ + yu = (j){x + y + u) 
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(“) + + = 0 (iv) + y'^ = f{2\iiy + u/y) 

(v) </>(^,^) = 0. 

26 . 3 . Nfj,x - Mfj,y = fi{My - N^). 

26 . 4 . (i) (^(e“^^(y + m),— 2î/)) = 0 (ii) f{{2y + u)/x‘^,2y — u) = 0. 

26 . 5 . (i) U = (v^ô + a/Ï)^ + {b + y/ÿ)'^ (ii) u = ax^y^/^ (iii) ^ ± 

— 4a^ — 2a^ ln(u + y/u^ — da^)} = 2aa; + 2y + 6 (iv) ln(M — ax) = 
y — aln(a + y) + b (v) Put = U,u^ = b + XyJ (cc^ + a^) + aln{a; + 

\/(a;2 + a2)} + y^ (y^ _ «2) + aln{y + 








Lecture 27 

Solvable Partial 
Differential Equations 


In this lecture we shall show that like ordinary DEs, partial DEs with 
constant coefficients can be solved explicitly. We shall begin with homoge- 
neous second-order DEs involving only second-order ternis, and then show 
how the operator method can be used to solve some particular nonhomoge- 
neous DEs. Then, we shall extend the method to general second and higher 
order partial DEs. 

For partial DEs of the form 

'^XX k\Uxy k2V>yy — 0 , ( 27 . 1 ) 

where ki and k2 are constants, we write = d'"jdx'~ and D2 = d'^jdy^, 
so that in symbolic form it can be written as 

{Dj + kiDiD2 + k2Dl)u = 0. ( 27 . 2 ) 

Its symbolic operator equated to zéro, i.e., 

Dj + kiDiD2 + k2Dl = 0 ( 27 . 3 ) 


is called the auxüiary équation. Let its roots be D1/D2 = nii, TO 2 - 

Case I. If the roots are distinct, then (27.2) is équivalent to 

{Di — miD2){Di — m2D2)u = 0. (27.4) 

It will be satisfied by the solution of {Di — m 2 D 2 )u = 0, i.e., Ux — rn 2 Uy = 0. 
This is a Lagrange équation and its subsidiary équations are 

dx dy du 

1 —1712 0 

and hence y + m,2X = a and u = b. Therefore, its solution is m = (p{y + m2x). 

Similarly, équation (27.4) will also be satisfied by the solution of {Di — 
miD2)u = 0, i.e., u = f{y + mix). Hence, in this case the general solution 
of (27.1) is 

u = f{y + niix) + (f){y + m2x). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_27, 

© Springer Science-|-Business Media, LLC 2009 
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Case II. If the roots are equal, i.e., mi = 7712 , then (27.4) is équivalent to 

{Di — miD2)^u = 0. (27.5) 

Putting {Di — miD 2 )u = v, it becomes {Di —miD 2 )v = 0, which as earlier 
gives V = 4>(jj + rriix). Therefore, (27.5) takes the form {Di — miD 2 )u = 
<j){y + mix), or 

Ux — miUy = <j){y + mix). 

This is again a Lagrange équation and its subsidiary équations are 

dx dy du 

1 —77ii (j){y + mix)’ 

giving y + mix = a and du = 4>{a)dx, i.e., u = 4>{a)x + b. Thus, the general 
solution of (27.1) in this case is 

U = f{y + mix) + x(j>{y + mix). 

Example 27.1. For the partial DE 

‘^^XX ^Uxy 2Uyy = 0 

the auxiliary équation is 2rn? + 5m + 2 = 0, m = Di/D 2 , which gives 
mi = —2, m 2 = —1/2. Hence, its general solution can be written as u = 
fi{y - 2x) + f 2 { 2 y - x). 

Example 27.2. For the partial DE 

^xx + ^ 

the auxiliary équation is + 6m + 9 = 0, m = D 1 /D 2 , which gives 
mi = —3, 7712 = —3. Hence, its general solution can be written as it = 
fi{y - 3a;) + xf 2 {y - 3a:). 


Now we shall consider nonhomogeneous partial DEs of the form 

C{Di,D 2 )[u] = {Dj + kiDiD 2 + k 2 D‘l)u = F{x,y). (27.6) 

As in the case of ordinary DEs a particular solution Up{x,y) of (27.6) can 
be obtained by employing the operator method, i.e.. 


Up{x,y) 


1 

C{Di,D2) 


F{x,y). 


Case 1. F{x,y) = Since 


{Dl + kiDiD2 + k2Dl)e^^+^y = 


(a2 + /cla6+fc252)e“"^+''^ 


(27.7) 
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i.e., 

operating both sides by l/£(Zli, II 2 ), we get 

= Âïjb7'“‘’ = Â;b)'“"‘" 

Case 2. F{x, y) = sin{mx + ny) or cos{mx + ny). Since 

(Uj + fci£)iZl 2 + fc 2 -D|) sin(ma; + ny) = {—m^ — kimn — k 2 n'^) sm{mx + ny) 

operating both sides by l/£(Zli, II 2 ), we find 

1 . . 1 


Up{x,y) = 


■ sin(ma; + ny) = 


C{Di,D 2) —'w? — kimn — k2n^ 

provided m? + kimn + k 2 n^ ^ 0. Similarly, we hâve 
1 . . 1 


Up{x,y) = 


■ cos(mx + ny) = 


sin(TOX + ny) 


cos{mx + ny). 


C{Di,D 2) —m? — kimn — k2n'^ 

Case 3. F(x,y) = where m and n are nonnegative integers. Since 

1 


Àx,y) = 


C{D^,D2) 


X y — D 2 ) X y 


we expand C{Di,D 2 ) ^ in ascending powers of Di or D 2 by the binomial 
theorem and then operate on x'^y’^ term by term. 

Case 4. F{x,y) is any function of x and y. To evaluate (27.7) we résolve 
l/£(Zli,Il 2 ) into partial fractions treating C{Di,D 2 ) as a function of Di 
alone and operate each partial fraction on F(x,y), remembering that 


1 


-F{x,y) = J F{x.,c —mx)dx, 


Di — mD2 

where c is replaced by y + mx after intégration. To show this, we let 

—— ^——F{x,y) = (j){x,y) 

D\ — 7nIJ2 

so that {Di — mD2)4>[x,y) = F{x,y) for which 

dx dy dcj) 

1 —m F{x,y) 


and hence y + mx = c, and 


dcf) 


F{x, c — mx) ’ 


dx = 
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which gives 

(j){x,y) = J F{x,c—mx)dx. 
Example 27.3. For the partial DE 

Uxx — Uxy = cos X COS 2y 


(27.8) 


the auxiliary équation is rri^ — m = 0, m = D 1 /D 2 , which gives mi = 
0, m 2 = l.Hence, its complementary function is y) = fi{y)+f 2 {y+x). 
Now for its particular solution, we hâve 


o{x,y) = 


1 


Dl - D1D2 
1 1 
2DI-D1D2 
1 


■ cos x cos 2y 


[cos(a; + 2y) + cos(a; — 2y)\ 


cos(a; + 2y) H-—- cos(a: — 2y) 


-1 + 2 


- 1-2 


= icos(a:: +2î/) - icos(a; - 2î/). 


Hence, the general solution of (27.8) is 


u{x,y) = fi{y) + f 2 {y + x) + l-cos{x + 2y) - lcos{x-2y). 


Example 27.4. For the partial DE 

Uxx - ^Uxy + ^Uyy = (27.9) 

the auxiliary équation is (m — 2)^ = Q, ra = ZI 1 /ZI 2 , which gives mi = 
2, TO 2 = 2. Hence, its complementary function is Uh{x,y) = fi{y + 2x) + 
xf 2 {y + 2x). Now for its particular solution 


Up{x,y) 


p2x+y 

(Di-2D2)2 


clearly Case 1 fails. However, we can apply Case 4. For this we note that 
for the équation {Di — 2 D 2 )v = the solution is 


v{x,y) 


F{x, c — mx)dx 


^2x+{c-2x)^^ = 


and since {Di — 2 D 2 )up =v = xe^^^^, the particular solution is 
Up{x,y) = j xe^^+^^-^^'>dx = = ^x^e^^+y. 
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Hence, the general solution of (27.9) is 


u{x, y) = fi{y+ 2x) + xf 2 {y + 2x) + 


Example 27.5. For the partial DE 

Uxx + Uxy - Quyy = y COS X 


(27.10) 


the auxiliary équation is + m — 6 = 0, m = D 1 /D 2 , which gives rrii = 
—3, 1712 = 2. Hence, its complémentary function is Uh{x, y) = fi{y — 3a;) + 
f 2 {y + 2x). Now to find its particular solution 


Up{x,y) = 


-ycosx 


(Di-2D2)(Di+3D2)' 
first we solve the équation {Di + 3D2)v = ycosx, to find 

v{x, y) = y (•' + = (c + 3x) sin x + 3 cos x = y sin x + 3 cos x. 

Now since {Di — 2D2)up = v = ysinx + 3cosx, the particular solution is 

Up{x,y) = y [(c — 2x) sin X + 3 cos x]dx 

= (c — 2x)(— cosx) — (—2)(— sinx) + 3sinx = sinx — ycosx. 
Hence, the general solution of (27.10) is 

u{x,y) = fi{y - 3x) + f 2 iy + 2x) + sinx - ycosx. 


From the above examples it is clear that the above procedure can be 
extended rather easily for the higher order partial DEs of the form 


d^u 

9x" 


kl 




dx'^-^dy 


(9”7/ 


(27.11) 


provided the function F{x,y) is of a particular form. We illustrate the 
technique in the following example. 

Example 27.6. For the partial DE 

Uxxx-2uxxy = 2e'^'^ + 3x'^y (27.12) 

the auxiliary équation is m? — 2m? = 0, m = D 1 /D 2 , which gives toi = 
0, TO 2 = 0, ma = 2. Hence, its complementary function is Uh{x,y) = 
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fi{y) + xf 2 {y) + faiy + 2x). Now for its particular solution, we hâve 




= 2 - 


1 


1 - 8-0 


Dl 


1 + 


2D2 

Dl 


4® 


4® 


2x 


-^[x^y+-x^ 

1 5 le 


Hence, the general solution of (27.12) is 


4^ 

Dl 


x'^y 


uix,y) = fi{y) + xf 2 iy) + fsiy + ‘2x) +-e 


20 


X y - 


60 


Now we shall consider the general second-order partial DE 

A{Di, D 2 )[u\ = {D\ + kiDiD 2 + k 2 Dl + k^Di + k/iD 2 + = F{x, y). 

(27.13) 

Having in mind that for homogeneous ordinary DEs with constant coeffi¬ 
cients we can assume a solution of the form e™^, for (27.13) with F{x, y) = 0 
we assume that is a solution. This is possible if and only if 

4“ kiXy, F k2y^ F k^X F k/iy F k^ = 0. (27.14) 

Since (27.14) is a single algebraic équation in two unknowns (representing 
a conic section in A/i-plane), in general it will hâve an infinité number of 
solutions {X,y). In particular, if (Ai,^i), i = 1,2, • • • ,n are n solutions of 
(27.14), then by the principle of superposition X]r=i is a solution 

of (27.13) with F{x,y) = 0. 

Example 27.7. For the partial DE 

^xx F 2uxy F xiyy F Sux F 3uy F 2u = 0 (27.15) 

the équation corresponding to (27.14) is 

-f 2Xy F F SXFSfiF 2 = 0. 

For this équation it is easy to see that X = —{2 F y,) is a solution. Hence, 
^-( 2 +tJ.)x+yy jg particular solution of (27.15). 

Finally, we note that we can always factorize A{Di, D 2 ) into factors of 
the form Di — mD 2 — c, and to find the solution of {Di — mD 2 — c)u = 0 
we Write it as Ux — muy = eu. For this the subsidiary équations are 

dx dy du 

1 —m 


eu 
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which can be integrated to obtain u(x,y) = e‘^^4‘{y + mx). The solutions 
corresponding to varions factors added up give the solution of (27.13) with 
F{x,y) = 0. Finally, in some cases a particular solution of (27.13) can be 
obtained by using the operator method. 

Example 27.8. For the partial DE 

(Dj + 2 D 1 D 2 + — 2Di — 2D2 )u = sin(a: + 2y) (27.16) 


we hâve A{Di,D 2 ) = {Di + D 2 ){Di + D 2 — 2). Thus, the solution of the 
homogeneous équation A{Di,D 2 )[u] = 0 is Uh{x,y) = t!>i(y — æ) + (y— 
x). Now to find the particular solution, we hâve 


o{x,y) = 


1 


Df + 2D1D2 + Dj- 2 Di - 2D2 
1 

-1 + 2(-2) + (-4) - 2Di - 2 D 2 

2{Di+D2) + 9 ^ 

2(Di + D 2 ) -9 
+ 2D1D2 + Dj) - 81 
2(^1+ D 2 ) -9 


sin(x + 2y) 
sin(a: + 2y) 


sin(x + 2y) 


4[-l + 2(-2) -4] -81 


sin(a; + 2y) 


YYy [2{cos(a; + 2y) + 2 cos(a; + 2y)} — 9 sin(a; + 2y)] 
^[2cos(a; + 2y) - 3sin(a; + 2y)]. 


Hence, the general solution of (27.16) is 


L{x,y) = (j)i{y-x) +e^^(j) 2 {y-x) + — [2cos{x + 2y) - 3sm{x + 2y)]. 


Problems 

27.1. Solve the following second-order linear partial DEs: 
(i) '^XX H" '^xy = 0 

(il) Uxx - 5uxy + Quyy = 

(iii) Uxx 2^Uxy ^yy — sin x 

(iv) Uxx + 'iUxy - ^Uyy = 

(v) Uxx - Uxy - Quyy = xy 

(vi) Uxx — Uyy = sin x cos 2y. 
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27 . 2 . Solve the following third order linear partial DEs: 

(i) '^xxx Uxxy '^xyy ^yyy — ^ 

(ii) ^XXX ^^xxy “t“ - C ^ 

(iii) Uxxx - ‘^Uxxy = 26^"" + ix^y. 

27 . 3 . Solve the following fourth order linear partial DEs: 

(i) Uxxxx ’^yyyy — ^ 

(ii) ^xxxx ‘^'^xxyy “t“ ^yyyy — H- 

27 . 4 . Solve the following nonhomogeneous partial DEs: 

(i) Uxx - Uyy + Ux -Uy = + 

(ii) 2uxy + Uyy — 3uy = 3cos(3a; — 2y) 

(iii) Uxx — Uxy + Uy — U = cos(x + 2y) + 

(iv) {Di + D 2 — l)(Di + 2 D 2 — 3)m = 4 + 3x + 6j/ 

(v) Di{Di +D 2 - l)(Di + 3 D 2 - 2)u = xy + . 

27 . 5 . In elasticity certain problems in plane stress can be solved with 
the aid of Airy ’s stress function (j), which satisfies the partial DE 

4^xxxx 4“ 2(l)xxyy 4“ 4^yyyy — (27.17) 

This équation is called hiharmonic équation and also occurs in the study of 
hydrodynamics. Show that 

(i) (l){x,y) = fi{y-ix) + xf 2 iy-ix) + f 3 {y + ix) + xf 4 {y + ix) isasolution 
of (27.17) 

(ii) if u{x,y) and v{x,y) are any two harmonie functions, then (j){x,y) = 
u{x, y) + xv{x, y) is a solution of (27.17). 

27 . 6 . Solve the following partial DE: 

^ Uxx 2xyUxy 4“ y Uyy — 0. 


Answers or Hints 

27.1. (i) u= fi{y+x) + f2{y-2x) (n) u = fi{y+2x) +f 2 {y + ix) + \e^+y 
(iii) U = fi{y + x) + xf 2 {y + x) - sina: (iv) u = fi{y + x) + f 2 {y - 5x) + 
\x'^y'^ -^x^y+jx^ (v) u = fi{y-2x) + f 2 iy + 3x) + ^x^y + ^x'^ (vi) u = 
fl (y) + h{y + x) + ^(sin X cos 2y + 2 cos x sin 2y). 

27 . 2 . (i) u = fi{y + x) + f 2 iy-x)+xf 3 {y-x)(ü) u = fi{y - x) + f 2 iy + 

2x) + xfsiy + 2x) + ^e^+'^y (iii) u = fi{y) + xf 2 {y) + fsiv + 2a;) + + 

^x^y+^x^. 
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27 . 3 . (i) U = fi{y + x) + f 2 {y - x) + fsiy + ix) + f 4 {y - ix) (ü) u = 
fi{y + a:) + xf 2 {y + x) + fsiy - x) + xf4iy - x). 

27 . 4 . (i) u=(j)i{y+x)+e~^4'2iy—x) — ^e'^^~^^y{n) u = (/)i(x)+e^*^^2(2î/— 

æ) + ^{4cos(3a; — 2y) + 3sin(3a; — 2y)} (iii) u = e^(j)i{y) + e~^(j) 2 {x + ?/) + 
^ sin(a;+2î/) — (iv) u = e^(l)i{y — x) + e^^(j) 2 {y — 2x)+x+2y + 6(v) u = 
4>i (y) + e'^4‘2{y-x)+ e'^'^(j) 3 {y - 3x) + | {2x'^y + 6xy + 5x^ + 22x). 

27 . 5 . (i) Verify directly (ii) Verify directly. 

27 . 6 . ^ where 2nk = 2mk + 1 ± {Snik + 1)^/^. 


Lecture 28 

The Canonical Forms 


In this lecture we shall show that coordinate transformations can be 
employed successfully to reduce second-order linear partial DEs to some 
standard forms which are known as canonical forms. These transformed 
équations sometimes can be solved rather easily. Here the concept of char- 
acteristic of second-order partial DEs plays an important rôle. 

To solve the one-dimensional wave équation (25.11) we introduce the 
new coordinates 

^ = x + ct, rj = x — ct. (28.1) 

Then, by the chain rule we hâve 

'^xx — 

Utt = 

Substituting these expression in (25.11), we obtain 

—= 0 . 

Now since c yf 0, it follows that = 0 for which the solution can be 
written as 

u(Ç,?7) = fi{0 + f2{v), 

where /i and /2 are arbitrary functions. 

Thus, the general solution of (25.11) appears as 

u{x,t) = fi{x + et) + f 2 {x — et). (28.2) 

We shall now consider the general partial DE 

C[u\ = Autt + Butx + Cuxx = 0, (28.3) 

where A, B, and C are given constants. We once again attempt to find a 
linear transformation of coordinates 

^ = ax + pt, T] = jx + ôt, aô — 7/9 yf 0 (28.4) 

so that the differential operator C\u] in (28.3) becomes a multiple of uç,/. 
For this, by the chain rule we hâve 

C[u] = {Ap'^ + BaP + Ca'^)u^^ + {2Apô + B{a5 + P^) + 2Ca'y)u^r) 

+ {Aô‘^ + B^ô + Cj'^)unn- 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_28, 

(c) Springer Science-hBusiness Media, LLC 2009 
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Thus, to meet the desired form we need 

yl /32 + Bafi + = 0 

Aô^ + B-yS + Cy^ = 0 . 

If A = C = 0, the trivial transformation ^ = x, rj = t gives C in the 
desired form. We now suppose that either ^ or C is not zéro. In what 
follows we shall assume that A ^ 0. Then, a ^ 0 and 7 7 ^ 0 and we may 
divide the first équation by and the second équation by 7 ^. In this way 
we obtain two identical quadratic équations for the ratios /3/a and bjy. 
The solutions of these équations are 

I = T[_B±VBVrïic|. 

In order for the coordinate transformation (28.4) to be nonsingular, the 
ratios (3/a and 5/y must be different. Hence, we must take the plus sign 
in the solution in one case, and the minus sign in the other. Moreover, we 
must assume that the quantity — AAC is positive. For if it was zéro, 
the two ratios would still coincide, while if it was négative, neither of them 
would be real. 


Thus, we may transform L[u] to a multiple of if and only if B^ — 
AAC > 0; i.e., the operator C must be hyperbolic. The transformation in 
this case is given by 


^ = 2Ax+ [-B + VB^ - AAC]t 
q = 2Ax + [-B - - 4AC]t 

(28.5) 

and the operator becomes 


C[u\ = -AA{B^ - 4AC)u^r,- 

(28.6) 


The case A = 0 can be treated similarly, with ^ = t, -q = x — {C/B)t. 

Finally, from (28.6) it is clear that the general solution again can be 
written as u = fi (^) + /2 (q) ■ 

If B^ — AAC = 0, i.e., C is parabolic, then there is only one value of 
(3/a which makes the coefficient of uçç vanish. This is (3/a = —B/{2A). 
Since B/{2A) = 2C/B this choice also makes the coefficient of u^rj vanish. 
Indeed, we hâve 

2A(36 + Baô + B(3y + 2Cay 

= ("â") ^ (-â«) T' + (I4) “T' = 0- 
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Thus, the transformation 


Ç = 2Ax — Bt, T] = t 


transforms C[u] into 

L[u] = AUrjrj- 

The choice of rj is quite arbitrary. We could choose any jx + St as long 
as (5/7 ^ —Bl{2A). lî A = 0, we may choose t] = x, ^ = t to obtain 
C[u] = Cur,n- The general solution of C[u] =0 is now 

u= fiiO +vf2{0- 


Finally, if B^ — 4AC < 0, i.e., the operator C is elliptic, then no choice 
of (3/a or ô/^ makes the coefficients of uçç or vanish. However, the 
transformation 


2Ax — Bt 
y'AAC - B 2 ’ 


rj = t 


makes 

C[v\ = + Ur^r)]- 


Since 4y4C > B^, ^ 0. A standard form for an elliptic differential équa¬ 

tion L[u] = 0 is uçç -I- UrjT] = 0, i.e., Laplace’s équation. 


We shall now consider the general linear partial DE 


C[u] = Autt + Butx + Cuxx + Dut + Eux + Eu = 0, (28.7) 


where A, B,C, D, E, and F are functions of x and t. Our aim is to show 
that in (28.7) the second-order terms may be reduced to one of the standard 
forms obtained earlier in a whole domain where it is hyperbolic, parabolic 
or elliptic. For this we need a more general (nonlinear) coordinate trans¬ 
formation 

^ = ^{x,t), r] = v{x,t) 

where ^ and rj are twice continuously différentiable. By the chain rule it 
follows that 

C[u] = [A{^t)'^ + B^x^t + + [2A^tr]t + B^tVx + B^xVt 

+2C^xVx]u^7j + [-AiVtf + Br]xr]t + C(r]x)'^]u^^ 

+ [^K] - - Fv]un + Eu. 


If C is hyperbolic, the coefficients of and Uriri may be made equal to 
zéro by putting (assuming A ^ 0) 

-B + VS2 - 4AC , r]t -B - VB^ - 4AC 

T” =-iTi- — =-—-. 

Çx 2A r]x 2A 
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Then, the curve Ç = constant = ^xdx + ^tdt = 0, i.e., ^t/^x 
is a solution of 

dx B - - 4:AC 

m ~ 2Â ’ 

while the curve rj = constant, satisfies 

dx B + VB'^ - 4:AC 
Ht ~ 2Â ■ 

In both cases dx/dt satisfies 


A 





—dx/dt) 

(28.8) 


(28.9) 


The ordinary DEs (28.8) and (28.9) give two families of curves, which are 
called the characteristic of C. The values of Ç and rj may be prescribed 
arbitrarily along the initial line t = 0. 


If we obtain a one-parameter family of solutions x = f{t,a) of (28.8) 
satisfying the initial condition /(O, a) = a, we can, in principle, solve for a 
in ternis of x and t. Then, ^ can be chosen to be any monotone function of 
a{x,t)- Similarly, if a; = g{t, b) is the solution of (28.9) with g{0, b) = b, we 
can solve for b(x, t) and choose g to be any monotone function of b. 

If C is parabolic, the two characteristic équations (28.8) and (28.9) are 
the same, so that there is only one family of characteristic. If the coordinate 
^ is chosen so that it is constant along the characteristic, i.e., the solution 
of dx/dt = {B/2A), then the coefficients of mçç and vanish, so that the 
only second dérivative occurring in C is Urjn (here g is arbitrary). 

Finally, if £ is elliptic, one can make the coefficient of u^ri vanish by 
choosing g arbitrary and making ^ constant along solutions of 

dx Bgt + 2Cgx 
dt 2Agt + B gx 

The other two second-order dérivatives of u will then hâve coefficients with 
the same sign as A. 

Example 28.1. Consider the partial DE 

t^Uu-x^Uxx = Q- (28.10) 

Since B^ — AAC = At^x^ > 0, équation (28.10) is hyperbolic everywhere 
except on the t-and x-axes. We consider a région that does not include 
any part of either axis, e.g., a région in the first quadrant. Then, the 
characteristic équations (28.8) and (28.9) for (28.10) are 

dx ^x 
dt t ' 
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These DEs hâve solutions given by a; = cit and x = C 2 /t. Hence, we can 
make the coordinate transformation Ç = cc/t, rj = tx. This transformation 
reduces (28.10) to 

wçr, - = 0. 

We can solve this partial DE by observing that it is a first-order linear DE 
in uç. In fact, we get 


and hence the general solution of (28.10) is 

u{x, t) = Vtxf + g{tx). 


Example 28.2. Consider the partial DE 

t'^utt + “^txutx + x^Uxx = 4t^. (28.11) 

Since — AAC = 0, équation (28.11) is parabolic everywhere. Thus, the 
characteristic équations (28.8) and (28.9) for (28.11) are 

dx B X 

dt 2A t 

This DE can be solved to obtain the solution x/t = c. Hence, we can choose 
the coordinate transformation Ç = x/t, rj = x. This transformation reduces 
(28.11) to 

x'^Urjn = 4t^, 

which is the same as 

. 4 

This partial DE can be solved rather easily, to obtain 

w(^, d)=‘^+ vfiO + giO- 

Hence, in terms of the original variables the general solution of (28.11) is 
u{x, t) = + xf (I) + g (I) . 

Example 28.3. Consider the partial DE 

tWii ~t“ Uxx — t . 


(28.12) 
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Since — AAC = —4t, équation (28.12) is elliptic in the half-plane t > 0. 
In this région the characteristic équations are 


dx 

dt 




with solutions x = + ci and x = + Ci- We first make the 

coordinate transformation cr = a; + , t = x — 2zt^/^, but since these 

are complex valued, we make a second coordinate transformation defined 
t>y CT = ^ + i?7, T = ^ — irj. As a resuit of these two transformations, we 
hâve ^ = X, rj = 21^1"^. This transformation reduces (28.12) to the canonical 
form 

1 rf 

uçç +Unn - + Y^. 


Problems 

28 . 1 . Find the characteristic of the following partial DEs through the 
point (0,1): 

(i) Utt - tUxx 

(ii) Utt + ‘2-e^Utx + e^^Uxx + cos xut+ sin xux + x^u 

(iii) (cos^ X — sin^ x)utt + 2 cos x Utx + Uxx + u- 

28 . 2 . Find characteristic coordinates rj for 

Utt + (e“ + t‘^)utx + t^é^Uxx 
such that ^{x, 0) = r]{x, 0) = x. 

28 . 3 . Transform the following partial DEs to canonical form: 

(i) Utt - 5utx + &Uxx = 0 

(ii) Utt “t“ ^Utx “t“ Uxx “t“ ^Ut Qu — 0 

(iii) 2utt - 2utx + 5uxx + u = 0 

(iv) Utt - t^Uxx = 0 

(v) Utt + t^Uxx = 0 

(vi) Utt + 2tutx + t^Uxx = 0 

(vii) Utt + (2t + S)utx + Gtuxx = 0 

(viii) Utt + (5 + 2x^)utx + (1 + a:^)(4 + x'^)uxx = 0. 

28 . 4 . Transform the following partial DEs to canonical forms and 
then solve 

(1) Utt T ‘^Utx T Uxx — 0 
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(ii) Utt — 2 sin t utx — cos^ t Uxx — cos tux = 0 

(iii) x'^utt - 2txutx + t^Uxx = /t)ut + {t^/x)ux- 

28 . 5 . (i) Use the substitution u{x, y) = w{x, to show that 

the hyperbolic équation 


d'^u 

dxdy 


H” Cl 


du du 


+ eu = 0 


can be written as 

d^w 

——— +{c — ab)w = 0. (28.13) 

dxdy 

(ii) Show that (28.13) reduces to a Bessel équation if we assume a solution 
of the form w{x,y) = f{xy). 

28 . 6 . Use the substitution u{x,y) = w{x,y)e~^°'^'^^y'>/‘^ to show that 
the elliptic équation 


d^u 

dx"^ 


d^u 

dy^ 


a 


du du 


+ eu = 0 


can be written as 


d'^w 

dx'^ 


d'^w 

dy'^ 



w = 0. 


28 . 7 . A partial DE which describes the advective transport of a 
Chemical u subject to first-order reaction is 


R^ = -V^-Ku, x>0, 


t > 0, 


where Ris a, retardation coefficient, V the velocity of the solution carrying 
the Chemical, and K the first-order reaction coefficient. 

(i) Write this équation as 


Ut + cUx + Xu = 0, c=VfR, \ = K/R (28.14) 


and make the change of variables ^ = x — et, y = t to find its general 
solution u{x,t) = f(x — ct)e~^^ where / is an arbitrary function. 

(ii) Show that the choice of / as 

/(a = «i(-Ç/c)e-"î/= + [uoiO - ui(-C/c)e-"î/^]i7(0, 

where H{^) is the unit step function, i.e., H{^) = 1 if Ç > 0 and 0 otherwise, 
gives a solution of (28.14) that satisfies the initial condition u{x, 0) = uo{x) 
and the boundary condition u(0,t) = ui(t). 
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Answers or Hints 

28.1. (i) X—= —I (ii) t = 2 — e~^ (one characteristic 

only) (iii) t = sin x + cos x, t = 2 + sin x — cos x. 

28.2. Ç = — ln(e“'^ +t), rj = x — 

28.3. (i) Hyperbolic, Ç = 2t + x, ry = 3t + x, u^r] = 0 (ii) Parabolic, 

^ = —t + X, r] = X, Urjr] = — 9u (iii) Elliptic, ^ = ^t + x, rj = uçç + 

Urjr] = (iv) Hyperbolic for f > 0, ^ = x + rj = x — u^rj = 

4 (g-^) (m; - '“r;) (v) Elliptic for t > 0, ^ = X, ry = + uçç = 

— ■^Urj (vi) Parabolic, ^ = x — r] = t, Urj^ = mç (vii) Parabolic 
for t ^ = —3t + X, r] = t, UrjT] = 0; Hyperbolic for t Ç = 

X — 3t, rj = X — u^ri = (viü) Hyperbolic, Ç = tan“^ x — 

t, r] = itan“^ ^x — t, u^r] + ^(4 + x^)^mç + ^(1 + x^)^m,, = 0 , where 
X = tan^/^ (|;7r + Ç - ?y) - cot^/^ (i-Tr + Ç - ry) . 

28.4. (i) Parabolic, Ç = t — X, 7 y = t + x, Urjn = 0, u = {x + y)fi{x — y) + 

f 2 {x — y) (ii) Hyperbolic, ^ = cos t + t — x, ry = cos t — t — x, the équation 
reduces to itç,, = 0, the solution is u = f{cost — t — x) + g{cost + t — x) 
(iii) Parabolic, ^ + x^, ry = x, the équation reduces to Uri-q = (l/ry)^,,, 

the solution is m = x^/(t^ + x^) + ^(t^ + x^). 

28.5. Verify directly. 

28.6. Verify directly. 




Lecture 29 

The Method of 
Séparation of Variables 


The method of séparation of variables involves a solution which breaks 
up into a product of functions each of which contains only one of the vari¬ 
ables. This widely used method for finding solutions of linear homogeneous 
partial DEs we shall explain through several examples. 


Example 29.1. For the one~dimensional wave équation (25.11) with 
c = 1, we assume that the trial solution can be written as u = u{x,t) = 
X{x)T{t), where the functions X, T are to be determined. For this, we 
hâve utt = X{x)T"{t) ('= d/dt), Uxx = X"{x)T{t) ('= d/dx). Substitution 
of these in (25.11) leads to the relation 

X{x)T” {t) = X” {x)T{t). 


Dividing this équation by m = X(x)T(t) (assuming that u yf 0), we obtain 


T"{t) X''{x) 

m ~ x{x) • 


(29.1) 


Since T"{t)/T{t) does not contain the variable x, we note that changes in 
X will not hâve any effect on the expression T”{t)/T{t). Thus, if (29.1) is 
to be an equality, it must happen that changes in the variable x do not 
affect the expression X”{x)/X{x) either. Similarly, changes in t should not 
affect the expression T"{t)/T{t). Thus, we can conclude that in order for 
(29.1) to be an equality, the expressions T"{t)/T{t) and X"{x)/X{x) must 
be constants. In fact, they must be the same constant. If the constant is 
denoted by A, we can write 


r"(t) _ 

W 


and 


X'\x) _ 
X{x) ~ 


Thus, we obtain two second-order ordinary DEs: 


X''{x) - XX{x) = 0 


and 

r"(t) - XT{t) = 0. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_29, 

(c) Springer Science-|-Business Media, LLC 2009 
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These équations can be solved to obtain the solutions 


{ cie'^"^ + C 2 e-'^"^, A>0 

Cl + C 2 æ, A = 0 

Cl cos ^/—Xx + C2 sin yJ—Xx, A < 0 

and 

{ C 3 e'^* + C 4 e-^*, A>0 

C3 + C4t, A = 0 

C3 COS \/—Xt + C4 sin V—Xt, A < 0. 
Thus, the solution of (25.11) can be written as 


U 


u{x,t) = X(x)T{t) 

' (cie^^ + C2e-^^'j ( 036 ^^* + C 4 e-'^*) , A > 0 
< (ci + C 2 a;)(c 3 + C 4 t), A = 0 

(ci cos y/—Xx + C 2 sin V—Ax) (cs cos y/—Xt + C 4 sin y/—Xt) , 

A < 0. 


Without further information we hâve no way of knowing the value of A; 
hence we cannot specify the form of the solution. In many practical prob- 
lems there are other conditions that the solution must satisfy. These con¬ 
ditions usually dictate the value of A and the form of the solution. 

Example 29.2. For the partial DE 

Uxx + Uy = 0, u = u{x,y) (29.2) 

we assume that the trial solution can be written as u = u{x,y) = X{x)Y{y). 
Then, it is necessary that 

X"Y -2X'Y + XY' = 0. 


Separating the variables, we get 

X” - 2X' Y' 

X “ ~Y' 


(29.3) 


Since x and y are independent variables, (29.3) can be true if each side is 
equal to the same constant, A (say). Therefore, it follows that 

X" - 2X' Y' ^ 


and hence 


Y’ + XY = Q 


( 29 . 4 ) 
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and 

X" - 2X' - AV = 0. (29.5) 

The solution of the first-order ordinary differential équation (29.4) is 

Y {y) = cie“^^. 

For the second-order ordinary differential équation (29.5) the auxiliary 
équation is rr? — 2m — A = 0, and its roots are m = 1 ± y^(l + A). Thus, 
the solution of (29.5) can be written as 

X(x) = 


Therefore, the solution of the partial DE (29.2) is 


U = u(x,y) = X(x)Y(y) 



+ cie-^ï' 


Example 29.3. Consider a thin, tapered rod of constant density p lying 
along the x-axis with cross-sectional area ax^ and moment of inertia [3x 
for some constants a and (3. Suppose that the rod is undergoing oscillatory 
motion. The displacement u{x, t) of a point x at time t satisfies the partial 


DE 

d'^u _ 9 ^ / id'^u\ 
dfi ~ dx^ I dx^ J 


pax^ 


(29.6) 


where E is Young’s modulus. We assume that the trial solution of (29.6) 
can be written as m = u{x,t) = X{x)T{t). Then, it is necessary that 


T" Ep £ix^X") 

T pa x^X 

which leads to the DEs T" — AT = 0, and 


x^X”” + 8xV"' + 12V" - k^X = 0, 


Xpa 

'W 


(29.7) 


Now for simplicity we assume that A < 0, so that T{t) = cicoswt + 
C 2 sina;t, uj = and to find the solution of (29.7) we rewrite it as 


(xT)2 + 3D + fc2)(xT)2 + 3T)-fc2)x = 0, D = 4- 

dx 

or 

(xT)2 + 3T) - k^){xD^ + 3D + fc2)V = 0. 
Thus, if Vi and V 2 are solutions of 


(xT| 2 +3D- fc2)V = 0 
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and 


+ 3i:) + k'^)x = 0 


respectively, then Xi and X 2 are solutions of the DE (29.7). Now from the 
considérations of Lecture 9 it follows that 


X{x) = x-i \AJ2{2kx^^^)+ BJ_2i2kx^^^)+Cl2{2kx^^^)+ DK2i2kx^^^) 


Example 29.4. Suppose that the potential energy of a particle at x 
is given by the function V{x). Then, the partial DE satisfied by the wave 
function is the Schrôdinger équation 


d'^u , ih du 


(29.8) 


Now following the notational tradition in quantum mechanics we assume 
that the trial solution of (29.8) can be written as u = u{x,t) = i’{x)F{t). 
Then, it is necessary that 




V{x) 


zh F'{t) _ 

- Z —^ ^ 

27r F{t) 


where from the physical reasons E is a real constant. This leads to two 
DEs. The first équation. 


F' 


2TTiE 


F = 0, 


can be easily solved and yields F(t) = Ce second équation, 

which is known as time-independent Schrôdinger équation, appears as 


rix) 




[E-V{x)]ip{x) = 0. 


(29.9) 


Now recall that if the particle moves under the influence of a force F{x), 
the potential energy is given by V{x) = — Jq F(s)ds. In particular, for a 
free particle we hâve F(x) = 0, then V(x) = 0. Thus, the équation (29.9) 
simply reduces to 

STT^m. 


r{x) 

which can be solved rather easily. 


/l2 


-E'ip{x) = 0, 


Q 


For a particle on a spring F{x) = —kx, then V{x) = kx^/2, and the 
équation (29.9) becomes 


rix) 




E — 2^x^ ip{.x) = 0, 
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which is the same as (3.20) in Problem 3.10, and hence can be transformed 
to the Hermite équation (3.16). 

We remark that the method of séparation of variables should be used 
with caution. In fact, often it fails to work even for simple partial DEs. For 
example, consider the équation 

^xy T ^xx 4ri = 0. 

We try a solution of the form u = X{x)Y{y). Then, 

X'r' + X”Y + 4:XY = 0. 

Clearly, it is not possible to manipulate this équation algebraically to write 
it in a form P{x) = Q{y). Similarly, the équation Uxx + (x + y)uyy = 0 is 
not separable. 


Problems 

29.1. Use the method of séparation of variables to solve the following 
partial DEs: 


(1) 

Uy = 

= yux 

(ii) 

XUx 

= u + yuy 

(iii) 

XUx 

= yUy 

(iv) 

X^U, 

XX Y 2XUx Y Uyy = 

(v) 

^XX 

+ 4:XUx Y Uyy = 0 

(vi) 

^XX 

- (1 + y‘^)uxy = 0. 


29.2. Use the method of séparation of variables to solve the following 
partial DEs: 

(i) Ux = 2uy + U where u{x, 0) = 6e~^^ 

(ii) 4ux + Uy = Su where u(0, y) = 3e“^ — 

(iii) Uxx = Uy + 2u where u(0, y) = 0, Ux(0, y) = 1 + 

29.3. Find separated solutions of the équation Uxx — Uy = 0 in the 
form 

(i) u{x,y) = where y, (3 are real 

(ii) u{x,y) = where w real and positive. 

29.4. Show that for the partial DE (27.1) with ki ^ 0 the method 
of séparation of variables cannot be applied. However, a solution of the 
form U = u{x,y) = e’’^X(x) can always be obtained and appears as u = 
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e‘^y(AXi{x)+BX 2 {x)), where Xi and X 2 are lineaiiy independent solutions 
of the ordinary DE X” + kirX' + k 2 r'^X = 0. In particular, find the solution 
for the case fci = 4, ^2 = 8 . 


29.5. Show that 


2 

U J'J- U J' — 

r 


has solutions of the form 

u{r, t) = - - cos nt, n = 0 , 1 , 2 , • • •. 

r 

Find a DE that R{r) must satisfy and find its general solution. 
29.6. The nonlinear partial DE 

[Ux] Utt — C Uxxi ^ — u(^X.jt^ 


occurs in the study of the propagation of Sound in a medium. Here the con¬ 
stant c represents the velocity of Sound in the medium. Set u = X{x)T{t) 
to détermine the ordinary DEs for X and T. 

29.7. In the study of the supersonic flow of an idéal compressible fluid 
past an obstacle, the velocity potential satisfies the linear partial DE 

-l)uxx-Uyy = Q, u = u{x,y) 

where the constant M > 1 is known as the Mach number of the flow. Set 
U = X{x)Y{y) to détermine the ordinary DEs for X and Y. 


Answers or Hints 

29.1. (i) and in general/(2a;-k 2/2) (ii) Ax’^y'^-^ {iii) Ax’^y’^ 

and in general/(a;^2/^) (iv) cos(ca In |a;|) -I- A 2 sin(cA In |a:|)] 

x{A:ie^y + A^e-^y), A < -1/4, ca = “ 1/4; {Ai\x\-^/^ + 

in \x\){A2,ey/‘^+A4^e~y/‘^), A = -1/4; {Ai\x\^^ + A2\x\^'^){A^e^^y 
-|-.T 4 e —1/4 < A < 0; {Ai A 2 X (A 3 -I- A 42 /), A = 0; (Ai Y 

A 2 |x|'>'^)(A 3 cos a/Âî/ -I- A 4 sin a/Â//): A > 0 where 7 ^ = i = 

1,2 (v) {Ae^^y + Be~'^^y){CXi{x) + DX 2 {x)) where Xi and X 2 are lin- 
early independent solutions of the DE X” + 'ixX' + Ak'^X = 0 (vi) (ci -|- 
026 ^"^) exp(Atan“^ y). 

29.2. (i) 6e-3^-2y (ii) ié^-y - e'^^-^y {ni) -^smkV2x + e-^y sinx 

29.3. (i) cos/ia;e“^^^ -I- i(sin/ra; (ii) cos{Lüy Y x^Jujl‘ï). 
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gXi/ZV2 gin(|^y xyjuj 12), e cos{ujy — x^/lüJ 2), e sm{Lüy— 

x^JlüI2). 

29.4. e'^^y~^^\Acos2rx + Bsm2rx). 

29.5. R''+n^R = 0, R{r) = ci cos nr + C 2 Smnr. 

29.6. V" + = 0, T" + AT-’" = 0. 

29.7. X" + pgèrî) V = 0, Y" + AV = 0. 



Lecture 30 

The One-Dimensional 
Heat Equation 


We begin this lecture with the dérivation of the one-dimensional heat 
équation. Then we shall formulate initial-boundary value problems, which 
involve the heat équation, the initial condition, and the homogeneous and 
nonhomogeneous boundary conditions. We shall use the method of sépara¬ 
tion of variables also known as the Fourier method to solve these problems. 

We recall that the fundamental principles involved in the problems of 
heat conduction are— 

(1) . Heat flows from a higher température to the lower température. 

(2) . The quantity of heat in a body is proportional to its mass and tem¬ 
pérature. 

(3) . The rate of heat flow across an area is proportional to the area and 
to the rate of change of température with respect to its distance normal to 
the area. 

Consider a homogeneous bar of uniform cross section S (cm^). Suppose 
that the sides are covered with a material impervious to heat, so that the 
stream lines of heat flow are ail parallel and perpendicular to the area S. 
Take one end of the bar as the origin and the direction of flow as the positive 
x-axis (see Figure 30.1). Let p be the density (g/cm^), s the spécifie heat 
(cal/g deg), and k the thermal conductivity (cal/cm deg sec). 



Let u{x,t) be the température at a distance x from O. If Ait is the 
température change in a slab of thickness Ax of the bar, then by principle 
(2) the quantity of heat in this slab = spSAxAu. Hence, the rate of in- 
crease of heat in this slab, i.e., spSAxut = Ri — R 2 , where Ri and R 2 are, 
respectively, the rates (cal/sec) of inflow and outflow of heat. Now since 
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the rate of propagation of heat (i.e., the quantity of heat passing through 
a cross-sectional area S with abscissa x in unit time) in view of (3) is given 
by Fourier’s Law q = —kuxS, where fc is a constant depending upon the 
material of the body and called as the thermal conductivity, it follows that 


Ri = —kS 



and 


R 2 = —kS 



æ+Ax 


here the négative sign appears as a resuit of (1). Hence, we hâve 


spSAx^ = -ksf^^^ 


dt 


dx J, 


kS 


du 

dx 


æ+Atc 


which is the same as 


fc [ (i).+A.-(i) 
dt sp 1 Ax 


Denoting the constant k/sp = c^, known as the diffusivity of the sub¬ 
stance (cm^/sec), and taking the limit as Aa; ^ 0, we obtain the équation 
of heat conduction in a homogeneous rod 

= Q < X < a, t > 0, c > 0. (30.1) 

dt dx-^ 

For the solution of (30.1) to be definite, the function u{x, t) must satisfy 
some initial and boundary conditions corresponding to the physical condi¬ 
tions of the problem. Let initially, i.e., when f = 0 a température be given 
in varions cross sections of the rod equal to /(x), which gives the initial 
condition 

M(a;,0) = /(x), 0 < X < a (30.2) 

and let for simplicity the ends of the rod, i.e., x = 0 and x = a, be held at 
zéro température ail the time, which gives the boundary conditions 

u(0,t)=0, t>0 (30.3) 

u(a,t) = 0, t > 0. (30.4) 

These boundary conditions are of the first kind and are known as Dirichlet 
conditions. 

Now to solve the initial-boundary value problem (30.1)-(30.4) we shall 
use the method of séparation of variables. For this, we assume a solution 
of (30.1) of the form u(x,t) = X(x}T(t) 0, so that 

X(x)T'(t) - c^X"(x)T(t) = 0, 
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T'jt) ^X"{x) , 

T{t) X{x) 

which leads to the differential équations 

X” - 4^ = 0 (30.5) 

and 

T' -\T = 0. (30.6) 

The boundary condition (30.3) demands that X{Q)T{t) = 0 for ail t > 
0, thus X(0) = 0. Similarly, the boundary condition (30.4) requires that 
X{a)T{t) = 0 and hence X{a) = 0. Thus, the function X has to be a 
solution of the eigenvalue problem (30.5), 

X(0) = 0, X{a) = 0. (30.7) 


The eigenvalues and eigenfunctions of (30.5), (30.7) are 


An — 






n = 1,2, 


, . , riTTX 

Xn[x) = sin-, n = 1,2, • • •. 


With A given by (30.8), équation (30.6) takes the form 


T' + ——r = 0 


whose general solution appears as 


/ 2 2 2 / 2 \ . 

Tn(t) =c„e-(" - - 


(30.8) 

(30.9) 


where c„ is an arbitrary constant. 

We conclude that for each spécifie value of n (n = 1,2, • • •) the function 
Xn{x)Tn{t) is a solution of (30.1) that satisfies conditions (30.3) and (30.4). 
Now the condition (30.2), when u{x,t) = Xn{x)Tn{t) with n not specified, 
but otherwise considered fixed, is satisfied provided Xn(x)T„(0) = f{x), 
i.e.. 



But the only way this can happen is for f{x) to be restricted to the form 
Asiii(mTx/a), where A is a constant. This places too great a restriction on 
the permissible forms of /; therefore we consider an alternative approach. 
Since Xn{x)Tn{t) is a solution of (30.1) for each value of n (n = 1,2, • • •) 
and since (30.1) is a linear partial differential équation, it seems reasonable 
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to expect that ^n{x)Tn{t) is a solution of (30.1). Naturally, the 

question of whether this infinité sériés converges is always there. We will 
not investigate this question here, but rather emphasize the method of 
solution. Thus, we consider 

OO OO 

u{x,t) = 'Y' Xn{x)Tn{t) = (30.10) 

n—l n—1 

as a solution of (30.1) that satisfies conditions (30.3) and (30.4). Now 
condition (30.2) is satisfied if and only if 


OO 

yy Cn sin 

n—l 


riTTX 

a 


fix), 


i.e., the Fourier sine sériés for f{x) in the interval 0 < a; < a be 
Cn sm(mrx/a). Consequently, c„ is given by 

2 TLTTX 

Cn=- /(ï) sin- dx, n = l,2, •••. (30.11) 

aJo a 

Hence, the solution of (30.1)-(30.2) can be written as (30.10) where Cn is 
given by (30.11). 

In particular, we consider the initial-boundary value problem (30.1)- 
(30.2) with c = 1, a = 1, f{x) = x. Clearly, 

fl 2(—1)”+^ 

c„ = 2 / X sin TiTTxdx = -. 

Jo riTT 

Thus, in this case the solution is 


OO 

u{x,t) = yy 

n—l 


2 (-l) 


n+1 


sin riTTx. 


nn 


Next we shall assume that the ends of the rod, i.e., x = 0 and x = a, 
are insulated, which gives the boundary conditions 

M,^(0,t) = 0, f>0 (30.12) 

u^(a,t) = 0, t>0. (30.13) 

These boundary conditions are of the second kind and known as Neumann 
conditions. 

Clearly in this case also we hâve the same DEs (30.5) and (30.6); how- 
ever, instead of (30.7) the new boundary conditions are 

X'(0) = 0, X'{a) = 0 


(30.14) 
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For (30.5), (30.14) the eigenvalues and eigenfimctions are 


^ _ n^TT^C^ „ _ n 1 

— 9 5 ^ ' ' 


-^^«(a;) = COS - , n = 0,l,- 


and correspondingly 


Toit) = -f and r„(t) = a„e-(" 


Therefore, 


(30.15) 

(30.16) 

(30.17) 


uix,t) = Xoix)Toit) + Xnix)Tnit) 

n—1 

^ 2 ^ 2^2 /„ 2 \ 




' cos ■ 


(30.18) 


Finally, condition (30.2) implies 

CXD 

/(-) = t + E 


niTX 


an cos • 


which is the Fourier cosine sériés for /(x), and hence 

2 TITTX 

an = - f{x)cos - dx, n>0. (30.19) 

ü Jq a 

Hence, the solution of (30.1), (30.2), (30.12), (30.13) can be written as 
(30.18) where a„ is given by (30.19). 

In particular, we consider the initial-boundary value problem (30.1), 
(30.2), (30.12), (30.13) with c = 2, a = 1, /(x) = x. Clearly, 


oo = 2 / xdx = 1 

Jo 

fl 


a„ = 


Hence, 


r 2 

2 / xcosmrxdx= „ ((—1)” — 1) 

Jo 


7r2(2n — 1)2 
0, n even. 


odd 


,,14 


2 7r2 ^ (2n - 1)2 

n—1 ^ ' 


e-4(2"-i)'-'*cos(2n- l)^x. 
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Finally, we assume that the ends of the rod, i.e., a; = 0 and x = a, are 
kept at the fixed températures A and B, respectively. This means that we 
hâve the boundary conditions 

u(0,t) = A, t> 0 (30.20) 

u{a,t) = B, t > 0. (30.21) 

Now let u(x, t) be a solution of (30.1), (30.2), (30.20), (30.21). We daim 
that the function 


v{x, t) = u{x, t) + ( - A - B (30.22) 

\ a J a 

is a solution of the initial-boundary value problem 

Vt — c^Vxx = 0, 0<a;<a, t > 0, c > 0 

v(0, t) = 0, t > 0 

v(a,t) = 0, t> 0 (30.23) 

v(x, 0) = f(x) + ( -^ A - B, 0 < X < a. 

\ a J a 

For this, it suffices to note that 

A B 

'^X - '^X A , Vxx - ’^xxi 

a a 

and hence Vt — c^Vxx = Ut — c^Uxx = 0, i.e., v satisfies the same differential 
équation as u. Further, we hâve 


î;(0, t) = u{0, t) + ( -^ A - B = A — A = 0 

\ a J a 

via, t) = u{a, t) + ( -^ A - B = B — B = 0 

\ a J a 

vix,0)=uix,0)+ (^^)A--B = fix)+ (^^)a--B. 

\ a J a \ a J a 

Since the problem (30.23) is of the type (30.1)-(30.4), we can find its 
solution vix,t). The solution uix,t) of (30.1), (30.2), (30.20), (30.21) is 
then obtained by the relation (30.22). 

In particular, we consider the initial-boundary value problem (30.1), 
(30.2), (30.20), (30.21) with = 5, a = tt, /(æ) = x, d = 10, B = Q. For 








240 


Lecture 30 


this problem, (30.23) becomes 


Vt — ^Vxx = 0, 0<a;<7r, t>0 

u(0, t) = 0, t > 0 

u(7r, t) = 0, t > 0 

' X — TT 


and 


v{x, 0) = ce + 


v{x, t) = u{x, t) + 


10, 0 < X < n 


X — TT 


10 . 


(30.24) 


(30.25) 


Now from the considération of (30.1)-(30.4) the solution of (30.24) can be 
written as (see (30.10)) 




Cne ®”*sinna;, 


(30.26) 


where (see (30.11)) 


_ 2 
Cn — 

TT 


10 


siïinxdx = — [—10 + 7r(—l)""*"^] . (30.27) 


Hence, in view of (30.25)”(30.27) the solution u{x,t) of the given problem 
appears as 








Lecture 31 

The One-Dimensional 
Heat Equation (Cont’d.) 


In this lecture we shall use the method of séparation of variables to solve 
the general one-dimensional heat équation with the boundary conditions of 
the third kind. 


The partial differential équation that governs the température u{x, t) in 
the rod whose material properties vary with position can be written as 


A 

dx 


du 


du 


k{x)—]=p{x)c{x) — , a<x<P, t>0. 


dt 


We shall consider (31.1) with the initial condition 
u{x, 0) = f{x), a < X < P 
and the boundary conditions 


(31.1) 


(31.2) 


du 

t > 0, 

O-Q “h > 0 

(31.3) 

du, ^ , 

— (/3,t) = C2, 

t > 0, 

dl-\-dl> 0 

(31.4) 


Equations (31.1)-(31.4) make up an initial-boundary value problem. 


Boundary conditions (31.3) and (31.4) are of the third kind and are 
known as Robin’s conditions. These boundary conditions appear when each 
face loses heat to a surrounding medium according to Newton’s law of 
cooling, which States that a body radiâtes heat from its surface at a rate 
proportional to the différence between the skin température of the body 
and the température of the surrounding medium. 


Expérience indicates that after a long time “under the same conditions” 
the variation of température with time dies away. In terms of the function 
u{x,t) that represents température, we expect that the limit of u{x,t), as 
t tends to infinity, exists and dépends only on x: Umt^ao u{x, t) = v{x) 
and also that limt_,oo Ut = 0. The function v{x), called the steady-state 
température distribution, must still satisfy the boundary conditions and the 
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beat équation, which are valid for ail t > 0. Therefore, v{x) {steady-state 
solution) should be the solution to the problem 


d 

dx 


Equation (31.5) can be solved to obtain 


^fc(a;)^^ =0, a < X < P 

(31.5) 

aov{a) — aiv'{a) = ci 
dov{P) + div'{P) = C2. 

(31.6) 


v(x) = A [ 

J ol 


JL 

m 


B. 


which satisfies the boundary conditions (31.6) if and only if 

A 


üqB — ai 
do [A 


k{a) 


= Cl 


+ B\+di- 


A 


k(o J 

Clearly, we can solve (31.8) if and only if 

d^ di \ aido 


= C2. 


or 


oo do 


aodo 


HO HP) / fc(a) 


^ 0, 


d^ aodi aido 


^ 0 . 


(31.7) 


(31.8) 


(31.9) 


HO HP) H») 

Thus, the problem (31.5), (31.6) Iras a unique solution if and only if condi¬ 
tion (31.9) is satisfied. 


Example 31.1. To find the steady-state solution of the problem (30.1), 
(30.2), (30.20), (30.21) we need to solve the problem 

^ = 0, ^(O) = A, v(a) = B, 

whose solution is v{x) = A + {B — A)xla. 

Now we define the function 


w{x, t) = u{x, t) — v(x), 


(31.10) 


where u{x,t) and v{x) are the solutions of (31.1)-(31.4) and (31.5), (31.6) 
respectively. Clearly, 

dw{x,t) du{x,t) dv{x) 

dx dx dx ’ 
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and hence 


which gives 




dx 


dx 


dx 


A 

dx 


k{x) 


dw{x, t) 


dx 


A 

dx 


k{x) 


du{x, t) 
dx 


d 

dx 


k{x) 


dv{x) 

dx 


We also hâve 


dw{x,t) du{x,t) 

p{x)c{x) --- = p{x)c{x)- 


dt 


dt 


Subtraction of (31.12) from (31.11) gives 


d 


dx 


dw 


dx 


dw 




dt 


d 


dx 


du\ 


du 


in -p{x)c{x) — 


dx J 


dt 


dx 


(31.11) 

(31.12) 


-IT =0-0 = 0. 


dx J 


Therefore, 


d 


, dw 


dx 


We also hâve 


dx 


dw, 


dw 


= pix)cix) — , a<x<p, t>0. 


dt 


(31.13) 


aow{a,t)-ai — {a,t) = ao{u{a,t) - v{a)) - ai { —{a,t) - v'{a) 


du, 


/ \ t \ 

aou{a,t) - ai — {a,t) 


= Cl - Cl = 0; 


dx 

— [aou(Qf) — aiî;'(Qf)] 


i.e., 


and similarly 


. . dw, . 

aow{a,t) - ai — {a,t) = 0, 

t > 0, 

(31.14) 

d'w 

dow{P, ^) + ^1 (/3i t) =0, 

t > 0. 

(31.15) 


Now we shall solve (31.13) - (31.15) by using the method of séparation 
of variables. We assume w{x,t) = X{x)T{t) ^ 0, to obtain 


éc = Pix)c{x)X{x)T'{t), 


r{t) 

p{x)c{x)X{x) T(t) 
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which in view of (31.14) and (31.15) gives 


{k{x)X'y + Xp{x)c{x)X = 0 


aoAf(a) — aiX'{a) = 0 

(31.16) 

doX{(3)+diX'{(3) = 0 


T' + AT = 0. 

(31.17) 


Clearly, (31.16) is a Sturm-Liouville problem, for which we already know 


that 

1. there are infinité number of eigenvalues 0 < Ai < A 2 < • • •, 

2. for each eigenvalue A„ there existe a unique eigenfunction X„(x), 

3. the set of eigenfunctions {Xn{x)} is orthogonal with respect to the 
weight function p{x)c{x), i.e., 


p{x)c{x)Xnix)Xmix)dx = 0, 


n m. 


For A = A„ équation (31.17) becomes T)) + A„r„ = 0 and gives 


Tn{t) = ce n > 1. 

Hence, the solution of (31.13) - (31.15) can be written as 

OO 

w{x,t) = anXn{x)e~ 


— \nt 


n—1 


Finally, we note that condition (31.2) gives 

w{x, 0) = u{x, 0) — v{x) = f{x) — v{x) = F{x), say. 
The solution (31.18) satisfies (31.19) if and only if 


which gives 


Ün — 


'j{x, 0) = F{x) = ünXnix) 

n—1 

/f p{x)c{x)X„{x)F{x)dx 


n > 1. 


(31.18) 


(31.19) 


(31.20) 


la p{x)c{x)Xl{x)dx 

Therefore, in view of (31.10) and (31.18) the solution of (31.1)-(31.4) ap- 
pears as 


l{x, t) = v(x) + a„X„(x)e 


— Xnt 


n—1 


(31.21) 
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where a„, n > 1 are given by (31.20). 

From the représentation (31.21) the following properties are immédiate: 

(i) Since each A„ > 0, u{x,t) —> v{x) as t > oo. 

(ii) For any ti > 0, the sériés for u{x, ti) converges uniformly va a < x < (3 
because of the exponential factors; therefore u{x, ti) is a continuons function 

of X. 

(iii) For large t we can approximate u{x,t) by 

v{x) + aiXi(x)e~^^^. 

Example 31.2. For the problem (30.1)-(30.3) and 

hu{a,t) + Ux{a,t) = 0, t > 0, h > 0, (31.22) 

which is a particular case of (31.1)-(31.4), we hâve v{x) = 0. The eigenval- 
ues are c^A^, where A„ is the root of the équation htanXa + A = 0, and 
the eigenfunctions are Xn{x) = sin A„a;, (see Problem 18.1 (iv)). Thus, the 
solution can be written as 

OO 

m(x, t) = ^ sin A„a;, (31.23) 

n—1 


where 


ün — 


Jo /(*) sin Xnxdx 2h f{x) sin Xnxdx 
fg sin^ Xnxdx a/i + cos^A„a ’ 


n > 1. 


(31.24) 


For a = l, h = 2, f{x) = l this solution becomes 


^ 1 fl- cos Xn 

.(x,t) = 4^-l2 + c„^A, 




" sin X„x. 


Problems 

31 . 1 . Solve the initial-boundary value problem (30.1)-(30.4) when 

(i) a = 1, c = 4, f{x) = 1 + a: 

(ii) a = TT, c = 2, f{x) = x^ 

(iii) a = 1, = 5, f{x) = e“. 

31 . 2 . Solve the initial-boundary value problem (30.1), (30.2), (30.12), 
(30.13) when 





246 


Lecture 31 


(i) f{x) = Tq sin^ —, 0 < X < a 


a 


(ii) f{x) = TqX^, 0 < X < a 

(iii) /(x) = 0 < X < a. 

31 . 3 . Solve the initial-boimdary value problem (30.1), (30.2), (30.20), 
(30.21) when 

(i) a = 10, c = 10, /(x) = 0, A = 10, S = 30 

(ii) a = 1, c = 1, /(x) = 3(1 — x), A = 3, B = 1 

(iii) a = TT, c = \/3, /(x) = — cos7x, A = —1, B = 1. 

31 . 4 . Find the solution of the initial-boundary value problem (30.1)- 
(30.3), (30.13), and in particular solve when a = tt, c = 1, /(x) = x{tt — x). 

31 . 5 . Find the solution of the initial-boundary value problem (30.1), 
(30.2), (30.4), (30.12), and in particular solve when a = tt, c = 1, /(x) = 
x(7r — x). 

31 . 6 . Heat conduction in a thin circular ring (consider it as a rod, 
bent into the shape of a circular ring by tightly joining the two ends) of 
length 2a, labeled from —a to a leads to the équation ut = c^Uxx, — a < 
X < a, t > 0, c > 0 with the initial condition u(x, 0) = /(x), — a < x < a 
and the periodic boundary conditions 


u{—a,t) = u{a,t) 

Ux{-a,t) = Ux{a,t), t>0. 


(31.25) 


Find the solution of this initial-boundary value problem, and in particular 
solve when a = tt, /(x) = |x|. 

31 . 7 . Find the steady-state solution of the problem 



u{0,t) = To, u{a,t)=Ti, t > 0, 
where fc(x) = ko + /3x and fco and (3 are constants. 

31 . 8 . Find the steady-state solution of the problem 



m(0, t) = Uo, —{a, t) = 0, t > 0, 
where U{x) = Uo + Sx and Uq and S are constants. 
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31 . 9 . Find the solution of the initial-boundary value problem (30.1), 
(30.2), (31.22) and hu{0, t) — Ux{0, t) = 0, t > 0. 

31 . 10 . If the latéral surface of the rod is not insulated, there is a heat 
exchange by convection into the surrounding medium. If the surrounding 
medium has constant température Tq, the rate at which heat is lost from 
the rod is proportional to the différence u — Tq. The governing partial DE 
in this situation is 

c^Uxx = Ut + b{u — To), 0 < a; < a, 6 > 0. (31.26) 

Show that the change of variable u{x,t) = Tq + v{x,t)e~^* leads to the 
heat équation (30.1) in v. In particular, find the solution of (31.26) when 
c=l, 6 = 4, Tq = 5, a=l, satisfying the initial and boundary conditions 
u{x, 0) = 5 + a;, m(0, t) = u(l, t) = 5. 

31 . 11 . Find the solution of the partial DE 

Ut = Uxx + “^kux-, 0 < X < a, t > 0 

subject to the initial-boundary conditions (30.2)-(30.4); here fc is a con¬ 
stant. 


Answers or Hints 


31.1. (i) Er=i;iF(2(-ir+' + l)e 
(ii) Er=i-^e-i6-^*sin2nx + Er=i 


-Idn^TT^t 


sin nTTx 


271 


2 n— 1 7 r( 2 n— 1 )^ 


g- 4 ( 2 n-l) = t 


X sin(2n - l)x (iii) ^^=1 + e(-l)"+i] ‘ sin mrx. 

31.2. (i) f(l-cos /“')*) (ii) + 

(iii) + cos 


31.3. (i) 10 + 2a; + f ^^=1 sin {^) e"" - ‘ (ii) 3 - 2a; + 

Er=i ^^^e-"'"'*sinn^a; (iii) f a;-l + ^^^i sin na;. 


31.4. u{x, t) = sin 6 where c„ = 


I lo fix) sin 


( 2 n—l) 7 ra: 


dx, EZi 


32 , 8 (-l)" 

7 r{ 2 n-l)^ ( 2 n-l)^ 


Sin 


( 2 n—l)tc 


X g-(2n-l) = i/4^ 


31.5. u{x,t) = J2Zl(^ri 
I lo fix) COS ^2n^Z^dx, 


COS 


(2n-l)7ra: f2n-l')^7r^c^t/4a^ 


2 a 


E oo 
n —1 


32(-l)^-^ 
7r(2n— 1)^ 


( 2 n-l)^ 


where c„ = 

( 2 n— l)x 


COS 


X e The same solution can be obtained by replacing x in Prob¬ 

lem 31.4 by a — X. 


























248 


Lecture 31 


31-6. f - I ( 2 n+i)^ cos(2n + l)a;e 

31.7. v(x) = A ln(fco + (3x) + B, where A = (Ti — Tq)/ In , B = 

Tq — A In ko. 


31.8. v{x) = Acosh 7 a; + i 3 sinh 7 a; + Uq + Sx where A = 0, B = 
—S/ (7 cosh 7 a). 


31.9. Er=i 


An COS \ nX-\-h sin An a: ^—c 


xit 


lo COS XnX + hsm Xnx)dx 


{\l+h'^)a+2h ^ " JO 

where A„ are the zéros of the équation tauAa = 2hX/{X^ — h?). 


31.10. 5 + 


2e~*‘ y^oo 
TT 2-^n—l 


tzir 


sin niTx. 


31.11. u{xA) = Er=iCnexp|- + k'^ 

I /o“ f{x)e^^ sin ^dx. 


e sin where c„ = 







Lecture 32 

The One-Dimensional 
Wave Equation 


In this lecture we shall provide two different dérivations of the one- 
dimensional wave équation. The first dérivation cornes from the oscillation 
of a elastic string, whereas the second one is from the electric oscillations in 
wires. Then, we shall formulate an initial-boundary value problem, which 
involves the wave équation, the initial conditions, and the boundary condi¬ 
tions. Finally, we shall use the method of séparation of variables to solve 
the initial-boundary value problem. 

Consider a tightly stretched elastic string of length a, initially directed 
along a segment of the x-axis from O to a. We assume that the ends of the 
string are fixed at the points x = 0 and x = a. If the string is deffected from 
its original position and then let loose, or if we give to its points a certain 
velocity at the initial time, or if we deffect the string and give a velocity 
to its points, then the points of the string will perform certain motions. 
In such a stage we say that the string is set into oscillation, or allowed to 
vibrate. The problem of interest is then to find the shape of the string at 
any instant of time. 

We assume that the string is subjected to a constant tension T, which 
is directed along the tangent to its profile. We also assume that T is large 
compared to the weight of the string so that the effects of gravity are 
negligible. We further assume that no external forces are acting on the 
string, and each point of the string makes only small vibrations at right 
angles to the equilibrium position so that the motion takes place entirely in 
the xu-plane. Figure 32.1 shows the string in the position OPQa at time 
t. 


U 



Consider the motion of the element PQ of the string between its points 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_32, 

(c) Springer Science-|-Business Media, LLC 2009 
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P{x, u) and Q{x+Ax, u+Au) where the tangents make angles (p and p+Acj) 
with the æ-axis. Clearly, this element is moving upwards with accélération 
d^u/dt^. Also the vertical component of the force acting on this element is 


= T + A(p) — T sin cj) 

~ T[ta,n{(j) + A(p) — tan since p is small 



If m is the mass per unit length of the string, then by Newton’s second law 
of motion, we hâve 


d^u 


du 

dx 


æ+Aæ 


du 

dx 


which is the same as 


d^u _ T 
dP m 


( du \ _ (^\ 

\dx)x-\-Ax KdxJa 

Ax 


Finally, taking the limit as Q ^ P, i.e., Ax ^ 0, we obtain 

d^u 2^^'“ 2 ^ 

dt"^ ^ dx^ ’ ^ m 

This partial DE gives the transverse vibrations of the string 
the one-dimensional wave équation. 

Equation (32.1) by itself does not describe the motion of the string. 
The required function u(x, t) must also satisfy the initial conditions which 
describe the State of the string at the initial time t = 0 and the boundary 
conditions which indicate to what occurs at the ends of the string, i.e., 
X = 0 and x = a. At f = 0 the string has a definite shape, that which we 
gave it. We assume that this shape is defined by the function /(x). This 
leads to the condition 


(32.1) 
It is called 


u(x,0) = /(x), 0 < X < a. (32.2) 

Further, at f = 0 the velocity at each point of the string must be given, we 
assume that it is defined by the function g{x). Thus, we must also hâve 

= ut(x,0) = g(x), 0 < X < a. (32.3) 

t=o 

Now since we hâve assumed that the string at x = 0 and x = a is fixed, for 
any t the following conditions must be satisfied 

m( 0, t) = 0, t > 0 


du 

'm 


(32.4) 
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u{a,t) = 0, t>0. (32.5) 

The partial DE (32.1) together with the initial conditions (32.2), (32.3) and 
the boundary conditions (32.4), (32.5) constitutes a typical initial-houndary 
value prohlem. 


Now we shall show that the problem of electric oscillations in wires also 
leads to équation (32.1). The electric current in a wire is characterized by 
the current flow i(x,t) and the voltage v{x,t), which are dépendent on the 
coordinate x of the point of the wire and on the time t. On an element Ax of 
the wire the drop in voltage is equal to u(a:, t) — ri(x+Aa;, t) ~ —{dv/dx)Ax. 
This voltage drop consists of the ohmic drop which is equal to iRAx, and 
the inductive drop which is the same as {di/dt)LAx. Thus, we hâve 

ôv di 

— -—Ax = iRAx+—LAx, (32.6) 

ox at 

where R and L are the résistance and the coefficient of self-induction per 
unit length of wire. In (32.6) the minus sign indicates that the current flow 
is in a direction opposite to the build-up of v. From (32.6) it follows that 


dv di 

_+,iî+L__0. 


(32.7) 


Further, the différence between the current leaving the element Aa; and 
entering it during the time At is 


i{x, t) — i{x + Ax, t) 


di . . 

— —AxAt. 
ax 


In charging the element Aa; it requires CAx{dv/dt)At, and in leakage 
through the latéral surface of the wire due to imperfect insulation we hâve 
Av AxAt, where A is the leak coefficient and C is the capacitance. Equating 
these expressions and canceling out AxAt, we get the équation 


di dv 


(32.8) 


Equations (32.7) and (32.8) are called telegraph équations. 


Differentiating équation (32.8) with respect to x, (32.7) with respect to 
t and multiplying it by C, and subtracting, we obtain 


^ + A—-rR—-rT— = () 
dx'^^^dx ^dt ^dt^ 


Substituting in this équation the expression dv/dx from (32.7), we get an 
équation only in i{x,t). 
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Similarly, we obtain an équation for determining v{x,t), 

d^v d^v dv 

+ {CR +AL)-+ ARv. (32.10) 


If we neglect the leakage through the insulation {A = 0) and the résis¬ 
tance (iî = 0), then équations (32.9) and (32.10) reduce to wave équations 


2 d'^i d'^i 2 
dx^ dt"^ ’ dx"^ dt"^ ’ 


(32.11) 


where = 1/(C'L). Again the physical conditions dictate the formulation 
of the initial and boundary conditions of the problem. 


Now to solve the initial-boundary value problem (32.1)-(32.5) we shall 
use the method of séparation of variables also known as the Fourier method. 
For this, we assume a solution of (32.1) to be of the form u{x, t) = X{x)T{t) 
yf 0 where X, T are unknown functions to be determined. Substitution of 
this into (32.1) yields 

XT” - c^X”T = 0. 


Thus, we obtain 

T" _ c^X” _ 

~T ~ X ~ ’ 


where A is a constant. Consequently, we hâve two separate équations: 


T" = XT (32.12) 

and 

c^X" = XX. (32.13) 

The boundary condition (32.4) demande that X{0)T(t) = 0 for ail t > 0, 
thus A(0) = 0. Similarly, the boundary condition (32.5) leads to X{a)T{t) = 
0 and hence X{a) = 0. Thus, in view of (32.13) the function X has to be a 
solution of the eigenvalue problem 

A" - 4^ = 0, A(0) = 0, X{a) = 0. (32.14) 

The eigenvalues and eigenfunctions of (32.14) are 
2 2 2 

, n TT C / X . niTX ^ ^ 

A„ =- 5 —, A„(a;) = sin-, n=l,2,---. (32.15) 

a 


With A given by (32.15), équation (32.12) takes the form 


T” + 


-T = 


0 
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whose solution appears as 

TllTCf TUTCf 

T„(t) = a„cos^ + 6„sin^, n=l,2,--- (32.16) 

a a 

where a„ and are the intégration constants in the general solution. 
Therefore, it follows that 


u{x,t) = '^Xn{x)Tn{t) = 

n—1 



COS 


TL'ÏÏCt 

a 


. mrct \ 

bn sin- 

a J 


, niTx 

sm- 

a 


(32.17) 

is a solution of (32.1). Clearly, u{x,t) satisfies conditions (32.4) and (32.5), 
and it will satisfy (32.2) provided 


(32.18) 


a„sin-= f{x), 

1 ® 

n—1 

which is the Fourier sine sériés for f{x). Consequently, a„ is given by 
2 TilTX 

a„ = - / f{x)sm - dx, n = l,2,---. (32.19) 

a Jq a 

Likewise condition (32.3) will be satisfied provided that 

OO 

E . niTX /niTC, \ , , 

sin-(- bn J = g(x) (32.20) 

a \ a J 


n—1 


and hence 


which gives 


mrc 2 f ... tittx 

- bn = — gix) sm- dx, 

a a Jo a 


2 TITTX 

bn = - / g(a;)sin- dx, n=l,2,---. (32.21) 

mrc Jq a 

We conclude that the solution of the initial-boundary value problem 
(32.1)-(32.5) is given by (32.17) where a„ and are as in (32.19) and 
(32.21) respectively. This solution is due to Daniel Bernoulli. 

Example 32.1. We shall find the solution of (32.1)-(32.5) with c = 
2, a = TT, f{x) = x{Tr — x), g{x) = 0. From (32.21) it is clear that = 
0, n > 1. Now from (32.19) we hâve 
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Ütl - 


/ x{tt — x) sinnxdx 

Jo 


TT / X sin nxdx — 


—xcosnx 


x^ sin nxdx 

/ TT 

COS nxdx 


fo 


X cos nx 


2 

n 


X cos nxdx 

—TTCOsnTT TT^cosnTT 2 f Sin nx 


n 


n 


- S X- 

n 


sin nx 


n+1^2 


0 -^0 
COS nx 


X —- 


2 2 


n 


77, 

4 


[1-(-!)"]. 


Thus, the solution of (32.1)-(32.5) in this particular case is 

CXD ^ 

u{x,t) = > — - [1 — (—1)^1 cos 277,^ sin ?7,x 

irn^ 


= E 


—' 7r(2n + 1)3 
n=0 


cos 2(2n + l)t sin(2n + l)a;. 


Now for simplicity we assume that g{x) = 0, i.e., the string is initially 
at rest. We further define f{x) for ail x by its Fourier sériés (32.18). Then, 
f{x) is an odd function of period 2a, i.e., f{—x) = —f{x) and f{x + 2a) = 
f{x). With these assumptions = 0, n > 1 and thus the solution (32.17) 
by the trigonométrie identity 

. mrx n-Kct l/,mr , mr \ 

sin-cos-= - ( sin — [x + et) + sm — [x — et) 

a a 2 \ a a / 

can be written as 


^ OO 

uix, t) — - y ün [ sm —ix + et) + sin —(x — et) , 
2 \ a a / 


which in view of (32.18) is the same as 

uix,t) = ^[fix + et) + f{x - et)]. (32.22) 

This is d’Alembert’s solution. It is easy to verify that this indeed satisfies 
(32.1)-(32.5) with g{x) = 0 provided f{x) is twice différentiable. To realize 
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the significance of this solution, consider the term f{x—ct) and evaluate it at 
two pairs of values (æi, ti ) and {x 2 , ^ 2 ), where t 2 = ti + t, and X 2 = xi + ct. 
Then xi — cti = X 2 — ct 2 and f{xi — cti) = f{x 2 — ct 2 ), which means that 
this displacement travels along the string with velocity c. Thus, f{x — ct) 
represents a wave traveling to the right with velocity c, and similarly, f{x + 
ct) represents a wave traveling to the left with velocity c. It is for this reason 
that (32.1) is called the one-dimensional wave équation. 


Lecture 33 

The One-Dimensional 
Wave Equation (Cont’d.) 


In this lecture we continue using the method of séparation of variables to 
solve other initial-boundary value problems related to the one-dimensional 
wave équation. 

Suppose that the vibrating string is subject to a damping force that is 
proportional at each instance to the velocity at each point. This results in 
a partial DE of the form 



0 < a; < a, t > 0, c > 0. (33.1) 


We shall consider this équation together with the initial-boundary condi¬ 
tions (32.2)-(32.5). In (33.1) the constant k is small and positive. Clearly, 
if fc = 0 the équation (33.1) reduces to (32.1). 


Again we assume that the solution of (33.1) can be written as u{x,t) = 
X{x)T{t) ^ 0, so that 


X"{x)T{ï) = \{X{x)T"{t) + 2kX{x)T'{ï)) 


and hence 


X" T” -h 2kT' 


which leads to 


X” - AX = 0, X(0) = X{a) = 0 

T" -h 2kT' - Xc^T = 0. 


(33.2) 

(33.3) 


For (33.2), we hâve 



Xn{x) = sin 


niTx 


a 


With X= Xn = —n^TT^/a^ équation (33.3) takes the form 



2 


(33.4) 


a- 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_33, 

© Springer Science-|-Business Media, LLC 2009 
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The auxiliary équation for (33.4) is 


+ 2km + 


= 0 , 


or 


and hence 


(m + kf = — 




. \ 1/2 

m = —k ± where /i„ = | -;;- k^ 


Recall k > 0 and small, so fj,„ > 0, n > 1. 

Thus, the solution of (33.4) appears as 

Tn(t) = (a„cos/r„t + 6„sin/r„t). 

Therefore, the solution of (33.1) which satisfies (32.4) and (32.5) 
written as 


u{x, t) = e (a„ cos sin ^„t) sin ■ 

n—1 

This solution satisfies (32.2) if 

î{x) = ^ ( 

which gives 


U'KX 


ün sin • 


n—l 


ün — 


2 r niTX , 

— / jixjsm -ax, n = l,2,'- 

aJo a 

Finally, condition (32.3) is satisfied if 

OO 

/ N. / 7 7 \ • ÜITX 

g{x) = 2 _^(-/ca„ + 0 „/Xn)sin- 

1 ^ 
n—l 

and hence 

2 TtTTX 

—kün + bnHn = — dix) sin-dcc, 

a 7o a 

which gives 

ün 2 \ . nirx 

On = k -1-/ ff(x) sin-ax, n = l,2,- 

Jo ^ 


can be 

(33.5) 


(33.6) 


(33.7) 
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In particular, we shall find a„ and when g(x) = 0, and 


f{x) 


h —, 0 < X < - 

a 2 

, , „ 2x\ a 


< X < a, 


h>0. 


From (33.6), we hâve 



8h sinn7r/2 

TT^ 

Finally, from (33.7) in view of g{x) = 0, we find = kün/g-n- 

Now we shall assume that for the vibrating string the ends are free— 
they are allowed to slide without friction along the vertical lines a; = 0 
and X = a. This may seem impossible, but it is a standard mathematically 
modeled case. This leads to the initial-boundary value problem (32.1)- 
(32.3), and the Neumann boundary conditions 

u,,(0,t) = 0, t>0 (33.8) 

Ma;(a,t) = 0, t > 0. (33.9) 


In this problem conditions (33.8), (33.9) are different from (32.4), (32.5); 
therefore, if we assume a solution in the form u{x,t) = X{x)T{t) 0, X 
must satisfy the eigenvalue problem 


X” - irX = 0 

X'{0) = X'{a) = 0 (instead of X{0) = X{a) = 0). 
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For this problem the eigenvalues are 

Aq — 0, Xji — - , Tl — 1,2, * * * 

a‘‘ 

and the corresponding eigenfunctions are 

HjTTX 

Xo(x) = 1, X„(x) = cos-, n = l,2, •••. 

a 

For Ao = 0 the équation T" — AT = 0 reduces to Tq' = 0, and hence 

To(t) = hot + ao- 

For A„ = the équation T" — AT = 0 is T" + (n^7r^c^/a^)T„ = 0 

and hence the solution is the same as (32.16). Thus, the solution of (32.1) 
satisfying (33.8), (33.9) can be written as 

CXD CXD 

u[x, t) = ^ Xn{x)Tn{t) = Xo{x)To{t) + ^ Xn{x)Tn{t), 

n—0 n—1 


or 


/ \ /7 \ f 7 • \ 

u{x, t) = [bot + Oo) + 2, ( COS - 1 + bn sm - 1 j cos 

n—1 

The solution (33.10) satisfies (32.2) if and only if 

OO 

f[x) = ao+} a„ cos- 

1 “ 
n—1 

and hence 


mrx 


ao = - 

a . 


f[x)dx 
2 r ^ mrx , 

ün = — j{x)cos - dx, n = l,2,---. 

a jo a 

Finally, the solution (33.10) satisfies (32.3) if and only if 

CXD 

/N 7 7 

g{x) = bo + 2_^bn -I 


riTTC riTTX 

• cos- 

a a 


and hence 


^0 


g{x)dx 


Z/ / . , nn<L 

= - / COS-ax, 


(33.10) 


(33.11) 


(33.12) 


mrc 
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Thus, the solution of (32.1)-(32.3), (33.8), (33.9) can be written as (33.10), 
where the constants ün, bn, n = 0,1, • • • are given by (33.11) and (33.12), 
respectively. 


Next we shall consider the équation of the general vibrating string 


A 

dx 


k{x) 


du 

dx 


p{x) d'^i 


a < X < /3, t > 0, c > 0 


subject to the initial conditions (31.2), 

ut{x, 0) = g{x), a < X < P 


(33.13) 


(33.14) 


and Robin’s boundary conditions (31.3), (31.4). These boundary conditions 
describe some type of an elastic or spring attachment at both ends of the 
string. Now following as in Lecture 31, although there is no steady State 
for the wave équation (33.13), we let v{x) be the solution of the problem 
(31.5), (31.6). Again, we define the function w{x,t) as in (31.10), which 
satisfies the wave équation 


A 

dx 



p{x) d'^w 
dt'^ 


a < X < P, 


t > 0 , 


(33.15) 


the initial conditions (31.19), 

Wt{x,0) = g{x), a < X < P, (33.16) 


and the boundary conditions (31.14), (31.15). We use the substitution 
w{x,t) = X{t)T{t) yf 0, which leads to solving 

{k{x)Xy + ^p{x)X = 0 

aoX{a) - aiXPa) = 0 (33.17) 

doX{P) + diXpp) = 0 

and 

T" + AT = 0. (33.18) 

Thus, the solution of (33.15), (31.14), (31.15) in terms of the eigenvalues 
0 < Al < A 2 < ■ ■ ■ and eigenfunctions Xn{x) of (33.17) appears as 


00 

w{x,t) = y^Xan cos \/Â^f + &nSin \/>yt)Xn{x). (33.19) 

n—1 


This solution satisfies the initial conditions (31.19), (33.16) if and only if 
Ja p{x)Xn{x)F{x)dx ^ p(x)Xn(x)g(x)dx 

— O 5 ^Tl — _ /3 5 

la Pi^)^nix)dx y/K p{x)Xl{x)dx 


n > 1. 
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Finally, the solution of (33.13), (31.2), (33.14), (31.3), (31.4) is obtained 
from the relation u{x, t) = w{x, t) + v{x). 


Problems 


33 . 1 . Solve the initial-boundary value problem (32.1)-(32.5) when 


(i) 

O = TT, C = 5, 

f{x) = 

(ii) 

a = TT, c = 1, 

fix) = 

(iii) 

0 = 3, c = 2, 

f{x) = 

(iv) 

a = TT, c = 2/3, f{x) 

(v) 

a = TT, c = 1, 

f{x) = 


sin3a;, g{x) = 4 
x{'K — x), g(x) = 3 

{ X, 0 < X < 1 

1, 1 < a; < 2 

3 — X, 2 < X < 3 

= sin^æ, g(x) = sinx 
x^(7r — x), g(x) = 0. 


g(x) = 0 


33 . 2 . A tightly stretched string with fixed end points a; = 0 and x = a 
is initially in a position given hy u = uq sin^ tvx/ a. If it is released from rest 
from this position, find the displacement u{x,t). 


33 . 3 . The points of trisection of a string of length a are pulled aside 
through the same distance h on opposite sides of the position of equilibrium 
and the string is released from rest. Dérivé an expression for the displace¬ 
ment of the string of subséquent time and show that the midpoint of the 
string remains at rest. 

33 . 4 . Solve the initial-boundary value problem (32.1)-(32.4), Ux{a,t) 
= 0, t > 0, i.e., the string is fixed at the end a; = 0 and free at the end 
X = a. 


33 . 5 . Solve the initial-boundary value problem (32.1)-(32.3), (32.5), 
Ux{0,t) = 0, t > 0 i.e., the string is free at the end a; = 0 and fixed at the 
end X = a. 


33 . 6 . Suppose that it is a solution of the initial-boundary value 
problem (32.1)-(32.3), 


u(0, t) = A, t > 0 

u{a, t) = B, t > 0 ’ 


(33.20) 


where A and B are constants. Show that if 


X — a 


A- 



a 


v(x, t) = u(x, t) + 


a 


(33.21) 
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then U is a solution of the initial-boundary value problem (32.1), 

' X — a'' 


= f{x) + 


A--B, 
a 


0 < X < a 


(33.22) 


(32.3)-(32.5). In particular, solve the problem (32.1)-(32.3), (33.20) when 

(i) a = TT, c = 1, f{x) = x{'ïï — x), g(x) = 3, ^ = 0, B = 5 

(ii) a = TT, c = 1, f{x) = x^(7r — x), g{x) = 0, A = B = 2. 

33 . 7 . Consider the particular case of the telegraph équation (32.10), 

vtt + ^avt + a^v = c^Vxx, 

with the initial conditions n(a;, 0) = çî>(a;), nt(a^,0) = 0 and the boundary 
conditions v{0,t) = n(a, 0) = 0. Show that the change of variable v{x,t) = 
e~°'*u{x,t) transforme this initial-boundary value problem to (32.1)-(32.5) 
with /(x) = (j){x) and g{x) = a4>{x). 

33 . 8 . Solve the initial-boundary value problem (33.1), (32.2)-(32.5) 
when 

(i) a = 1, c = 1, fc = 1, /(x) = AsinTTx, g{x) = 0 

(ii) a = TT, c = 1, fc = 1, /(x) = X, g{x) = 0. 

33 . 9 . Solve the initial-boundary value problem (32.1)-(32.3), (33.8), 
(33.9) when a, c, /(x) and g{x) are the same as in Problem 33.1 (i)-(v). 


33.10. Show that the solution (32.17) of (32.1)-(32.5) can be written 


as 


uix, t) = lr[fix + et) + f{x- et)] + 


nX-\-ct 


2c, 


g{z)dz. 


x—ct 


This is dAlembert’s solution. Thus, to find the solution u{x,t), we need to 
know only the initial displacement /(x) and the initial velocity g{x). This 
makes d’Alembert’s solution easy to apply as compared to the infinité sériés 
(32.24). In particular, find the solution on —oo < x < oo, t > 0 when 

(i) î{x) = 1/(1 -k 2x2), g{x) = 0 

(ii) /(x) = g{x) = xe~^^ 

(iii) /(x)=sechx, g(x) = x/(l-k x^). 

33.11. The partial DE which describes the small displacement w = 
w{x, t) of a heavy flexible chain of length a from equilibrium is 

d^w dw d'^w 

where g is the gravitational constant. This équation was studied extensively 
by Daniel Bernoulli around 1732 and later by Leonhard Euler in 1781. 
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(i) 

to 


Set y = a — X, u{y, t) = w{a — x, t) to transform the above partial DE 


d^u du d^u 


(33.23) 


(ii) Use séparation of variables to show that the solution of (33.23) which 
is bounded for 0 < y < a and satisfies u{a, t) = 0 is 


Jq f 2A„ 

n=l ^ 



{ün cos Xnt + bn sin A„t), 


where A„ = (l/2)6o.is a positive root of Jo{x). 

33 . 12 . A bar Iras length a, density S, cross-sectional area A, Young’s 
modulus E, and total mass M = ÔAa. Its end a; = 0 is fixed and a mass 
m is attached to its free end. The bar initially is stretched linearly by 
moving m a distance d = ba to the right, and at time t = 0 the System 
is released from rest. Find the subséquent vibrations of the bar by solving 
the initial-boundary value problem (32.1), u{x, 0) = bx, Ut{x, 0) = 0, (32.4) 
and mutt{a,t) = —AEux{a,t)- 

33 . 13 . Small transverse vibrations of a beam are governed by the 
partial DE 

d'^u nd^u „ „ 

where (? = EI/Ay,, and E is the modulus of elasticity, I is the moment of 
inertia of any cross section about the ï-axis, A is the area of cross section, 
and /i is the mass per unit length. Boundary conditions at the ends of the 
beam are usually of the following type: 

(1) A fixed end also known as built-in or a clamped end Iras its displacement 
and slope equal to zéro (see Figure 33.1a): 

, . du 

u(aA) = = 0 - 


(2) A simply supported end has displacement and moment equal to zéro 
(see Figure 33.1b): 


u{a, t) 


d'^u 

dx'^ 


{a A) 


= 0 . 


(3) A free end has zéro moment and zéro shear (see Figure 33.1c): 
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Find the solution for the vibration of a beam that bas simply supported ends 
at æ = 0 and x = a with the initial conditions rt(a;, 0) = /(x), ut{x,Q) = 
g{x), 0 < X < a. In particular, compute the solution when /(x) = Ax{a — x) 
and g{x) = 0. 


Answers or Hints 


33.1. (i) cos 15f sin 3x + J2n=o 5 ( 2 rt+i)^ 7 r 5(2n + l)t sin(2n + l)x 

(ii) J2n=i ( 2 ^ 31 ) 3 :;; cos(2n - l)t + sin(2n - l)t sin(2n - l)x 

(iii) E“=i sin ^ cos ^ sin ^ cos ^ 

(iv) I sinX sin f - f (2n-i)[(2l-i)3-4] sin(2n - l)x cos 

(v) fl + Er=i-2^cos2ntcos2nx + X;r=i 

X cos(2n — l)tcos(2n — l)x. 


24 


(2n— 1 )^ (271—1)*^ TT 


33 . 2 . Use sin^0 = i(3sin0 — sin36*), M(x,t) = ^ (3sin ^xcos 
— sin —xcos —t) . 

a a / 

, 0 < X < a/3 

33 . 3 . In (32.1)-(32.5), /(x) = ^{ (a - 2x), a/3 < x < 2a/3, ^(x) = 0, 


uix, t) = ^ y/r 1 ^ sin 2^ sin ^x cos 

\ 1 J TT-^ ^n—1 3 a 


{x — a), 2a/3 < x < a 
t. 


33.4 

a. 


(2n—l) 7 rct . 7 • (2n—l)7rcÉ 

an cos -h bn Sin ^ — 

= f lo /(^) sin n > 1, 

= ( 2 n-\)^c /o“ sin ^ > I. 


sm 


(2n—l)7ræ 


33.5 Er=i 

a. 


(2n—II ttcé . 7 • (2n—l) 7 rct 

an cos ^ -h bn Sin ^— 

= f lo /(^) <=os n > I 

bn = ( 2 n-\)^c /o“ ff(^) ^OS n > 1. 


COS 


(2n— l)7ra; 


2a 
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33.6. (i) +Er=i ;^cos2ntsin2nx + X:r=i { 

X cos(2n — l)t + ( 2 n-l)^ 7 r sin(2n — l)t| sin(2n — l)x 

(ii) 2 + X;r=i-2ÏÏïCOs2ntsin2na: + X;r=i 

X cos(2n — l)tsin(2n — l)x. 


10 


(2n—l)^7r (2n—l)7r 


(2n—1)^ (2n —l)7r 


33.7. Verify directly. 

33.8. (i) Ae~* ^cos — It + sin^/n^ — sinTrx (ii) 2e“‘x 


(1 + t) sina; + X;„=2 


oo (-1)’^ 


— ^COS-yî? 


— li + 




sin — ) si 


sin nx 


33.9. Compute an and 6„ using (33.11) and (33.12) and substitute in 
(33.10). 

33.10. Use sin ^ sin i? = i[cos(A — B) — cos(A + B)] and (32.22). 

(i) 2 [ i+ 2 (i+ct)^ + i+ 2 {Lcty\ (ii) 2 [e-l"+"‘l +e-l"-"*l] 

— ^ (iii) ^ (sech (x + et) + sech (x — et)) 

+ à [i’^(l + ( 2 ^ + ct)^) - ln(l + (a; - ct)^)] . 

33. 11. Compare the ordinary DE with (9.19). 

33.12. u(x,t) = Er=i^"COS^sin^ where 6„ = and 

a„ is a root of the équation tan a = Use the fact that the set 

{sin is not orthogonal on [0,a], however, in view of Problem 18.4 the 
set jcos^^} is orthogonal on [0,a]. 


33.13 


See Problem 18.9(i), ^^=1 («-cos + 6„sin sin 


where a„ = | f(x) sin ^dx, ^ g(x) sin ^dx. 

8Aa^ Y^oo 1 e(2ra+l)^7r^t . (2n+l)7ræ 

2^ti=0 (2ÏÏ+ÎF a 


































Lecture 34 

Laplace Equation 
in Two Dimensions 


In this lecture we give a dérivation of the two-dimensional Laplace équa¬ 
tion and formulate the Dirichlet problem on a rectangle. Then we use the 
method of séparation of variables to solve this problem. 


Consider the flow of heat in a métal plate of uniform thickness a (cm), 
density p (g/cm^), spécifie heat s (cal/g deg) and thermal conductivity k 
(cal/cm sec deg). Let the XY-pl&ne be taken in one face of the plate. If the 
température at any point is independent of the z-coordinate and dépends 
only on x, y, and time t (for instance, its two parallel faces are insulated), 
then the flow is said to be two-dimensional. In this case, the heat flow is in 
the XF-plane only and is zéro along the normal to the XF-plane. 


y 


D(a:, y-I-Ay) 
A{x,y) 


C{x + Ax, y + Ay) 
B{x + Ax, y) 


Figure 34.1 


Consider a rectangular element ABCD of the plate with sides Ax and 
Ay as shown in Figure 34.1. By Fourier’s law, the amount of heat entering 
the element in 1 sec from the side AB is 


= — kaAx 



and the amount of heat entering the element in 1 sec from the side AD is 



The quantity of heat flowing ont through the side CD in 1 sec is 


= — kaAx 


; 

\dyjy+l^y 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
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and the quantity of beat flowing ont through the side BC in 1 sec is 

= - ka^y ( 1 ^) 

æ+Aæ 

Hence, the total gain of beat by the rectangular element ABCD in 1 sec 
is 


= —kaAx 



y 


kaAy 



+ kaAx 

X 



+ kaAy 

y+Ay 


= kaAxAy 


/ du\ _ / du 

\dx)x-\-Ax \dx)x 

Ax 



Also the rate of gain of beat by the element is 


9m \ 


(34.1) 


AA 

= pAxAyas—. 

at 


(34.2) 


Thus, equating (34.1) and (34.2), dividing both sides by aAxAy, and taking 
limits as Ax 0, Ay ^ 0, we get 


/ d'^u d'^u\ du 

\ dx"^ dy"^ ) dt’ 


which is the same as 

du 2 ( 

where = k/{ps) is the diffusivity coefficient. 


(34.3) 


Equation (34.3) gives the température distribution of the plate in the 
transient state. In the steady state, u is independent of t, so that ut = 0 
and the équation (34.3) reduces to 

A2U = Uxx + Uyy = 0, (34.4) 

which is the well-known Laplace équation in two dimensions. Since there 
is no time dependence in (34.4), no initial conditions are required to be 
satisfied by its solution u{x,y). However, certain boundary conditions on 
the boundary of the région must be satisfied. Thus, a typical problem 
associated with Laplace’s équation is a boundary value problem. A common 
way is to specify u{x, y) at each point (a;, y) on the boundary, which is known 
as a Dirichlet prohlem. 
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Now we shall use the method of séparation of variables to solve the 
Dirichlet problem on the rectangle R = 0 < x < a, 0 < y < b, i.e., find the 
solution u{x, y) of (34.4) on R satisfying the boundary conditions 


M(a::,0) = /(x), 

0 < a; < a 

(34.5) 

u{x,b) = g{x), 

0 < a; < a 

(34.6) 

u{0,y) = 0, 

0 < y <b 

(34.7) 

u{a,y) = 0, 

0 < y < b. 

(34.8) 


This problem is illustrated in Figure 34.2. 

y 


b 

u{x,b) = g{x) 

{a, b) 


u{0,y) = 0 

A 2 U = 0 

u{a,y) = 0 


0 u{x, 0) = f{x) “ 

Figure 34.2 


We seek a solution of (34.4) in the form u{x,y) = X{x)Y{y) ^ 0. Thus, 
it follows that 


X’\x)Y{y) + X{x)Y”{y) = Q, 

X''{x) Y"{y) 

X{x) ^ Y{y) ’ 


which is the same as 

X"{x) 

X{x) 


Y" {y) 
Y{y) 


(constant). 


Hence, we hâve 


X” + AX = 0, 

and the conditions (34.7) and (34.8) imply 

X(0) = 0, X(a) = 0. 

Also Y satisfies the differential équation 


Y” - AF = 0. 


(34.9) 

(34.10) 

(34.11) 


The eigenvalues and eigenfunctions of the problem (34.9), (34.10) are re- 
spectively given by 


n = 1 , 2 ,-- • 


( 34 . 12 ) 
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and 


, . , n-ïïx 

^n\x) = sin-, n = 1, 2, 


(34.13) 


For A as given in (34.12) the general solution of the differential équation 
(34.11) is 

(34.14) 


An (y) = On cosn - h On sinu -. 

a a 


Thus, the solution of (34.4) satisfying (34.7) and (34.8) can be written as 

OO 

/ \ / 1 T . 1 'n7Ty\ . nirx ^ 

uix^y) = > ancosh- hOnSmh - sin-. (34.15) 

V a a J a 

n—l 

Now (34.15) satisfies (34.5) if and only if 


f{x) = Y, 


Ün Sin • 


n—l 


which gives 


pa 

I TL7TX 

■ / /(ï) sin- dx, n = l,2, •••. (34.16) 

Jo O, 


Finally, (34.15) satisfies (34.6) provided 

OO 

9i^) = Y 


n—l 


mrb mrb 

a„ cosh-h bn sinh- 

a a 


sin ■ 


which gives 


mrb , mrb 2 f ... mrx 

ün cosh-h bn sinh-= — / g(x) sin- dx 

a a a Jq a 


and therefore 


mrb 2 f ... mrx mrb 

o„ sinh-= — / g(a:) sin-dx — a„ cosh-, 

a a Jq a a 


which in view of (34.16) gives 


b 


n 


sinh • 


2 

a 


g{x) sin 


UTTX - 

- dx 

a 



2 

a 


f{x) sin 


mrx 

- dx 

a 


(34.17) 

n > 1. 


Hence, the solution of the boundary value problem (34.4)-(34.8) is given 
by (34.15) where On and are as in (34.16) and (34.17), respectively. 
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In particular, we shall solve the boundary value problem (34.4)”(34.8) 
with f{x) = 0, g{x) = x, a = 1, b = 1. Clearly, from (34.16) and (34.17), 
we hâve 


a„ = 0, n > 1 

1 


bu. — 


sinh riTT 
2 

sinh niT . 


x sin mvxdx 


X cos riTTx 


mr 


1 

x—0 


Thus, the solution in this particular case is 


2 (_l)n+l 
mr sinh mr 


OO 

u{x,y) = 

n—1 


2 (-l)"+i , , 

-—-smh mry sin mrx. 

niT sinh nir 


Next we note that as for the problem (34.4)-(34.8) the solution u{x,y) 
of the Dirichlet problem (34.4) on the rectangle R satisfying the boundary 
conditions 

u(x,0) = 0, 0 < a; < a (34.18) 

u(x, b) = 0, 0 < X < a (34.19) 

u(0,y) = k(y), 0<y<b (34.20) 

u(a, y) = k{y), 0 <y <b (34.21) 

(see Figure 34.3) can be written as 


y 


b 

u{0,y) = h{y) 

u{x, b) — 0 

{a,b) 

A 2 U = 0 

u{a,y) = k{y) 

0 

u{x, 0 ) = 0 “ 


Figure 34.3 


OO 

/ \ / 1 ^ . 1 n7TX\ . riTTy 

u{x, cosh + Pn smh —^J sm —(34.22) 

n—1 


where ^ 

^ y h(y) sin n = l,2,--- (34.23) 
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and 


(in = 


inh 

b 


1 / \ ■ 

■ J k[y) sin -g-dy 


n = 1,2,- ■ 


/ , nTTON 2 / , , - , mry , 

Ms)™—ds 

(34.24) 

In the particular case h{y) = Ay{b — y), k{y) = 0 this solution simplifies 


to 


u{x,y) = 


SAb'^ 


sinh 


(2n+l)7r 

b 


2 + 1)^ sinh 


(a — x) (2n - 
■ sm- 


l)7r 


-y- 


Finally, from the linearity of the problem as well as by direct substitution 
it is clear that if ui{x,y) is the solution of the problem (34.4)-(34.8) and 
U 2 {x,y) is the solution of the problem (34.4), (34.18)-(34.21) then 

u{x,y) = ui{x,y)+U 2 {x,y) (34.25) 

is the solution of the Dirichlet problem (34.4) on the rectangle R satisfying 
the boundary conditions (34.5), (34.6), (34.20), (34.21) (see Figure 34.4). 


y 


b 

u{x,b) = g{x) 

{a, b) 


u{0,y) = h{y) 

A 2 U = 0 

u(a,y) = k{y) 

0 

uix,0)^f{x) ® 


Figure 34.4 


In particular we shall solve the boundary value problem (34.4), (34.5), 
(34.6), (34.20), (34.21) with f{x) = x, g{x) = 0, h{y) = sin y, k{y) = 
0, a = b = 1. From (34.16), (34.17), (34.23) and (34.24) it follows that 


0 - 71 , 


2(-l) 


n+1 


, 2(-l)" , 

=-coth riTT 


riTT niT 

(-l)"+i2n7rsinl 


2n?7r'^ — 1 


fin = — coth nn 


(—l)”+^2n7r sin 1 
2n'^'K'^ — 1 
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Thus, the solution in this case appears as 


u{x,y) = ui{x,y) +U 2 {x,y) 
-2(-l)"+i 


= E 


n—l ^ 
oc r 

+E 

n—l 


2(-l)" 

cosh mry H-coth mr sinh mry 

niT mr 

(_l)"+i2n7r sin 1 


sin riTTX 


■ cosh 1 


2‘n?T:'^ — 1 

(_l)ra+i27j7rsin 1 

— coth UTT- -;-sinh mrx 

2n^7r^ — 1 


sin riTTî/. 


Problems 

34.1. Solve the Dirichlet problem (34.4)-(34.8) with 

(i) a=2, b= 1 , f{x) = 0, g{x) = 

(ii) a = 1, 6=1, f{x) = X, g{x) = sinTrx 

(iii) 0=2, 6=2, f{x) = , g{x) = 4 cos a:. 

34.2. Solve the Dirichlet problem (34.4), (34.18)-(34.21) with 

(i) a = 1, 6 = 1, h{y) = 0, k{y) = (1/2) cosy 

(ii) 0 = 1 , 6=1, h{y) = (1/2) cosy, k{y) = 0 

(iii) 0 = 1 , 6=1, h{y) = e^, k{y) = y. 

34.3. Solve the Dirichlet problem (34.4)-(34.6), (34.20), (34.21) with 

(i) a = 1, 6 = 1, f{x) = X, g{x) = sinTrx, h{y) = 0, k{y) = (1/2) cosy 

(ii) 0 = 1 , 6=1, f{x)=x, g{x) = smTrx, h{y) = (1/2) cosy, k{y) = 0 

(iii) 0 = 1 , 6=1, f{x) = sinTTo;, g{x) = h{y) = sin y, k{y) = 0. 

34.4. Show that Neumann boundary value problem A 2 U = 0, Uy{x, 0) 
= f{x), Uy{x,b) = g{x), Ux{0,y) = 0 = Ux{a,y) has an infinité number of 
solutions. 

34.5. Solve the Laplace équation (34.4) in the rectangle iî = 0 < 
X < TT, 0 < y < 1 subject to the mixed boundary conditions u(x,0) = 
TqCOSx, «(x, 1) = TqCOS^x, «2 ,(0, y) = 0, Ux(7r,y) = 0. 

34.6. Solve the Laplace équation (34.4) in the rectangle R = 0 < 
x<l, 0 <y<l subject to the mixed boundary conditions m(x, 0 ) = 
x^, Uy{x,l) = 0, UxiO,y) = 0, Uxil,y) = 0. 
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34.7. Solve the Laplace équation (34.4) in the rectangle R = 0 < 
x<l, 0<y<l subject to the mixed boundary conditions u(x,0) = 
0, Uy{l/2) - X, Uy{x, 1) = (1/2) - X, î/) = 0, J/) = 0. 


34.8. A rectangular plate with insulated surface is a cm wide and 
so long compared to its width that it may be considered infinité in length 
without introducing an appréciable error. If the température of the short 
edge y = 0 is given by f{x), 0 < x < a and the two edges a; = 0, x = a 
are kept at 0°C, détermine the température at any point of the plate in the 
steady state. In particular, solve this problem for 


(i) î{x) = To 

(ii) f{x) = ex 

(iii) a = 10, f{x) 


20x, 0 < a; < 5 
20(10-a;), 5 < a; < 10. 


Answers or Hints 


34.1. (i) E” 1 [1 - ^ Sin ^ 

(ii) Ucosh7ry+(1-sinTra: 

^ ^ TT ^ \ TT / Sinn TT 


2(-l)^ 


+ 1 


(iii) 


■^+4 

27t7i-(l-(-l)"e^)COth 


34.2. (i) 


[cosh mry — coth mr sinh mry] sin m:x 

n^2 


(l-(-l)"e2)cosh^ 


2n7r(l—(—1)^ cos 2) 
(n^TT^ —1) sinh titt 


2 f 2 

n7r(l—( —l)’^ cos 1) 


sinh riTT 
oo n7r(l—( —1)"'cos 1) 


n^TT^ —1 


sinh mrx sin mry 


(cosh m:x — coth titt sinh n-Kx) sin mry 
2(-i)" 


r sinh r 


(ii) E„=i 

(iii) E“=i {ïï^^(l - (-l)"e)coshn7rx 
_^2ri^^W(l _ (_l)ng) sinhnTraj sinriTry. 

34.3. (i) ui{x,y) + U 2 {x,y) where ui is the solution of Problem 34.1(ii) 
and U 2 is the solution of Problem 34.2(i) (ii) ui{x,y) +U 2 {x,y) where ui is 
the solution of Problem 34.1(ii) and U 2 is the solution of Problem 34.2(ii) 

(iii) [cosh + (f - ^ - cosh Tt) 

+ E“ 2 [^(-1) 


2 

“S—T 


2 sinh m^y 
sinh riTT 


Sin TTX 


Sin niTX 


E oo r (— l)^'^^2n7r sin 1 r i ^ i 1 • 

< - — n 2 ^ 2 _i -[cosh riTTx — coth riTT sinh n7Tx\ > sin niTy. 


34.4. If M is a solution, then u + AT is also a solution. 
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34.5. To (iy + SH|^eosx+fini cos 2x). 

34.6. ^ + ^ Jcoln^ cosh n7r(l - y) cos mrx. 

34.7. u{x,y) = EZo (2n+i)3 Zsha 2 n+ljÿ cos((2n + l)7rx). 

34.8. u{x, t) = sin a„ = f /(ï) sin 

rn 4To Y^oo ^!_„-(2n+l)ii-y/a „■ (2n+]^ /..N ^ (-1)"+^ 

IL TT Z^n=0 2n+1^ a oL ,r Z^n=l n 

-riTi-y/a • mræ ^ y^oo (2n-l)7r^/10 ■ i2n-l)-^x 

e sin ^ ^ Z^„=i (2,1-1)^ ^ 10 











Lecture 35 

Laplace Equation 
in Polar Coordinates 


In this lecture we shall discuss the steady-state beat flow problem in a 
disk. For this, it is convenient to consider the Laplace équation in polar 
coordinates instead of rectangular coordinates. 


Consider the steady-state beat conduction problem for a fiat plate in 
the shape of a circular disk with the boundary curve = a^. In 

what follows we assume that the plate is isotropie; i.e., the fiat surfaces 
are insulated, and that the température is known everywhere on the cir¬ 
cular boundary. The température inside the disk is then a solution of the 
Dirichlet problem (see Figure 35.1) consisting of Laplace’s équation in polar 
coordinates (see Problem 35.1) 


d^u 1 du 1 d^u 

dr"^ r dr r'^ dO"^ ’ 

and the boundary condition 


0 < r < a, 


— TT < 0 < TT 


u{a, 9) = f{9), — TT < 9 < TT. 


(35.1) 

(35.2) 





Figure 35.1 

In problem (35.1), (35.2) we notice that r = 0 is not a physical boundary; 
rather we recognize it as a “mathematical boundary,” and for a solution 
u{r, 9) to be physically meaningful we need to impose at r = 0 the impUcit 
boundary condition 

|M(0,é»)| <oo; (35.3) 

i.e., the solution remains bounded at the origin. We also wish to allow 9 to 
assume any value rather than restrict it to the interval —tt < 9 < tt, and 
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hence we assume that /(0), and consequently u{r,0) to be periodic with 
period 27r. Thus, we also need the conditions 

u{r, tt) = u{r, —tt), 0 < r < a (35.4) 

du, . du , , , , 

-ggir, tt) = —(r, -tt), 0 < r < a, (35.5) 

which are actually continuity requirements along the slit 0 = tt. The prob- 
lem (35.1)-(35.5) is often called as an interior problem. 

To solve (35.1)“(35.5) we assume u(r, 0) = R{r)Q{0) ^ 0. Clearly, équa¬ 
tion (35.1) becomes 



iî"0 -f ^R'e + ^RQ" = 0, 


which gives 

r^iî" -h rR' 0" ^ 

R ~ Q ~ 


and hence 

Q” + A0 = 0, — TT < 0 < TT 

(35.6) 

and 

R" + rR' — XR =0, 0 < r < a. 

(35.7) 

Now (35.4) implies 

0 (-7r) = 0(7r), 

(35.8) 

whereas (35.5) gives 

© 

II 

© 

(35.9) 


For (35.6), (35.8), (35.9) we know that the eigenvalues and eigenfunc- 
tions are 


( Aq — 0, 00 — 1 

S \n = r? (n > 1), Qn=cosn0 and smn0 

(two linearly independent eigenfunctions). 

(35.10) 

Next for A = 0, équation (35.7) is 

r^Ro+rRo = 0 (35.11) 

for which the auxiliary équation is m(rn —l) + m = 0, or m? = 0 and hence 
m = 0,0. Thus, two linearly independent solutions of (35.11) are 1 and 
Inr. However, in view of (35.3) the solution Inr is discarded because of its 
behavior at r = 0. Thus, we hâve 


Ro{r) = 1 . 


( 35 . 12 ) 
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For A = A„ = équation (35.7) is 

r^R” + rR'^ - R^ = 0 (35.13) 

for which the auxiliary équation is m{m—l)+ra—'n? = 0, or m^—n^ = 0 and 
hence m = n,—n. Thus, two linearly independent solutions of (35.13) are 
r” and r“”. However, since the solution is unbounded as r approaches 
zéro, to fulfill condition (35.3) we need to discard it. Thus, we obtain 


Rn{r) = r". 

Therefore, the solution u{r, 9) can be written as 

OO 

u{r,9) = - h r" (a„ cos nO + bn sin nO). 

n—1 

This solution satisfies (35.2) if 

OO 

u{a, 0) = /(0) = ^ + ^ a"(a„ cos nO + sinn0). 

n—1 


Clearly, (35.16) is a Fourier trigonométrie sériés, and hence 


1 

r 

= ~ 

/ f{é) cos n(j)d(j), n>0 

TTO^ ^ 

l-rr 

1 

r 

= ~ 

/ f{é) sin n(j)dcj), n>l. 

TTO^ ^ 

l-rr 


(35.14) 


(35.15) 


(35.16) 


(35.17) 


In conclusion the solution of (35.1)-(35.5) can be written as (35.15), where 
a„ and bn are given in (35.17). 

As an example we shall solve (35.1)-(35.5) with 


f{0) = 


0 , 

1 , 

0 , 


— TT < 9 < —7r/2 

— tt/2 < 9 < -K 12 
'K 12 < 9 < TT. 


From (35.17), we hâve 


1 

Oq — — 


/.^/2 ^ 

/ l-CÎ(/)= — - 71=1 

/-7r/2 TT 


- / 1 • cos nipdip = - 

TTO” J-Tr/2 


r/2 


-ir/2 


1 


. niT 

sm-sin 

2 


/ riTTN 
V 


2 sin(n7r/2) 
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1 


r '^/2 


bn = - / 1 • sin TKpdcj) = 


ira" 


'-7r/2 


mra" 


■ cos ncj) 


tt/2 


= 0 . 


-7r/2 


Hence, the solution of (35.1)~(35.5) in this particular case is 

1 ^ 2sin(n7r/2) r" 

u{r,6) = -+y - cos nO. 

2 qU 

n—1 

Now in (35.15) we substitute the coefficients a„, from (35.17), inter¬ 
change the order of summation and intégration, and use some elementary 
identities, to get 


u{r,0) = 




è 


-|- sin nO 

m 
/(</>) 
/w 
/(</>) 


1 °° T-" 

-I]- 

TT a” 
n=l 


COS 


710 (^y /((()) cos n(j)d(j)^ 


f{(j)) sin n(f>d(f> 


1 » ^ 

— -1- ^ — (cos n9 cos ncj) + sin nO sin n<j)) 


d(j) 


1 — ^ 


d(f> 


/ TT “I OO 


1 

27r 


n=l 

OO 


d(j) 


£/(« i+E{(r'“-*>f+(ï»-‘'-*")”} 


d(f>. 


Now since = 1, for r < a we can sum the géométrie sériés, to obtain 
1 


i(r,0) = 


27r 


/(<^) 


i-f 




rg-{e-<j>)i 




d(j), 


which is the same as 
(a^ — r^) 


7t(r, 0) = 


/(<^) 


27r a? + r"^ — 2racos(0 — 4>) 


d(j), r < a. (35.18) 


This formula is called the Poisson intégral formula. It shows that the tem¬ 
pérature at any interior point (r, 0) of the disk of radius a may be obtained 
by integrating the boundary températures according to the formula (35.18). 
In particular, if r = 0, then the température at the center of the disk is 


w(0,é») = 2-/ f{(j))d(t), 


( 35 . 19 ) 
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i.e., the température at the center is the intégral average of the boundary 
températures. This fact is called the mean value theorem and holds for ail 
functions that satisfy Laplace’s équation on the disk. 

Now we shall find the solution of the Laplace équation (35.1) outside 
the disk r = a (see Figure 35.2). For this, again we assume that the 
conditions (34.2), (35.4), (35.5) are satisfied, but the condition (35.3) has 
to be replaced by 

lim \u{r,9)\ < oo. (35.20) 



Clearly, for this exterior problem also ail the steps remain the same as 
for the case r < a, except that the solution of (35.13) which satisfies the 
condition (35.20) is now r“". This change leads to the solution 


u{r,9) = ^ ^ r ” («n cos n9 + /3„ sin n9 ), 


n—1 


where 


a" 

an = — / f{4>) cos n4>d4>, n>0 

TT J-^ 

a" 

/3n = — / /{(fysvampdcf), n > 1. 
J-K 


As an example, we let a = 1, and 

m = 


(35.21) 


(35.22) 


1, - TT < 0 < 0 

0, 0 < 9 < TT. 

Then, from Example 19.3, we hâve 

TT (-!)’"-! , ^ -1 + (1-7r)(-l)’^ 

— ^0 — ^ A 77 7 — Z 2 ’ — 


TTn^ 


TITT 
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Thus, the solution of the interior problem can be written as 


1 + - 
u{r,e) = ^ 


oo 

n—1 




cos nO - 


-l + (l-7r)(-ir 


sin nO 


nn^ 


— TT < 0 < TT 


whereas the solution of the exterior problem is 


1 + - 

u{r,9) = —^ + > r 

n—1 






COS n9 - 




sin n9 


— TT < 9 < TT. 


Finally, comparing (35.15), (35.17) with (35.21), (35.22) we see that 
the only différence between the two sets of formulas is that r and a are 
replaced by r~^ and a~^. Thus, with this change the Poisson’s formula for 
the exterior problem appears as 


u{r, 9) 


r /(</>) ,, 

27r a‘^ + — 2racos(9 — (/)) 


r > a. 


(35.23) 


Problems 

35.1. Make the change of variables x = rcos9, y = rsin0 to show 
that Laplace’s équation (34.4) in rectangular coordinates becomes 

d^u 1 du 1 d'^u 

dr'^ r dr r'^ d9'^ 

in polar coordinates. 

35.2. A circular plate of unit radius, whose faces are insulated, has 
upper half of its boundary kept at constant température Ti and the lower 
half at constant température T 2 . Find the steady-state température of the 

Solve the Dirichlet problem (35.1)-(35.5) when 
= i(l+COS0), — TT < 9 < TT 

= i(l + COS^ 9), — TT < 9 < TT 

= |0|, — TT < 9 < TT 

j cos9, — 7r/2 < 0 < 7r/2 

1 0, otherwise. 


35.3. 

(i) 

f{0) 

(ii) 

m 

(iii) 

fiO) 

(iv) 

m 
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35.4. Show that a necessary condition for the existence of a solution 
to the Neumann problem (35.1), 


du 

dr 


{a,0) = f{6), -TT<e<Tr 


(35.25) 


is that 


f{(t>)d(j) = 0, 


i.e., the mean value of the normal dérivative on the boundary is zéro. 

35.5. Solve the Laplace équation (35.1) in the wedge with three sides 
0 = 0, 6 = (3, and r = a (see Figure 35.3) and the boundary conditions 
u{r, 0) = 0 = u(r, /3), 0 < r < a, and (35.2) for 0 < 0 < /3. 

m 


0 U = 0 



Figure 35.3 

35.6. Solve the same problem as in Problem 35.5 with condition (35.2) 
replaced by the Neumann condition (35.25) for 0 < 0 < /3. 

35.7. The diameter of a semi-circular plate of radius a is kept at 0°C' 
and the température at the semi-circular boundary at T°C. Show that the 
steady-state température in the plate is given by 


4T1 


n—1 


35.8. A semi-circular plate of radius a has its circumference kept 
at température fc0(7r — 0), while the boundary diameter is kept at zéro 
température. Find the steady-state température distribution u{r, 0) of the 
plate, assuming the latéral surfaces of the plate to be insulated. 

35.9. Solve the Laplace équation (35.1) in the annulus 0 < < 

(see Figure 35.4) with the Dirichlet conditions u{a,9) = 
/(0), U{b, 0) = 5(0), - TT < 0 < TT. 
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Further, show that in the particular case f{9) = Tq, g{6) = Ti the solution 
reduces to 


u(r, 9) =To + 


^nr/a 
lu 6/a ^ 


To). 


35.10. The velocity potential function u{r, 9) for steady flow of an 
idéal fluid around a cylinder of radius r = a satisfies (35.1) for r > a with 
the boundary conditions 

Ur(a,9)=0, u(r,9) = u(r,—9) 

lim [u(r, 9) — Uorcos9] = 0. 

r—►cxD 

Find its solution and the components of the velocity. 

35.11. From the real part of the solution of Laplace’s équation in two 
independent variables 


f(x + iy) 


ae*'^ + X + iy 
ae'-^ — (x + iy) 


show that Poisson’s intégral 


a^-r^ 


V{cj>) 


2tt Jq a"^ + r'^ — 2ar cos{ 9 — (p) 


dp, 


where x = rcos9, y = rsin0 and V is an arbitrary function, is a solution. 


Answers or Hints 


35.1. Verify directly. 


35.2. 2i^ + l(Ti- 
= Tl±T + li^tan-i 

Z TT 



2n-l ' 


sin(2n 


1)9 
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35.3. (i) i(l+^cos6 >) (ii) i + |^ cos0 + cos36>^ (iii) f + 

“ 4 cos n0 (iv)i + f cos 0 + Er 2 4 cos n9. 

n—1 7rn^ ^ tt 2a L^n—1 Tr^n*^ —1) 


E 


35.4. Use Green’s theorem JJg{fA 2 g - gA 2 f)dS = /p (^f§^ - g§^'j ds. 

35.5. u{r, 9) = sin ^9, A„ = |a—sin f</>dc/>. 

35.6. u(r, 9) = E“ sin ^9, A„ = sin 


35.7. Use Problem 35.5. 

35.8. u(r, 9) = f J2n=i ( 2 ÏÏ^ sin(2n - 1)0. 

35.9. u{r,9) = i(co+do In cosn0+iî„ sin n0), 

where the unknowns are determined by using the boundary conditions. 

35.10. u(r, 0) = -^(r^+a^) COS0, Ux = ^(r^—a^ cos 20), Uy = --^a^ sin 20. 

35.11. Verify directly. 





Lecture 36 

Two-Dimensional 
Heat Equation 


In this lecture we shall use the niethod of séparation of variables to 
find the température distribution of rectangular and circular plates in the 
transient State. 

Suppose that for a thin rectangular plate which occupies the plane ré¬ 
gion 0 <a;<a, 0 < y < b, the top and bottom faces are insulated, and 
that its four edges are held at zéro température. If the plate has the ini¬ 
tial température function u{x,y^0) = f{x,y), then in the transient State 
its température function u{x, y, t) is the solution of the following initial- 
boundary value problem (see Lecture 34): 

Ut = (uxx + Uyy) , Q < X < a, 0<y<6, t>0, c>0 (36.1) 

u{x,y,0) = f{x,y), 0 < x < a, 0 < y <b (36.2) 

u(x,0,t) = 0, u{x,b,t) = 0, 0 < X < a, t>0 (36.3) 

u(0,y,t) = 0, u(a,y,t) = 0, 0 < y < b, t > 0. (36.4) 

We shall find the solution of (36.1)-(36.4) by the method of séparation 
of variables. For this, we assume that 

u{x,y,t) = 4'{x,y)T{t) yf 0 (36.5) 

so that 

{4>xx + (j^yy) T = 

and hence on dividing by (pT, we get 

1 T' 

{4>xx + (pyy) ^ 

Arguing as before the common value of the members of this équation 
must be a constant, which we take to be — A^. The équations that resuit 
are 

4>xx + (pyy = -A^(^, 0<a;<a, 0 <y <b (36.6) 

T' + X'^c'^T = 0, t>0. (36.7) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_36, 
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It is also clear that (36.3) implies 

(p{x,0) = 0, fpiXjb) = 0, 

whereas (36.4) implies 

<('( 0 , 2 /)= 0, (j}{a,y) = 0. 


(36.8) 


(36.9) 


Next to solve (36.6), (36.8), (36.9) we assume (j){x,y) = X{x)Y{y), to 
obtain 

o<.<„. o<,<. 

X{x) Y{y) 

The sum of a function of x and a function of y can be constant only if these 
two functions are individually constant, i.e., 

X" Y" 

-= constant, = constant. 

X X 

We assume that 

^ and ^ (i.e., + z/^) 


so that 

X" + y^X = 0 
Y” + v'^Y = 0. 

From (36.8) and (36.9) it also follows that 

X(0) = 0, X{a) = 0 
r(0) = 0, Y{h) = 0. 

For (36.10), (36.12) the eigenvalues and eigenfunctions are 


(36.10) 

(36.11) 

(36.12) 

(36.13) 


Mm = 


", ^m{x') — sin 


TO = 1, 2, ■ 


(36.14) 


Similarly, the eigenvalues and eigenfunctions of (36.11), (36.13) are 


z^^ = 


^ 'TT / X . Tlirv ^ ^ 

Yn{y)=s\n^-, rz = l,2,- 


(36.15) 


Notice that the indices n and to are independent. This means that (p will 
hâve a double index. Thus, a solution of (36.6), (36.8), (36.9) can be written 
as 

'2 - -2 I ..2 (36.16) 


0mn(3^,2/) — Xm{x)Yn(l/)-, ^mn — Mm ^n' 


For A = Amn, équation (36.7) takes the form 
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which gives 

Tmn{t) = exp (-A^„c^t). (36.17) 

Hence, in view of (36.5), (36.16), and (36.17), the solution u{x, y, t) of (36.1) 
satisfying (36.3) and (36.4) can be written as 


/ \ \\ ' • TTITTX . TlTTy f 2 2 \ (ctn -i r.\ 

( 3 :, y, ^) = “mn Sin —— sin exp (-A^„c t) , (36.18) 


where 


A2 = 
^mn 


+ 


Finally, this solution satisfies (36.2) if and only if 


(36.19) 


f{x,y) = u{x,y, 0 ) ='^Y 1 


rriTTX niry 
amn sin-sin ——. 


m—l n—1 


(36.20) 


Multiplying (36.20) by sin(p7ra;/a) and integrating over [0,a] gives 


r/(.,y)sin^dx=f:f:, 

Jo a 



rriTTX 


a 


. PTTX - 

Sin - dx 

a 


sin • 


niry 


However, since 



miTx . piïx . 

-sin - dx 

a a 


al2 if m = P 
0 if m ^ P 


it follows that 



f/ \ • 

/(x, y) sin- dx 

a 


E 


a miy 

apn-s\n—^. 


(36.21) 


Now multiplying (36.21) by sin(g7ry/6) and integrating over [0,6], we find 




E 

n—1 


— / ^ 


a 

pn-2 


niry qiry 

sin —;— sin —;— dy, 
b b 


which is the same as 



rr X . . gTry 

/ j{x,y)sm - sin— —dxdy 

Jo a b 


a b 
2 ■ 2“^« 


and hence 


^ f f \ ■ ■ '^'^y J J 

amn = —r / J{x,y)sm - sm——dxdy 

ab Jq Jq a b 


(36.22) 
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Therefore, the solution of (36.1)-(36.4) appears as (36.18) where 
are given by (36.22). 

In particular, we shall find the solution of (36.1)-(36.4) with a = b = 
TT, c = 1 and f{x,y) = xy. Clearly, from (36.22) we hâve 

4 r r 

o-mn = ^ / / xysinmxsinnydxdy 

Jo Jo 

4 7r(-l)'"+i 7r(-l)"+i _ 4(-l)™+" 

TT^ m n mn 


Hence, in view of (36.18), (36.19) the solution in this case is 


OO OO 

u{x,y,t) =^2^2 

m—1 n—1 


4(-l) 


m+n 


mn 


• sin mx sin ny e 




Now we shall consider the heat équation (36.1) on a circular plate 0 < 
+ 2 /^ < a?. From Problem 35.1 it follows that (36.1) in polar coordinates 
can be written as 


Ut 


Urr Ur 2 UQS 


0 < r < a, —7r<0<7r, t > 0, c > 0. 


(36.23) 

We will find the solution of (36.23) subject to the initial and boundary 
conditions u(r,0,O) = f{r) and u{a,9,t) = 0. Since these two conditions 
are independent of 0, we must expect that u will also be independent of 9, 
i.e., U = u(r,t). Thus, the problem we wish to solve is— 


Ut = (? ^Urr H— Ur^ , 0 < r < a, — TT < 9 < 9, t > 0, c > 0 (36.24) 

M(r,0) = /(r), 0<r<a (36.25) 

u(a,t) = 0, t> 0 (36.26) 

|u(0,t)| < OO, t > 0. (36.27) 

Let U = u(r,t) = R(r)T(t) yf 0 in équation (36.24), to obtain 


r + ,2 

c2T “ R “ ^ ’ 

which leads to the ordinary DEs 

rR” +R' + rX^R = 0 (36.28) 


and 


T' + c^X^T = 0 . 


( 36 . 29 ) 
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Note that (36.28) is the Bessel équation of order zéro (see Problem 9.5), 
and hence its solution is 

R{r) = AJoiXr) + BJ°{Xr). (36.30) 

In view of (36.26) and (36.27) we need this solution to satisfy 

R{a) = 0 (36.31) 

|iï(0)| bounded. (36.32) 

However, since J°(Ar) ^ oo as r —> 0, condition (36.32) implies that in 
(36.30) the constant B must be zéro. Now the condition (36.31) is satisfied 
provided AJo{Xa) = 0, i.e., Xa should be a root of the équation Jo{a) = 0. 
The function Jo{a) Iras infinitely many positive zéros, which we write as 
an, n = 1,2, •••. Thus, the solution of (36.28), (36.31), (36.32) can be 
written as 

R{r) = Jo{Xnr), A„ = ^, n=l,2,---. (36.33) 

Now with = Xn the solution of équation (36.29) appears as 

Tn{t) = (36.34) 

Hence, the general solution of (36.24), (36.26), (36.27) is 

OO 

u{r, t) = ^ Ane~^"^''*Jo(X„r). (36.35) 

n—1 

This solution satisfies the condition (36.25) if and only if 

OO 

f(r) = Y,AnJo(Xnr). (36.36) 

n—1 

To déterminé the unknowns An, n = 1, 2, • • • we recall the orthogonality of 
the Bessel functions. We multiply (36.36) by Jo{Xmr)r and integrate over 
0 to a, to obtain 


na pa 

/ f{r)Jo{Xmr)rdr = A„i Jl{Xmr)rdr] 

JQ 


and hence in view of (13.7), we hâve 

_ So fiT)Jo{Xnr)rdr _ 2 f{r)Jo{Xnr)rdr 

■^n. — 


lo Jo{Xnr)rdr 


a?Jl{Xna) 


n= 1,2,- 


(36.37) 


In conclusion, the sériés (36.35) where An given by (36.37) is the solution 
of the initial-boundary value problem (36.24)-(36.27). 
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When f{r) = uq, we can use Problem 9.2(v), to get 
A 2uo ^ 

A„aJi(A„a)’ 

and hence in this particular case the solution (36.35) reduces to 

" 1 


i(r,t) = 2uo^ 








Problems 


36 . 1 . Find the solution of the initial-boundary value problem (36.1)- 
(36.4) when 

(i) a = b=7T, c=l and /(x, y) = sin x sin 2y 

(ii) 0 = 5 = TT, c=l and /(x, y) = x + y. 

36 . 2 . Find the solution of the initial-boundary value problem (36.1), 

(36.2) 


Uy{x, 0, t) = 0, Uy{x, b,t) = 0, 0 < X < a, t > 0 

Ux(0, y, t) = 0, Ua:(a, y,t) = 0, 0 < y < b, t > 0. 


(36.38) 


36 . 3 . Find the solution of the initial-boundary value problem (36.1), 

(36.2) 


M(x,0,t) = 0, u{x,b,t) = 0, 0<x<a, t>0 

Ux{0, y, t) = 0, Ux{a, y,t) = 0, 0 <y <b, t > 0. 


(36.39) 


36 . 4 . Find the solution of the initial-boundary value problem (36.1), 

(36.2) 


iy{x, 0, t) = 0, Mÿ(x, 6, t) = 0, 0 < X < O, t > 0 

r(0, y, t) = 0, Ux{a, y,t) = 0, 0 < y < b, t > 0. 


(36.40) 


36 . 5 . Find the solution of the initial-boundary value problem (36.1), 

(36.2) 


u{x,0,t) = 0, Uy{x,b,t) = 0, 0 < X < a, t > 0 
u(0, y, t) = 0, Ux{a, y,t) = 0, 0 < y < b, t > 0. 


(36.41) 


36.6. Find the solution of the initial-boundary value problem (36.24), 
(36.25), (36.27), and Ur{a,t) = 0. In particular, show that when /(r) = uq, 
then u(r, t) = uq. 
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36.7. Assume that a circular plate of radius a Iras insulated faces and 
beat capacity s calories per degree per square centimeter. Find u{r,t) by 
solving (36.24)-(36.27) when 


90 


/W = 


0 < r < e 


STTt^ 

0, e <r < a. 


Further, use the fact that Ji{x)/x —> 1/2 as a; ^ 0 to find the limiting 
solution as e —> 0. 


36.8. Find the solution of the initial-boundary value problem (36.24), 
(36.25), (36.27), and hu{a,t) + kur{a,t) = 0, h > 0, fc > 0. In particular, 
find the solution when /(r) = uq. 

36.9. Let u(r, t) be the température in a thin circular plate whose 

edge, r = 1 is kept at température u = 0, and whose initial température 
is M = 1, when there is surface beat transfer from the circular faces to 
surroundings at température zéro. The beat équation can then be written 
as ^ 

Ut = Urr H- Ur — hu, 

r 

where h\s & positive constant. Find the sériés expansion of u{r,t). 


Answers or Hints 


36.1. (i) u{x,y,t) = e 5* gin a; sin 2y (ii) u{x,y,t) = 

{-(-1)™ - (-l)" + 2 (-l)”+™}sinmxsinn 2 /. 

36.2. u{x, y, t) = ^“=0 cos ^ cos ^ exp (-A^^c^t), = 

m^TT^ I n^TT^ 

+ ~1P~- 

36.3. M(a;,2/,t) = X;“=oE“=iamnCOs2î^sin^exp(-A^„c2t), A^„ = 

m^TT^ I n^TT^ 
a2 62 ■ 

36.4. M(a;,2/,t) =X;“=oEr=o«"«'‘Sini2ü]:2^cos^exp(-A^„c2t), 

, -,\ 2_2 9 9 

(HlIi+^sin(Hl^exp(-A^„c2t), 


\2 _ (2m+l)^-7r^ . n^7r^ 

'^mn 4n2 “r ^2 • 


36.5. u{x, y, t) = X;~=o sin^^^ 

\2 _ (2m+l)^7r^ , (2ra+l)^7r^ 

'^mn ~ 4^2 I 4P ■ 


36.6. u{r,t) = Bq + J2'^=iBne '^"“''Vo(A„r), where A„ = an/a, an is a 

# / X O rn , ^ 2 r f(r)jQ(Xnr)rdr 

positive root of J/{a) = 0, Bq = -^ rf{r)dr, = ■’o a2jg(A„a) -’ 
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US6 

36.7. 






STTO- ^n=i J^(A„a) (A„e) Z^n=l Jjf(A„a) ^ 

* Jo(A„r) where = «n/a and a„ is a positive root of Jo{a) = 0. 


E OD 

n— 


36.8. u(r, t) = C'ne ^"“''*Jo(A„r), where A„ 


root of HJo{a) + aJQ{a) = 0, H = ah/k, Cn 


u{r, t) = 2uo 


E oo AnaJi(Ana) -Xtc^t 

n=l {Xla^+H^)J-^{\„a)^ 




an/a, an is a positive 

2A^ J°' f{r)Jo{Xnr)rdr 
{Xla^+H^)J'^{Xna) ’ 


36.9. u{r,t) = 2e x°Ji{x\ ^ where A^ are the positive roots 

of Jo(A) = 0. 







Lecture 37 

Two-Dimensional 
Wave Equation 


Using the method of séparation of variables in this lecture we shall 
find vertical displacements of thin membranes occupying rectangular and 
circulai' régions. 

The vertical displacement u{x,y,t) of a thin rectangular membrane, 
which is homogeneous, perfectly flexible, maintained in a State of uniform 
tension, and occupying the plane région 0<a;<a, 0 < y < b satisfies the 
two-dimensional wave équation 

Utt = c^{uxx + Uyy), 0 < X < a, 0 < y < b, oO, (37.1) 

where the positive constant c dépends on the tension and physical properties 
of the membrane. If ail four edges of the membrane are fixed, and it is given 
the initial shape f{x,y) and released with velocity g{x,y), then u{x,y,t) 
satisfies the initial conditions (36.2), 

ut{x, y, 0) = g{x, y), 0 < x < a, 0 <y <b (37.2) 

and the boundary conditions (36.3), (36.4). 

Following exactly as in Lecture 36, the solution of the initial-boundary 
value problem (37.1), (36.2), (37.2), (36.3), (36.4) can be written as 

OO OO 

u{x, y,t)= 2^ ^{amn cos XmnCt + bmn Sm AmnCt) SIU-Sin —^, 

m—1 n—1 

(37.3) 

where Xmn and a^n are the same as in (36.19) and (36.22), and 

4 \ ■ rriTTX , mry 

bmn = —r-^ - / / 9 {x,y)sm - sm——dxdy. (37.4) 

(XbcXrnn JQ JQ ^ ^ 

Now we shall consider the motion of a vibrating circular membrane that 
is clamped along its edge. We assume that the center of the membrane is at 
the origin of a polar coordinate System and the edge of the membrane lies 
on the circle r = a. Let u{r, 9, t) represent the displacement of a point (r, 9) 
of the membrane at time t. Again we assume that the membrane in thin. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_37, 
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homogeneous, perfectly flexible, maintained in a State of uniform tension, 
and subject to no external forces. Under these assumptions the équation 
of motion of the membrane is 


\ d f du 
r dr \ dr 


1 d'^u 

J.2 gQ2 


1 d^u 
dt'^ ’ 


0 < r < a, —TT < 9 < TT, t > 0. (37.5) 


Since the membrane is clamped along its edge, we hâve 


u{a, 9,t) = 0 


(37.6) 


for ail 9 and positive t. 


We assume that the membrane is set into motion by displacing its equi- 
librium position. Since there are no external forces, we can assume that 
there are possible modes of vibration in which the motion of each point is 
periodic. A normal mode of vibration is one in which ail points of the mem¬ 
brane vibrate with the same period and pass through their equilibrium 
positions at the same time. We shall search for normal modes of vibra¬ 
tion by considering possible displacement function of the form u(r, 9, t) = 
v{r, 9) cos{ujt + d), where tu and d are some constants. 

Since the membrane is circular, the function v must be periodic in 9 
with period 27r. For simplicity, we assume that w(r, 9) = R{r) cos n9, where 
n is a nonnegative integer. Thus, it follows that 


u{r, 9, t) = R{r) cos{n9) cos{ujt + d). 

A substitution of this choice of u into (37.5) and (37.6) yields 


2d^R dR 




2 2 
r — n 


R = 0, R{a) = 0. 


(37.7) 


From the considérations in Lecture 9, the general solution of the Bessel 
DE in (37.7) can be written as 

R{r) = AJn + BJ-n î (37.8) 

where A and B are arbitrary constants. Clearly, from the physical rea- 
sons the displacement at the origin should be bounded; however, since 
lim^^o |<7-n(wr/c)| ^ oo, we must hâve B = 0. Finally, the condition 
R{a) = 0 is satisfled provided 

0 = R{a) = AJn • 

Thus, the constant ut = chn^pfa, where bn,p is a root of Jn{x). Hence, any 
function of the form 

u(r,9,t) = AJn 


^ cos{n9) cos 


gives a normal mode of vibration for the circular membrane. 
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Now we shall consider the vibrations of a circular membrane governed 
by the initial-boundary value problem (37.5), 


u{r, 0, 0) = /(r, 9), 0 < r < a, — tt < 9 < tt (37.9) 

du 

-—{r,9,O)=g{r,0), 0 < r < a, — tt < 9 < tt (37.10) 

ot 

u{a,9,t) = 0, t > 0, — TT < 9 < TT (37.11) 

|M(O,0,t)| < OO, t>0, — TT < 9 < TT (37.12) 

u{r,—TT,t) = u(r,TT,t), 0 < r < a, t>0 (37.13) 

du du 

— {r,-TT,t) = —{r,TT,t), 0 < r < a, t > 0. (37.14) 

Clearly, this problem is a two-dimensional analog of (35.1)-(35.5). 

We assume that u{r, 9, t) Iras the product form 

u{r,9,t) = (j){r,9)T{t) ^ 0, (37.15) 


which leads to the équations 


\ d f d(j) 

r dr \ dr 


1 

j,2 QQ2 


—X'^Tp, 0 < r < a, — TT < 9 < TT 


(37.16) 


and 

T" + X^c^T = 0, t>0. (37.17) 


Next we assume that 4>{r,9) = R{r)Q{9) ^ 0, so that (37.16) takes the 
form 

-(riî')'0 + 4 ^b" = -)?m. 

T 

In this équation the variables can be separated if we multiply by and 
divide it by RQ. Indeed, we get 


r{rR'y ^2 2 0" 2 


which gives two differential équations 

0" + /r^0 = 0, — TT < 9 < TT 


(37.18) 


and 

„2 

{rR'y - —R + X^rR = Q, 0 < r < a. (37.19) 

r 

Clearly, in view of (37.13) and (37.14) we need to solve (37.18) with the 
boundary conditions 


0(—tt) = ©(tt) 


(37.20) 
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0'(-7r) = 0'(7r). (37.21) 

Further, équation (37.19) can be written as 

„2 

rR" +R' - —R + AViî = 0, 
r 

or 

r'^R" + rR' + (AV^ - ^i^)R = 0. (37.22) 

Note that (37.22) is the Bessel équation (2.15). In view of (37.11) and 
(37.12) we need to solve (37.22) with the conditions 

R{a) = 0 (37.23) 

|iî(0)| bounded. (37.24) 

For the problem (37.18), (37.20), (37.21) we know the eigenvalues and eigen- 
functions are 


/Tq = 0, 00 = 1 

/i^ = TO^, 0m (é*) = cos 7710 and sin?T70, ?77 = 1,2,---. 

From the considérations of Lecture 9 we note that for 
solution of (37.22) can be written as 


(37.25) 

the 


j AJm(Ar) + 5J_m(Ar) if tti > 0 
“ \ AJo{\r) + BJ°{\r) if m = 0. 

However, since J-m{^r) as well as J°(Ar) ^ oo as r —!■ 0, in Rm{r) the 
constant B niust be zéro. So, we find that 


Rm{r) = Jm{>^r), 771 = 0, l,---. (37.26) 

Now this solution satisfies (37.23) if and only if 

77m(c^) — '.^m(A(7) — 0, 

i.e., Xa must be a root of the équation Jmict) = 0. However, we know that 
for each m, Jmict) = 0 has an infinité number of roots which we write as 

■) ^m2 t ‘ ' 1 ‘ ‘ ■ 

In conclusion, the solution of (37.19), (37.23), (37.24) appears as 

R{r) = Jm(Am„r), (37.27) 


where 


X'm.n, — 


777 = 0, 1, 2, 


77 = 1,2, 


(37.28) 


a 
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From (37.25) and (37.27) it is clear that (j){r,d) takes the form 

{ Jm ) COS 1T10 , ) Sill ÎTlO , ITl — 1,2,***, 7ï — 1,2,*** 

and 

)* 

(37.29) 

Now for = A^„ équation (37.17) can be written as 

T" J- „2rp _ (-) 

^mn “C ^mn — U 

for which solutions are cos(Am„cf) and sin(AmnCt). Thus, the solutions of 
(37.5) satisfying (37.11) - (37.14) appear as 

Jo{>^Onr) cos(Ao„ct), Jo(Aonr) sin(Ao„ct) 

Jmi>^mnr) COS 7710 COs(AmnCt), Jm{^mn'r) COS 7710 sin(AmnCt) 

*7 m ) Sin 7770 COs( AyT^T^Ct) , J 7 n{_^mn ’^) Sin 7770 sin( Ay 7 i 7 .iCt). 

Hence, the general solution of (37.5), (37.11) - (37.14) is 


n{r,e,t) = Y. aonJo{\onr) cos(Ao„ct) 

n 

^ ^ COS 7710 COs(^XmnC^') 

m,n 

H“ ^ ^ ^rn,nJrri{Xrnn'^) SlIl TïlO COs(A77i7î,ct) 
m,n 

+ ^ ^On-/o(Aon?^) sin(AonCt) 

n 

-f- ^ ^ (Ayn-n,?") COS TflO sill( A 77 j, 7 T,ci) 

m,n 

^ BjYiYiJmjXmn'^) SlH TflO sill(A77xnCi). 

m,n 


(37.30) 


This solution satisfies the condition (37.9) if and only if 

y*(r, ^) — ^ ^ aon'Ao (Aon^) d' ^ ^ 0,-f}2nJm{XmnT ') COS TflO 

n m,n 

+ ^ ^mn</m(AmnT*) sin TTiO, 0<r<a, -7r<6'<7r. 

m,n 

(37.31) 

Now recalling the orthogonality of the Bessel functions and the set {1, 
cos 7770, sin 770}, we can find unknowns aon, dmn, 7mn from the above rela¬ 
tion. For example, if we multiply (37.31) by rJo^Xopr) and integrate over 
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0 to a with respect to r, and integrate over —tt to tt with respect to 9, we 
obtain 


f{r,9)Jo{Xopr)rdrd9 = aop2Tr / Jl{XQpr)rdr 


and hence 


_ /-^ /o° f(r, e)Jo{Xonr)rdrde 

27r/“ J^(Aorir)rdr 

Finally, we remark that the constants Amn, = 0,1,2, • • •, n = 1, 2, • • • 
and Bmn, w=l,2,--', n=l,2,-- - can be calculated by using the condi¬ 
tion (37.10). 


In the particular case when the initial displacements are functions of r 
alone, from the symmetry it follows that u will be independent of 9, and 
then the problem (37.5), (37.9)-(37.14) simplifies to 


du\ 1 d'^u 

dr J df^ ’ 

0 < r < a, t > 0 

(37.32) 

u{r,0) = /(r), 

0 < r < a 

(37.33) 

^(r,0) = g{r), 

0 < r < a 

(37.34) 

u{a, t) = 0, 

t > 0 

(37.35) 

|u(0,t)| < oo, 

t > 0. 

(37.36) 


From the above considérations the solution of the problem (37.32)- 
(37.36) appears as 


u(r,t) = Y^ aOnJo(^Onr) COs(XonCt) + y. AonJo(^Onr)sin(XonCt), (37.37) 




where 


^ iy{r)Jo{^Onr)rdr _ 2 g{r)Jo{Xonr)rdr 

a2jf(Ao„a) ’ XonCa^Ji(Xo„a) 


Problems 

37.1. Find the solution of the initial-boundary value problem (37.1), 
(36.2), (37.2), (36.3), (36.4) when f{x,y) = Txy{x — a){y — b) and 
dix, y) = 0. 
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37.2. Find the solution of the initial-boundary value problem (37.1), 

(36.2), (37.2), (36.3), (36.4) when a = 2, 6=3, c = 3, 




and g{x,y) = 0. 


xy 

xii - y) 

(2 - x)y 
{2-x){3-y) 


0 < X < 1, 
0 < X < 1, 

1 < X < 2, 
1 < X < 2, 


0 < 2/ < 3/2 
3/2 < y < 3 
0 < y < 3/2 
3/2 < y < 3 


37.3. Find the solution of the initial-boundary value problem (37.1), 

(36.2), (37.2), (36.38). 

37.4. Find the solution of the initial-boundary value problem (37.1), 

(36.2), (37.2), (36.39). 

37.5. Find the solution of the initial-boundary value problem (37.1), 

(36.2), (37.2), (36.40). 

37.6. Find the solution of the initial-boundary value problem (37.1), 

(36.2), (37.2), (36.41). 


37.7. Find the solution of the initial-boundary value problem (37.32)- 
(37.36), when 

(i) a = 1, f{r) = I J’ J/2 <1 ^ 

(ii) a = 1, /(r) = 0, y(r) = 1. 


37.8. Find the solution of the initial-boundary value problem (37.32)- 
(37.36) when f{r) = 0 and 


y(0 

Further, use the fact that 
solution as e ^ 0. 


Pr 


0 


0 < r < e 


= ^ pne^ 

0, e < r < a. 


Ji(x)/x ^ 1/2 as X 


0 to find the limiting 


Answers or Hints 


37.1. ^^”^6 ^ Sm =0 Sn =0 (2m+l)3\2ri+l)3 ‘"°®'^2m-|-l,2n-|-lCtsin 
^gin(2n^^ where X^n = \{^Ÿ + 


(2m+l)7ræ 


37.2. M(x,y,t) = Em=i Er=i sin sin cos(3A™„t) sin ^ 
X sin where = {mn/3)'^ + [n-K. 
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3T.3. 'u(x, cos XjjinCt ^mn sin cos ^ 

V rnQ tiZOi \2 _ 

X LOS — ^2 


n TT 
62 


3 T .4. 'îx(x, y, 0 1 (^îTiTT' cos AjTXTxCt “h bjYiYi siïi cos ^ 

X cin \2 _ 

X Slli ^ — ^2 


62 


37 . 5 . ^/(x, y, i) — n n(*^mn COS )^mnd ~l~ ^mn sill ATT^y^ct) 


^m=0 Z^n—0 

V oin \--- ' -y •• - ppjq '^'^y \2 _ 

X Slll COS 7 , A^n 


(2m+l)7rx 

20 


(2m+l)^7r^ I n^TT^ 
4a2 "T 52 ■ 


37.6. ^/(x, y, t) — n n(*^mn COS \rnn^^ ~l~ ^mn sill ATTxytCt) 


X sin • 


• sin • 


26 


4a2 


462 


- = 

5 ^mn 

37 . 7 . (i) u(r,t) = x;r=i aII -^0(^0»^) cos(AonCt) 

(ii) u{r,t) = lY.n=l 

(p^c^)™ Sn=l (Ao„a)JÏ(Aor.a) (Ao^c) ^Sin(Ao„ct) > 

(p^y^a Er=i (Ao„a)J^(Ao„a) ’^o(Aonr) sin(Ao„ct) where Aon = aon/a and oor, 
is a positive root of Jo(a) = 0. 


















Lecture 38 

Laplace Equation 
in Three Dimensions 


The three-dimensional Laplace équation occurs in problems such as 
gravitation, steady-state température, electrostatic potential, magnetostat- 
ics, fluid flow, and so on. In this lecture we shall use the method of sépa¬ 
ration of variables to find the solution of the Laplace équation in a three- 
dimensional box, and in a circular cylinder. 

If the stream lines are curves in space, i.e., the heat flow is three dimen- 
sional, then instead of (34.3) we arrive at the équation 



(38.1) 


In the steady state this équation reduces to 

= Uxx “t" ^yy 4“ ’^zz — 0; 


(38.2) 


which is the three-dimensional Laplace équation. First, we shall flnd the 
solution of (38.2) in the three-dimensional box D = {0 < x < a, 0 < y < 
b, 0 < Z < c} satisfying the boundary conditions on the six sides 

u{0,y,z) = fi{y,z), u{a,y,z) = f 2 {y,z), 0 < y < b, 0<z<c 

u{x,0, z) = gi{x, z), u{x,b, z) = g 2 {x, z), 0<a;<a, 0 < 2 :<c 

u{x,y,Q) = hi{x,y), u{x,y,c) = h 2 {x,y), 0 < x < a, 0 < y < b. 

(38.3) 

Clearly, the solution of this problem can be obtained by summing the 
solutions of six problems of the type (38.2), 

u{0,y,z) = 0, u{a,y,z) = 0, 0 < y < b, 0<z<c 

u{x, 0, z) = 0, u{x, b,z) = 0, 0 < X < a, 0 < z < c (38.4) 

u{x,y,0) = hi{x,y), u{x,y,c) = 0, 0<a;<a, 0 < y < b. 

As such, Problem (38.2), (38.4) could occur in flnding the potential 
function inside a rectangular parallelepiped in which four latéral faces and 
the top are at potential zéro and the potential on the bottom is a given 
function of x and y (see Figure 38.1). 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_38, 

© Springer Science-|-Business Media, LLC 2009 


Laplace Equation in Three Dimensions 


301 



Figure 38.1 


( 0 , b, c) 


u{x,y,G) = f{x,y) 


Following exactly as in Lectures 36 and 37, we separate the variables, 
i.e., assume that u = u{x, y, z) = X{x)Y{y)Z{z), and use the homogeneous 
boundary conditions, to obtain 


OO OO 


/ \ • 1 -v / \ • . nvry 

u(x,y,z)= 2_^a,nnSinhAmn(c-zjsm-sin——, (38.5) 


m—l n—1 

where Xmn is the same as in (36.19), and 


(^mn — 


a6sinh(cAmn) 7o Jo 


r t fix, y) sin'^sm'^dxdy. (38.6) 
Jo Jo a b 


In particular, when a = b = c = tt, f{x,y) = xy the solution of the 
problem (38.2), (38.4) can be written as 


OO OO 


i{x,y,z) =J2'Ï2 


4(-l) 


m+n 


^ ^ mnsinh^nXmn) 

a—l n—1 ^ ' 

where Xmn = + n^. 


sinh Xmn (tt — z:) sin mx sin ny, 


Now we shall nnd the steady-state température distribution in a solid 
cylinder made of homogeneous material. For this, we need to consider the 
Laplace équation in cylindrical coordinates (see Problem 39.6) 


1_9 / ^ - n 

r i9r ( i 9 r y 89'^ dz'^ ’ 
with the boundary conditions 

u(r, 9, 0) = a(r, 9) 
u{r, 9, h) = P{r, 9) 
u{a,9,z) = 7 ( 6 », z) 


< r < a, —7 t<9<tt, 0<z<h 

(38.7) 

bottom 

top (38.8) 

latéral side. 
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U = I3{r,d) 



Clearly, the solution of this problem can be obtained by summing the 
solutions of the following three problems: 

(38.7), «(r, 0,O) = O, u{r,6,h) = f3(r,6), M(a,0, z) = 0, (38.9) 

(38.7), u{r,9,0) = a{r,0), u{r,0,h)=O, u(a, 0, z) = 0 (38.10) 

and 

(38.7), u{r,0,O) = O, u{r,0,h) = O, u{a,0^ z) = "f{0, z). (38.11). 


To find the solutions of these problems, we shall apply the method of 
séparation of variables by assuming that rt is a product of functions of r, 0, 
and Z, i.e., u = u{r,0,z) = R{r)Q{0)Z{z). Substituting the appropriate 
dérivatives into the partial DE (38.7), we obtain 


eZ d / dR\ 
r dr \ dr J 


RZd^Q d^Z ^ 

+ = 0 , 






and now division of the above équation by RQZfr^ yields 

r d f dR\ d^Z 1 d^Q 
Rd^ 'Z~d^ ^ “0 


Since the left-hand member of the last équation is independent of 0, the 
équation can be satisfied only if both members are equal to a constant. 
Hence, 

1 d^e 


or 


0" + = 0. 


(38.12) 
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Note that we hâve chosen the séparation constant m?. This will force 0 
(and u) to be periodic of period 27r in 9. This is in fact the desired situation 
in many applied problems. Clearly, the solutions of (38.12) are cos mO and 
sin77i0, 771 = 0,1,2, •••• 


Now the second séparation yields 

1 d f dR\ _ l d'^Z _ 

rR dr \ dr ) Z dz^ 

Hence, we hâve 

Z" -XZ=0 (38.13) 

and 

r^R"+ rR'+ {Xr^-m^)R = 0. (38.14) 

For the problem (38.9), we note that the condition u{a,9,z) = 0 leads 
to the boundary condition R{a) = 0. Further, as in Lecture 35 we need to 
impose at r = 0 the implicit boundary condition |iî(0)| < oo. The Bessel’s 
équation (38.14) together with the boundary conditions 

|iî(0)| < oo, R{a) = 0 (38.15) 

has the eigenvalues A = and the eigenfunctions JmiXmnT), m = 
0,1, 2, • • •, 77 = 1,2, • • •, where Xmn is the same as in (37.28). Now since 
A = A^„ > 0, from the équation (38.13) and the condition 77 (r, 0, 0) = 0 
which implies Z{0) = 0, we hâve Z(z) = sinh(Amn' 2 )- Thus, by the prin- 
ciple of superposition the solution of (38.7) satisfying u{r, 9,0) = 0 and 
u{a, 9,z) = 0 can be written as 


u{r,9,z) 


OO OO 

^ ^ ^ ^ Qmn sillh(A77j,n^)(/7rt(A77j,nr) cos 777.^ 
m—0 n—1 
oo oo 

+ ^ bmn siinh{XmnZ)Jm{>^7nnr) SIU mO. 
m—l n—\ 


(38.16) 


The unknowns Umn and bmn in (38.16) are determined by using the 
nonhomogeneous boundary condition u{r, 9, h) = /3(r, 9). For this, a Fourier 
sériés in 9 and a Fourier-Bessel sériés in r are required. 

The solution of the problem (38.10) can be obtained similarly, and ap- 
pears as 


OO OO 

u{r,9,z) = y^^CmnSmh[Xmn{h- z)] J mjXmnr) cos m9 

m—0 n—1 
oo oo 

+ dmn sinh[AmTi(/l - z)]Jm{Xmnr) sin 7770. 

m—l n—1 


(38.17) 
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The unknowns Cmn and dmn in (38.17) are obtained by using the nonho- 
mogeneous boundary condition u(r, 0, 0 ) = a(r, 0). 


Now we shall find the solution of the problem (38.11). We note that 
the conditions u{r,9,0) = u{r,6,h) = 0 imply that Z{0) = Z{h) = 0, and 
hence the équation (38.13) Iras nontrivial solutions only when 


A = -(^)', n=l,2,... (38.18) 

and Z{z) = sinmrz/h. Substituting (38.18) in (39.14), we obtain a modified 
Bessel’s DE 

r^R" + rR' - ^ -^ = 0- (38.19) 

This équation with the transformation x = mrr/h, n = m is exactly the 
same as (9.15). Thus, the solutions of (38.19) are 


Now since |iî(0)| < oo and the solution Km is singular at r = 0, we need to 
discard it. Hence, by the principle of superposition the solution of (38.7) 
satisfying u{r, 9, 0) = u{r, 9,h) = 0 can be written as 


u{r,9,z) 


EE< 

m—O n—1 


/ 77,7r \ , riTTZ - 

rj sin cos mU 


+ ^ ^ îmnim sin sin m9 


(38.20) 


Again the unknowns Cmn and fmn in (38.20) are obtained by using the 
nonhomogeneous boundary condition u{a, 9, z) = 7 ( 0 , z). 


In particular, if u is independent of z, then the température distribution 
in every circular cross section along the z-axis will be the same. In this case 
the problem is mathematically équivalent to the one we hâve discussed in 
Lecture 35. Similarly, if the température on the surface of the cylinder is 
prescribed in such a way that the functions a, (5 and 7 are independent of 
0 , then the température inside the cylinder will also be independent of 0 . 
In such a case, the problem (38.7), (38.8) reduces to 


1 d / 

r dr \ 
u{r, 0 ) 


du 

dr 


d^u 

dz"^ 


= 0 , 0 <r<a, 0 < z < h 


= a{r), u{r,h)=P{r), «(a, z) = 7 (z); 


(38.21) 


and the solutions (38.16), (38.17) and (38.20), respectively, reduce to 


OO 

u{r,z) = an sinh(A„z) Jo(Anr), 

n—1 


(38.22) 


Laplace Equation in Three Dimensions 


305 


u{r, z) = '^Cn sinh[A„(/i - z)] Jo(A„r) (38.23) 


/ N , /niT \ , mrz 

u{r, z) = ^ e„/o sin (38.24) 

n—l 

where Xn is the same as in (36.33). 

In particular, when a{r) = uq, /3(r) = 7 (r) = 0, the solution (38.23) 
simplifies to 


u{r, z) 


2uo sinh[An(fe - z)]Jo{Xnr) 
a ^ A„Ji(A„a)sinh(A„/i) 


Similarly, when a = h = 1, a(r) = 0, /3(r) = 1 — r^, 7 (z) = 0, the solution 
(38.22) becomes 


/ \ sinh(A„ 2 :)Jo(A„r) 

-(->-) = 8E,3,i,hA„J,(A„)' 




Lecture 39 

Laplace Equation 
in Three Dimensions (Cont’d.) 


In this lecture we shall use the method of séparation of variables to find 
the solutions of the Laplace équation in and outside a given sphere. We 
shall also discuss briefly Poisson’s intégral formulas. 


From Problem 39.10 we know that the Laplace équation in spherical 
coordinates x = r sin (p cos 9, y = r sin </> sin 9, z = r cos </>, takes the form 


dr \ dr 


1 ^ ( ■ 

sin (p dp \ dp ) 


1 d'^u 
sin^ P d9'^ 


(39.1) 


We assume that a solution of (39.1) can be written as u = u{r,9,p) = 
R{r)Q{9)^{p). Substituting the appropriate dérivatives into the partial DE 
(39.1), we obtain 


0^ d / RS d / . R^ (PQ 

dr \ dr J ^ r^ sin p dp \ dp J r'^ sin^ p d9'^ 

and now division of the above équation by RQ^ /r^ sin^ p yields 


sin^ p d ( 2dR\ sin(^ d ( . 1 

R dr \ dr ) ^ dp \ dp J © d9‘^ 

As earlier since the left-hand member of the last équation is independent 
of 0, the équation can be satisfied only if both members are equal to a 
constant. Hence, 

1 d^Q 2 
or 

©"+771^0 = 0. (39.2) 

Note that again we hâve chosen the séparation constant m?. This will 
force 0 (and u) to be periodic of period 27r in 9. This is in fact the desired 
situation in many applied problems. Clearly, the solutions of (39.2) are 
cos 7710 and sin m0, m = 0,1, 2, • • •. 


The second séparation yields 


R dr 



dR 

dr 



\ 1 


2 ~\ 
m 

)- 

d) sin p dp 


sin^ p_ 


= A. 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_39, 

© Springer Science-|-Business Media, LLC 2009 
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Hence, we hâve 


and 


_^ 

sin (j) d(j) 



-XR = 0 



$ = 0 . 


(39.3) 

(39.4) 


Clearly, (39.3) can be written as a familiar Cauchy-Euler équation 

r^iî" + 2rR -XR = 0, (39.5) 

which has a solution R = provided k'^ + k — X = 0. lî we choose k = n, 
then A = n{n + 1), and if we choose k = —(n + 1), then also A = n{n + 1). 
Thus, with A = n(n + 1), équation (39.5) has two linearly independent 
solutions r" and 


In équation (39.4), we make the substitutions x = coscj), d» = y, so that 


d dx d ' 4»^ 

dfj) dcj) dx ^ dx 


and hence 


jL 

d(f> 


sin ( 


,d^\ 


dcf) J 


= — sin 4>~r~ ( 


dx 


, dx dd) A 
d(j) dx J 


= sin ( 


dx 


2 j,dy 


= vï^ 


sin^ (j) 
d 


dx 


dx 
(1-x^) 


2^dy 


dx 


Thus équation (39.4) becomes 

(1 - x‘^)y" - 2xy' + 


i{n + 1) — 


1 


1 — x^ 


d = 0, 


(39.6) 


which is exactly the same as Legendre’s associated DE (7.20) with solutions 
P™(x) and Qni^) defined in (7.21) and (7.22). 


Now we shall find the solution of (39.1) in a sphere of radius a, satisfying 
the boundary condition (see Figure 39.1) 

u(a, 6, (f) = f{9, (j)), 0 < 0 < 27r, 0 < (p < tt. (39.7) 

For this, as in earlier lectures discarding the solutions and Q^{x), 

using Problem 7.12, and arranging the terms, we obtain 


u{r,0,(j)) 


OO 

m' 


n—O 


rao„Pn{cOS p) 


n 

+ ^ {amn COS md + bmn sin m9)ppp' (cos 4>) , 

m—1 


(39.8) 
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where 

^mn 


b 


mn 



(2n + l)(n m). f j j:^ pm^ 
27r(n + TO)! Jq Jq 

(39.9) 

[ [ f{9,4')P^{cos(p)sinm9siTLi(j)d<^d9. 

27r(n + m)! Jq Jq 

(39.10) 


Next we shall consider the problem when u{r,9,(f>) = u(r,(j)). This is 
not an unrealistic assumption, since many problems in electrostatics occur 
in this manner. In such a case, équation (39.1) reduces to 


l d ( 29 u\ 1 9 /. ,du\ 


(39.11) 


We shall first consider (39.11) in a sphere of radius a, satisfying the bound- 
ary condition 

u{a,(j)) = f {cos (p), 0<(j)<Tr. (39.12) 

From (39.8) the solution of the problem (39.11), (39.12) appears as 


u{r, (p) 


2 XI O Pu{cosp){2n + l) 

n=0 



f{x)Pn{x)dx, 


where in the intégral we hâve used the substitution x = cos p. 
In particular, when 


/(cos P) 


V, 0 < (/)< 7r/2 (0 < a; < 1) 

— V, -n 12 < P < TT (—1 < a; < 0) 


we hâve 



f{x)Pn{x)dx = 


0 if n is even 
2V f Pn{x)dx if n 

Jo 


is odd. 


(39.13) 


(39.14) 
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and hence (39.13) reduces to 

3 r „ , ,, 1 fr\^ 

2 a 


u{r, cj)) = V 


Pi (cos - g (0 Psicos 4>) + ^ (0 P5(cos (t>) 


Similarly, to find the solution of (39.1) outside the sphere of radius a, 
satisfying the boundary condition (39.7), we discard the solutions r” and 
Q™(x), of the équations (39.5) and (39.6), respectively, to obtain 


OO 


n+1 


n =0 


:ao„Pn(cos 4 >) 


+ ^ (Umn COS 7710 + b^n sin 77l0)P™(cOS (j)) 


m—1 


(39.15) 


where the constants amn and hmn remain exactly the same as in (39.9) and 
(39.10). 

Thus, the solution of the problem (39.11), (39.12) outside the sphere of 
radius a, can be written as 

'“(D'i^’) = 2 X] (“) Pn{coscj)){2n + l) f{x)Pn{x)dx. (39.16) 
^ J—1 


n—0 

This solution in particular, when f{coscj)) is given by (39.14) becomes 

'3 /a\2 _ ^ 7 /a\4 

2 

11 /a \6 


i(r, (j)) = V 


(“) “ 8 (“) Psicoscj}) 

+ P^icos (!>) + ■ 


By adjusting the terms it can be shown that the solution (39.8) can be 
equivalently written as 


u{r, e, (j)) = 


a{a^ — r^) 
47r 


f{0, (j)) sin 


-, r < a, (39.17) 


/o Jo + a2 — 2ra cos ' 

where 

cos ip = cos (j) cos (j) + sm(j) sin (j) cos(0 — 0). 

This is Poisson’s intégral formula in three dimensions for the interior prob¬ 
lem (39.1), (39.7). In this formula (r^ + — 2racos t/;)^/^ ig the distance 

from the point (r, 0, (f) to the point (a, 6, (f). 

Similarly, the solution (39.15) of the exterior problem (39.1), (39.7) can 
be written as Poisson’s intégral formula: 


u{r, 0, (f) = 


a{r^ - a^) 


p27T pTT 


f{0, (j)) sin (fdcfdO 


477 7o io (t'^-I-— 2racos'!/')®/^ 


, r > a. (39.18) 
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From (39.8) as well as (39.17) it is clear that 

-I /•‘Z'K nTT 

u{0,9,(f>) = — / / f {9, (p) sin (j>d(l>d9. 

Jq Jq 

Thus, the value of u at the center of a sphere is the mean value of u{a, 0, p) 
over the surface of the sphere. This fact is called the mean value theorem 
and holds for ail functions that satisfy Laplace’s équation on the sphere. 

Similarly, from (39.15) as well as (39.18) it follows that when r ^ oo, 

P‘2'K pTT 

u{r^6^cj)) = -— / / f {9^ cj)) sin cj)d(j)d9O 

47rr Jq Jq 



Finally, we consider a more general boundary condition for Laplace’s 
équation (39.1) in the sphere r < a, 

du 

cos a T^(a, 9, p) + sina uia, 9, cp) = f{9, p). (39.19) 

or 

Here a may assume values between 0 and -k 12. Clearly, for a = 7r/2, (39.19) 
reduces to the Dirichlet condition (39.7), and for a = 0 it reduces to Neu¬ 
mann condition (39.20) which is considered in Problem 39.11. An interme- 
diate value of a corresponds to a mixed condition. Physically this occurs 
when we hâve free radiation of heat according to Newton’s law of cooling. 


For the mixed problem also the solution remains the same as (39.8), 
and it satisfies the boundary condition (39.19) if and only if 

OO 

/(^,</>) = E 

n—0 

+ E ■*" m9)Ppp {cos P) . 

m—1 

Thus, the constants amn and bmn remain exactly the same as in (39.9) and 
(39.10), except that each need to be divided by the factor (sin a + ^ cos a) . 


(^sin a H— cos aj 


: «On TW (cos P) 


In particular, when a = 7r/4, f{9,p) = f{cosp) = (l/-\/2) cos^, the 
solution of the mixed problem (39.11), (39.19) in view of (39.13) can be 
written as 


u{r, P) 


n—0 


2n + 1 

1 I n 1 

\/2 a V2 


i -Pi (cos P) —^ ^ 
2a ^ ^^1 + i 3 



—;=xPn{x)dx 


rcosp 


1 T a 
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Problems 


39.1. Show that 

p27T 

u{x,y,z)= / f{xcost + ysint + iz,t)dt 

Jo 

is a solution of Laplace’s équation (38.2). 

39.2. Show that the gravitational potential due to the attraction of n 
particles 

n 

E m, 

^=l 

where rrii is the mass of the particle, {ai,bi,Ci) its coordinates, and r| = 
{x — üi)^ + {y — biY + {z — CiŸ, satisfies Laplace’s équation (38.2). 

39.3. Show that the potential of a body at an exterior point {x, y, z), 

p{a, 6, c)da dbdc 




[(x-a)2 + (y-6)2 + ( 2 -c) 2 ]i/ 2 ’ 


where p is the density and the intégral is extended over the body, satisfies 
Laplace’s équation (38.2). 

39.4. Find the solution of the boundary value problem (38.2), (38.4) 
when O = 6 = c = TT, hi{x,y) = sin x sin^ y. 


39.5. Find the solution of the following initial-boundary value problem 

Ut = Uxx + Uyy + Uzz, 0 < X < TT, 0 < y < TT, 0 < Z < TT, t > 0 
u{x,y,z,0) = f{x,y,z) 

Ux{0,y,z,t) = 0, Ux{TT,y,z,t) = 0 
Uy{x,0, Z,t) = 0, Uy{X,TT,Z,t) = Q 
Uz{x,y,Q,t) = Q, Uz{x,y,TT,t) =Q. 

In particular, find the solution when f{x,y,z) = xyz. 

39.6. Show that in cylindrical coordinates, x = r cos 6, y = r sin 9, z = 
z, Laplace’s équation (38.2) becomes 

i_a / d'^u 

r clr \ dr ) r'^ dO'^ dz'^ 


39.7. Find the steady-state, bounded température distribution in the 
interior of a solid cylinder of radius a and height h, given that the tempér¬ 
ature of the curved latéral surface is kept at zéro, the base is insulated, and 
the top is kept at uq. 
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39.8. Find the steady-state, bounded température distribution in 
the interior of a solid cylinder of radius 1 and height tt, given that the 
température of the curved latéral surface is 7 ( 2 ) = 2 , and the base and top 
are insulated. 

39.9. Find the solution of the following problem: 

Urr + {l/r)ur + Uzz = 0, 0<r<a, Z > 0 

u{r, 0) = a(r), 0 < r < a 

\u{r, z)\ < oo, 0<r<a, ^>0 

itr(a, z) + ku{a, 2 ) = 0, z > 0, k > 0. 

39.10. Show that in spherical coordinates, x = rsinçi>cos0, y = 
rsin(j)sm6, z = rcoscj), Laplace’s équation (38.2) becomes 

1 i9 / 2'5 u\ 1 ^ ^ 

dr \ dr ) ~^ sin (j) d(j) \ d(j>) sin^ (j) dO"^ 

39.11. Find the solution of (39.1) in a sphere of radius 1, satisfying 
the boundary condition 

ôv, 

— (1, 6 », (j)) = f(d, (j)), 0 < 6 » < 27r, 0 < ())< TT (39.20) 

where f (6, (p) sin cpdcpdO = 0 . 

39.12. A solid hemisphere of radius a has its plane face perfectly 
insulated, while the température of its curved surface is given by /{coscp). 
Find the steady-state, bounded température at any point in the interior of 
the hemisphere. 

39.13. The température on the surface of a solid homogeneous sphere 
of radius a is prescribed by 


( V, 0<^<7r/2 

u{a,(t>) = S 

t 0, tt/ 2 < (p < tt. 

Find the steady-state température distribution in and outside the sphere. 

39.14. Find the steady-state température distribution u(r, cp) in a 
hollow sphere with its inner surface r = a is kept at température u(a, (p) = 
/(cos (p), and its outer surface r = 6 at u{b, cp) = 0. 

39.15. The Laplace équation can be used in mathematical modeling 
of the growth of a spherical tumor as follows: Assume that the tumor is 
initially the shape of a sphere of radius a, and as it grows remains a sphere 
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of radius R{t). Let p{r,t) be the pressure within the tumor at distance r 
from its center and at time t. Then, p satisfies 


1 d‘^{rp) 

J.2 Qj,2 


r < R{t), 


where S is the rate of volume change per unit volume. Let u(r,t) be the 
nutrient concentration outside the tumor and uq be that inside the tumor. 
Then, u satisfies 


1 d'^{ru) 

J.2 Qj.2 


r > R{t). 


The above équations are subject to the following conditions: 

(a) p{0,t) is bounded 

(b) p{R{t),t) = P/R{t) 

(c) Ur — p{u — = 0 for r = R{t) 

(d) lim^^oo u{r, t) = Uoo, 

where S, /3, /i, uq and Uoo are constants. 

(i) Use (a) and (b) to find p{r,t), r < R{t). 

(ii) Use (c) and (d) to find u{r,t), r > R{t). 

Now we know p(r, t) and u(r, t) in terms of the unknown expanding radius 
of the tumor R(t). However, R{t) can be determined by solving the initial 
value problem 


R'{t) 


dp w 


for r = R{t), 


iî(0) = a. 


(iii) Find the limiting size of the tumor, i.e., R when R'{t) = 0. 

Problems in which one of the boundary is unknown and changes with time 
are known as moving boundary value problems. 

39.16. The Schrôdinger équation for a single particle of mass m 
moving in a potential field V{x, y, z) is 


(i) Show that separating out the t dependence as 'ip{x.,y,z,t) = 

<j){x,y, results in the partial DE 

= (39.22) 


here h is Planck’s constant, and the total energy E is assumed to be a 
constant. 
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(ii) If V = 0 in (39.22), the resulting équation is called Helmholtz’s équa¬ 
tion. For this équation set (j) = X{x)Y{y)Z{z) to détermine the DEs for 
X, r, and Z. 


39.17. The time-independent Schrôdinger équation for a single particle 
of mass m moving in a potential field V in spherical coordinates is given by 


dr \ dr) 


1 d ( 
sin (j) d(f)\ d(f>) 


1 d'^ip 
sin^ (j) dO'^ 


~1^ 


(E-V)^ = 0, 


where in some applications V = V{r). For this équation set 

tjj = R{r)^{(j))Q{6) to détermine the DEs for R, d» and 0. 


Answers or Hints 


39.1. Verify directly. 


39.2. Verify directly. 

39.3. Verify directly. 


ork yi 3 • • sinh — 2 ) 1 • • o sinh\/TÔ( 7 r — 2 ) 

39.4. -J smxsmy — . , V —^ ^ smxsin3v—— 7 =— 

4 ^ sinhv27r 4 ^ 


sinh \/TÜ 7 r 


39.5. u{x,y,z,t) = ^aooo + jJ2e^^ooe~^^*cos£x+jY.m^Ornoe~""^*cosmy 
+ 3l]n“00ne“" * cos nz + ^‘cosfæcosmî/ 

+ èSmn® 0 mne“('" +" COS my COS HZ + aione~'^^ +" cosixcosnz 

+ Sfmn cos ix cos my cos nz, where 


aimn = ^ Jo Jq Jq /(a;, y, z) cos ix cos my cos nzdxdydz. aooo = 
a,00 = -27r[l - {-lY]/£\ = 4[1 - (-1)'][1 - 

üimn = -8[1 - (-1)'][1 - (-l)"*]!! - 


39.6. Verify directly. 


39.7. u{r,z) 

39.8. u{r, z) 


2un cosh(A„z)Jo(Anr) 

a 2-^n—l XnJi(Xna) cosh(Xnh) 

2 ; _ 4 Jo[(2rt-l)T-] 

2 TT Z^n=l (2n-l)2/o(2ri-l) 


cos(2n — 


l)z. 


39.9. 


uir,z) = lo ra(r)Jo{Xur)dr, where A„ 


are the positive roots of A„jQ(A„a) -I- fcJo(A„a) = 0. 


39.10. Verify directly. 

39.11. M(r,é>, (/)) = Y.n=l V [^aonPnicOS (j)) +Y.m=li^rnnCOSm0 
+bran sin me)P^ (cos (j))] . 
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39.12.We need to find the solution of (39.11) where 0<r<a, 0<^< 
7r/2 with the boundary conditions Uj;(r, 7r/2) = 0, 0 < r < a, u(a,(/)) = 
/(cos(/>), 0 < (/) < 7r/2, \u{r,(j))\ < oo, 0<r<a, Q < (j> < tt/2. Since 
Z = rcosfp, hence at </> = 7r/2 we hâve 

condition Uz = 0 implies that = 0 ai (j) = tt/2. 
U{r, </>) = Er=o(4»^ + 1) (^)^" P2n(cOS(/>) f{x)P2nix)dx. 


39.13.Use Problems 7.2, 7.8(i) to show that (39.13) and (39.16) reduce to 

'2n+l(cOS(()) , 

P2n+l{cOS(j)) . 


u{r, <^) = -J 


U 


(r, </>) = T 


^ ~ Z^n=0V 

7+EZo(-^r 


{ 4ra+3A 


39.14.u{r,(j)) = 

X Z^fix)Pn{x)dx. 


j,2n + l_^2„ + l 
0 h2„+l_„2„+l 


A (2")! 


) 2^"(n!)^ 

U) ^ 

!\ (2n)! 

^a\2"+2 

! ) 22"(n!)2 

V r / 

f (2n + 1) 



P„(cos 4>) 


39.15.Solve directly. 


39.16.(i) Verify directly (ii) X” + ^i'^X = Q, Y” + v^Y = 9, Z” + \^Z = Q 
where ■ 


39.17.^^ = —mjQ (Azimuthal équation), 


ar \ dr / 


SrnTT"^ 

/l2 


E-V - 


1 ( 1 + 1 ) 


8m7r2 r2 


iî = 0 (radial équation), 


1 

sin c 


+ ^(^ + 1) - ^' = 0 (angular équation). 


where the constants i and m^, respectively, are the orbital angular momen- 
tum and magnetic quantum numbers. 


















Lecture 40 

Nonhomogeneous Equations 


In Lectures 30-39 we employed the Fourier method to solve homoge- 
neous partial DEs together with appropriate initial and boundary condi¬ 
tions. However, often in applications the governing partial DE is nonho¬ 
mogeneous. In this lecture we shall demonstrate how the Fourier method 
can be employed to solve nonhomogeneous problems. Here our approach is 
similar to that of we hâve discussed in Lecture 24. 

When a heat source is présent within the domain of interest, instead of 
(30.1), the governing partial DE is nonhomogeneous: 


Ut — C^Uxx = 0 < X < a, t > 0, c > 0. (40.1) 


We shall consider (40.1) with the initial condition (30.2), and the homoge- 
neous Robin’s conditions 


aoM(0, t) — aiUx(0, t) = 0, f > 0, Oq-I-> 0 (40.2) 

dou{a,t) + diUx{a,t) = 0, t > 0, dl + df>0. (40.3) 


Let A„, Xn(x), n > 1 he the eigenvahies and eigenfunctions of the 
problem (30.5), 


aoX(O) - aiX'(O) = 0 
doX(a) +diX'(a) = 0. 


(40.4) 


We seek a solution of (40.1)-(40.3), (30.2) in the form 


OO 



(40.5) 


n—1 


where the time-dependent coefficients T„(t) hâve to be determined. As- 
suming that termwise différentiation is permitted, we obtain 


OO 



(40.6) 


n—1 


and 



(40.7) 


n—1 


n—1 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_40, 

© Springer Science-|-Business Media, LLC 2009 
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Substituting these expressions (40.6) and (40.7) in équation (40.1), we ob- 
tain 


J2Kit) - XnTn{t)]Xr,ix) = q{x,t). 


(40.8) 


n=l 


For a fixed value of t, équation (40.8) represents a Fourier sériés repré¬ 
sentation of the function q{x,t), with Fourier coefficients 


Tn — XnTn — 


Jg q(x,t)Xn(x)dx 
Xl{x)dx 


= Qnit), say, n=l,2,---. (40.9) 


Assuming A„ ^ 0, then for each n, (40.9) is a first-order linear ordinary DE 
with general solution 


Tn{t) = 


Cn-\- [ Qn{s)e 

^0 




n = 1, 2, 


Substituting (40.10) in (40.5), we find the formai solution 


{x,t) = ^ Cn+ Q„(s)e“^"®ds 
u=i L Jo 




Xn{x). 


(40.10) 


(40.11) 


Finally, to détermine the constants c„, n = 1,2, • • • we set t = 0 in (40.11) 
and use the prescribed initial condition (30.2), to get 


l{x, 0) = f{x) = ^ CnXn{x), 


n—1 


which immediately gives 


Cn — 


f{x)Xn{x)dx 
f^X^(x)dx 


, n=l,2,-' 


In particular, we consider the initial-boundary value problem 
Ut — Uxx = “(1 ~ 2 ;) cos at, 0 < a; < 1, t > 0 
u(0,f) = 0, u(l,f) = 0, it(x,0) = 0. 


(40.12) 


(40.13) 


For (40.13) it is clear that A„ = Xn{x) = sinnTrx, c„ = 0, and 

hence from (40.11), we hâve 


n—1 

oo 

= E 


f Jg(T—l) COS as sin n7rT(iT| 


Jo [ /p sin^ riTTTdT 


2 2 

"ds 


n—1 

oo 


0 

—2 cos as 


_ Tl ^ f • 

e sinnTTx 


2 2 
^ ^ds 


e ^ ^ * sin nTTx 


= E 


—J n7r(a^ + n^7r^) 


77 , TT e 


2_2 (^e-"'-'*-cosat) 


— COS at] — a sin at 


sin riTix. 
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In the dérivation of the wave équation (32.1) if there is a force q{x, t) per 
unit length acting at right angles to the string and m is the mass density 
per unit length, then the resulting partial DE is nonhomogeneous 

Utt — c^Uxx =0 < X < a, t>0. (40.14) 

m 

We shall find the solution of (40.14) subject to the initial and boundary 
conditions (32.2)-(32.5). Again, we assume that the solution can be written 
as (40.5), where now Xn{x), n > 1 are the eigenfunctions of the problem 

(32.14), i.e.. 


i{x,t) = si 


sm ■ 


(40.15) 


Now substituting (40.15) in (40.14), we obtain 


E 


T^it) 


-Tu{t) 


. 717TX 1 , , 

sm-= — q(x^ t) 


and hence 

77^7r^r*^ 2 777rT 

r" +-^T„ = — / g(x,t)sin—dx = iî„(t), say, n = l,2,.... 

ma Jq a 

(40.16) 

Using the methods presented in Lecture 2, the general solution of (40.16) 
can be written as 


mrct mrct a f mrc 

Tn{t) = ün cos - h 0 „ Sin - 1-/ Sm - (t — SjRnisjds. 

a a mrc Jq a 

Substituting this in (40.15), we get 




n—1 


mrct 


a„ cos ■ 


, mrct a f , mrc , n „ / \ 7 

DnSin-1- / sm - {t — s)Rn{s)ds 

a mrc Jq a 


mrx 


X sin-. (40.17) 


Finally, this solution satisfies the initial conditions (32.2) and (32.3) if and 
only if ün and are the same as in (32.19) and (32.21). 


In particular, if the string is vibrating under the force of gravity, the 
forcing function is given by q{x,t) = —g, and then we hâve 


Rn{t) 


2 

ma 



. tlttx , 2g 

—^sin- dx = - 

a mnir 


(i-i-ir). 


Now we assume 

fix) 


X, 0 < X < al2 
a — X, al2 < X < a 
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and g{x) = 0, so that 


2 

djl — — 

a 


, riTTX /■“ , , , riTTX 

/ xsin- dx + / (a — XJ sin- dx 

Jo a a 


4a . riTT 


2 


and bn = 0. Thus, in this case the required solution is 




4a . nn mrct 


—— sin — cos ■ 

2^TT‘‘ 2 


2g 


= E 


mriTT 

^ r r A / -I \n+l 


nt 

(1 —(—1)^) / sin 

Jo ^ 


niTX 


sin • 


n=l 


4ga^ 


_ 

(2n — 1)^71^ m{2n — 

^ga? . mrx 

m{2n — lY'ir'^c^ a 


cos 


{2n — l)7rct 


Next we shall consider the nonhomogeneous Laplace équation known as 
Poisson’s équation: 


/2^2U = Uxx +Uyy = q{x,y), 0<x<a, 0 < y < b. (40.18) 

This équation appears in electrostatics theory. We shall find the solution 
of the boundary value problem (40.18), (34.5)~(34.8). We assume that the 
solution can be written as 

OO OO 

u{x,y) = Xn{x)Yn{y) = ^ sin y„(j/), (40.19) 


where Xn(x) = sin(n7rx/a) are the eigenfunctions of the problem (34.9), 
(34.10). Substituting (40.19) in (40.18), we obtain 


E 

n—l 


Yy{y) - —^yn{y) 


sin • 


q{x,y) 


and hence 


Y” - 


-W, = 


g(x,y)sin- dx = Sn{y), say, n=l,2, 


(40.20) 

Now remembering that we will hâve to satisfy the boundary conditions 
(34.5) and (34.6), we write the solution of (40.20) in terms of Green’s func- 
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tion (see Problem 15.9) and substitute it in (40.19), to obtain 
_ / ^ 




n—1 ' 

a 

niT 


ginh 


n'ïïib — y) mry 

ün sinn-h On sinh- 

a a 


si„h îdL- ») 


r Snir) sinh—dr 

Jo a. 


+ sinh 


niTy f „ . , . , n'ïïib — t) , 
—- / S'„(T)sinh—- ’-dïï 


sin ■ 


(40.21) 


Clearly, the conditions (34.5) and (34.6) now easily détermine 

2 nïïx 2 /■“ nïïx , . 

a„ = — / 7 (a;)sin- dx, bn = — g{x)sm - dx. (40.22) 

a Jo a a Jo a 

In the particular case, when q{x,y) = —1, /(a;) = gix) = 0, we find 

Qji — bn — 0 , 

5n(2/)=-—(l -(-!)") 

nïï 


and the solution (40.21) becomes 


4a^ ^ 1 
nodd 


1 - 


sinh ■ 


sinh ■ 


db-v) 


sinh ■ 


nïïx 


sin ■ 


As in Lecture 34 we also note that if uiix,y) is the solution of the 
problem (40.18), (34.5)-(34.8), and U 2 ix,y) is the solution of the problem 
(34.4), (34.18)'"(34.21), then u{x,y) = ui{x,y) + U 2 {x,y) is the solution 
of the Poisson équation (40.18) satisfying the boundary conditions (34.5), 
(34.6), (34.20), (34.21). 


Problems 


40.1. Consider the nonhomogeneous partial DE 


A 

dx 



pix)c{x) 


du 

'di 


q{x), a < X < (3, t > 0 


together with the initial and boundary conditions (31.2)-(31.4). Show that 
its solution can be written as (31.21), where now vix) is the solution of the 
nonhomogeneous équation 


d 

dx 



—qix), a < X < P 
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satisfying the same boundary conditions (31.6). In particular, find the 
solution of the initial-boundary value problem 


Ut — c^Uxx = q{x), 0 < X < a, t>0, c>0 


satisfying (30.2)-(30.4), when 

(i) q{x) = ^j-simyx 

(ii) q{x) = iJLe~'^^ (occurs in radioactive decay) 

(iii) q{x) = fixe~’'^. 

40.2. Find the solution of the initial-boundary value problem (40.1), 

(30.2)-(30.4) when 

(i) 0 = 1, c=l, /(x) = 0, q{x,t) = 2x — bsint 

(ii) 0 = 1, c = 1, /(x) = 2x, q{x, t) = x + t 

(iii) a = Tr, c = 2, /(x) = (l/2)x(7r — x)^, q{x,t)=xt^. 

40.3. Find the solution of the nonhomogeneous partial DE 


Utt — c^Uxx = q{x), 0 < X < a, t > 0 


satisfying the initial and boundary conditions (32.2), (32.3), (33.20). 

40.4. Find the solution of the initial-boundary value problem (40.14), 

(32.2)-(32.5) when 

(i) O = TT, f(x) = 0, g(x) = 0, q(x,t) = mqoc^sincut 

(ii) O = TT, c = 1, /(x) = 0, g(x) = x, q(x, t) = mxt 

(iii) 0 = 1, c = 1, /(x) = x(l — x), g(x) = 0, q(x, t) = m(x + t) 

(iv) O = 27r, c=l, /(x) = x(x — 27r), g(x) = 0, q(x,t) = 



X, 0 < X < TT 

27r — X, TT < X < 27r. 


40.5. Find the solution of the initial-boundary value problem (40.14), 

(32.2) -(32.4), Ux(a,t) =0, t > 0. 

40.6. Find the solution of the initial-boundary value problem (40.14), 

(32.2) , (32.3), Ux(0,t) = 0, t > 0, (32.5). 

40.7. Find the solution of the boundary value problem (39.18), (34.5)- 
(34.8) when 

(i) O = TT, 6 = TT, /(x) = 0, g(x) = Tq, q{x, y) = -xy 

(ii) O = TT, 6 = TT, /(x) = 1, g{x) = 1, g(x, y) = - sin iy. 
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40.8. Find the solution of the following boundary value problem: 

Urr H Ur + U^z = —?(?', z) , 0 < r < 1, 0 < Z < h 

r 

u(r,0)=0, u{r,h) = 0, u{l,z) = f{z). 


Answers or Hints 


40.1. v{x) + I Y.u=i iloifix) - v{x)) sin^dx) e y— - sin ■ ^ 
where v{x) = ^ [(a — x) sq{s)ds + x (a — s)g(s)(is] (i) v(x) = 

^^(asinz/x -x sin iza) (ii) v(x) = [a(l - - x(l - 

(iii)î;(x) = [2a(l - e-‘'^) - 2x(l - 6-^'“) - axi'(e-''^ - e-^“)]. 


40.2. (i) 


-cost + e "sinriTTx (ii) X]n=i 2(-l)"+^n"‘7r^e 


)_I0 (i-(-ir) (^2^2g.^^ 
■' nn l+n-^TT^ '■ 

n+l„4_4_-n^'7r^t 


— ((—1)" — l)n^7r^t + (e 


-l)(l-(-l)” + (-l)"n27r2) 
(-1)^ 


sin riTTX 

-4n^t) 


(iii) E„=1 [;^(2 + (-l)")e-4" ‘ + + 1 - *) 

X sinnx. 

40.3. v(x) + cos + bn sin sin where 

O'* = ! fo(f(^) - ^(^)) ^dx, bn= ^ fo(f(x) - v(x)) sin ^dx 

and v(x) = + -^ [{a - x) sq{s)ds + x f^(a - s)q(s)ds] . 


40.4. (i) ^ S”odd nct-ncsinc^t) (ii) ZZi S" 

^ [(1 “ sinnt + sinnx (iii) [(1 “ (-1)") (2cosn7rt+ t 

— ^sinnTrt) + (—l)"(cosn7rt — 1)] sinnTrx (iv) [anCOS^+ 


-Kn^ 2 J 


sin ^, where a„ = — 


-^sin^ 

Trn^ 2 


+ ^((-i)"-i). 


40.5. See Problem 33.4. 

40.6. See Problem 33.5. 


40 7 (W 44b Y^oo sinh(27i-l)ÿ ib...iV^og V^oo 

V / TT- Z^n—1 (2n—1) sinh(2n—l)7r 1 1 ' 2-^m—l 2-^n—l mn(m^+n^) 

• • 4 sinh(2n—l)'y+sinh(2n—l)(7r—y) • /r\ i\ 

xsmmxsmny (n) -J2n=i - ( 2 n-i) Binh(k-i)^ sin(2n - l)x 


+ 


4 sin 


E oo 

m=l 


sin(2m— l)æ 


(2m-l)[(2m-l)2+9] ’ 


40.8. u{r, z) = J2Zi (^) sin ^+Em=iEr=i bmnMKr) sin 
where Jo(A„) = 0, n = 1, 2, • • •, a„/o (^) = f f{z) sin ^dz, and 


rrfnz 
h ’ 


bm.n. — 


fo fo z)rjQ(Ànr) sin ^dzdr. 






'-+>d, 
























Lecture 41 

Fourier Intégral and 
Transforms 


The Fourier intégral is a natural extension of Fourier trigonométrie sériés 
in the sense that it represents a pieeewise smooth function whose domain 
is semi-infinite or infinité. In this lecture we shall develop the Fourier 
intégral with an intuitive approach, and then discuss Fourier cosine and sine 
intégrais which are extensions of Fourier cosine and sine sériés, respectively. 
This leads to Fourier cosine and sine transform pairs. 


Let fp{x) be a periodic function of period 2p that can be represented 
by a Fourier trigonométrie sériés 


fpi^) = ^ + '^{anCOSLÜnX + bnSiuUJnX), UJn = — 
^ - P 


where 


1 fP 

ttn = - fp{t) COS OJntdt, 71 > 0 

P J —p 
1 fP 

bn = - fp{t) sin Lüntdt, n>l. 

P J-P 


The problem we shall consider is what happens to the above sériés when 
P —f oo. For this we insert a„ and bn, to obtain 

I fP 1 °° f fP 

fpi^) = TT / fp{t)dt+-'^ cos LünX j fp{t) COS UJntdt 

^P J-P P n=l L J -P 

r 

+ sina;„a; / fp{t) sinuJntdt . 

J —P 


We now set 


Alü = a;„+i - Lün = 


(n+ 1) 


TT riTT TT 


P PP 

Then, 1/p = Auj/tt, and we may write the Fourier sériés in the form 

CXD 


\ fp 1 ^ r 

fp{^) = TT / fp{i)dt+-'^ (cosujnx)Auj / fp(t) cos Lüntdt 

J—p ^ 1 . J — p 


P 

-p 


[P 

+(sina;n^)Aa; / fp{t)suiLüntdt 

J —V 


(41.1) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_41, 

(c) Springer Science-hBusiness Media, LLC 2009 
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This représentation is valid for any fixed p, arbitrarily large, but fixed. 


We now let P —> oo and assume that the resulting nonperiodic func- 
tion f{x) = limp^oo fp{x) is absolutely intégrable on the x-axis, i.e., 
/_oo < O®- Then, 1/p ^ 0, and the value of the first term on 

the right side of (41.1) approaches zéro. Also, Au = lï/p —> 0 and the 
infinité sériés in (41.1) becomes an intégral from 0 to oo, which represents 
f{x), i.e., 


Y roo ■ poo poo 

f{x) = — / cosLüx / f{t) cos utdt + sinux / f(t) 
^ J 0 . J — oo J — oo 


sin Lütdt 


Now if we introduce the notations 


du. 

(41.2) 


1 /■°° 1 
A{u) = — f{t) cosutdt, B{u) = — f{t)sinutdt, 

J-oo J-oo 


(41.3) 


then (41.2) can be written as 


f{x) 


[A(a;) cos wx + B(u) sinixixjdxi. 


(41.4) 


This représentation of /(x) is called Fourier intégral. 


The following resuit gives précisé conditions for the existence of the 
intégral in (41.4), and the meaning of the equality. 

Theorem 41.1. Let /(x), — oo < x < oo be piecewise continuons 
on each finite interval, and 1/(2^)I < oo, i.e., / is absolutely intégrable 
on (— 00 , 00 ). Then, /(x) can be represented by a Fourier intégral (41.4). 
Further, at each x, 

[A{u) cosux + B{u) sinux]du = ^[f{^ + 0) + /(x — 0)]. 



Example 41.1. We shall find the Fourier intégral représentation of 
the single puise function 


1 if |x| < 1 
0 if |x| > 1. 


From (41.3), we hâve 


A{u) 

B{u) 


1 

TT , 
1 
TT 


f{t) COS Lütdt 


— 00 
pl 


sin utdt = 0. 


1 , 2sinu; 

— / cos utdt = - 

TT nu 
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Thus, (41.4) gives the représentation 

pOO 


- 2 / coscjxsincj - 

f(x) = - I - duj. 


fo 


üJ 


(41.5) 


Now from Theorem 41.1 it is clear that 

1 if |a;| < 1 

coswÆSinw , I 

-du;=l -(1+^^- 

2 2 4 


U! 


(41.6) 


0 if |a;| > 1. 

This intégral is called Dirichlet’s discontinuons factor. 
From (41.6) it is clear that 


sin oj TT 

- düj = —. 

U! 2 


(41.7) 


For an even or odd function, the Fourier intégral becomes simpler. In- 
deed, if f{x) is an even function, then B{uj) = 0 in (41.3) and 


2 

A{ijj) = — / f{t) cos ujtdt 
TI- Jo 


(41.8) 


and the Fourier intégral (41.4) reduces to the Fourier cosine intégral, 

pOO 

f{x)= / A{üj) cos ojxdüj. (41.9) 


Similarly, if f{x) is odd, then in (41.3) we hâve A{uj) = 0 and 

2 

B{cü) = — / f{t)smujtdt 
TT Jo 

and the Fourier intégral (41.4) reduces to the Fourier sine intégral 

pOO 

f{x)= / B{u!)smiüxdu!. (41.10) 

Jo 


Example 41.2. We shall find the Fourier cosine and sine intégrais of 
the function f{x) = e~°‘^, a; > 0, a > 0. Since 


A{uj) 


2 

TT 


' COS Lütdt 


2 a / uj . 

— X - ---e (-sin cjt + cos ujt 

TT Va 


CXD 

0 


^ajr: 
dJ + uP- 
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it follows that 


f{x) = e-“" = - 

TT 


0 


From this représentation it is clear that 

cos üJX 


1 


0 


cos eux 
+ a;2 


TT 

2a 


dw. 


(41.11) 


Further, since 


2 

B{uj) = — e~°‘* smcütdt = 

Jo 


2ujjTT 

’ 


we hâve 


and hence 


f{x) = e-“ = 


U! sin eux 


TT Jn 


düj 


wsinwa; , tt 

— - -duj = -e 

a? + u)^ 2 


(41.12) 


The intégrais (41.11) and (41.12) are known as Laplace intégrais. 


Now for an even function f{x) the Fourier intégral is the Fourier cosine 
intégral (41.9) where A{ijj) is given by (41.8). We set A{ijj) = \/2/ tt Fc{ijj), 
where c indicates cosine. Then, replacing t by x, we get 


Fc{ut) 



f{x) cos lüxdx 


and 


[2 

f(x) = \— / FJiü) cos UJxdiü. 

V tt Jo 


(41.13) 


(41.14) 


Formula (41.13) gives from f{x) a new function Fciu) called the Fourier 
cosine transform of /(a;), whereas (41.14) gives back f{x) from FJlü), and 
we call it the inverse Fourier cosine transform of Fc{üj). Relations (41.13) 
and (41.14) together form a Fourier cosine transform pair. 


Similarly, for an odd function f{x), the Fourier sine transform is 


[2 

Fsiüj) = \ — / fix)svi\ujxdx 

V tt 

and the inverse Fourier sine transform is 


[2 

f(x) = \— / Fs(uj) sinojxdiü. 

V TT 


(41.15) 


(41.16) 







Fourier Intégral and Transforms 


327 


Relations (41.15) and (41.16) together form a Fourier sine transform pair. 


Example 41.3. 

of tire function 


Clearly, we hâve 


We shall find the Fourier cosine and sine transforms 


fix) 


fc, 0 < X < a 

0, X > a. 


F,{uj) 



Fs{lü) 



sin üjxdx = 


^pk 

1 — cos atü 

y n 

UJ 


Example 41.4. We shall find the Fourier cosine transform of the 
function e~^. Clearly, we hâve 


Fc{uj) 


2 
TT 

2 


/O 


TT 1 + 


e ^ cos uxdx 


(— cos wx + lü sin lüx) 


1 + 


If f{x) is absolutely intégrable on the positive x-axis and piecewise con¬ 
tinuons on every finite interval, then the Fourier cosine and sine transforms 
of / exist. Furthermore, it is clear that Fc and Fg are linear operators, i.e., 

Fc{af + bg) = aFdf) + bF^g) 

and 

Fs{af + bg) = aFs{f) + hFs{g). 

Theorem 41.2. Let f{x) be continuons and absolutely intégrable on 
the a;-axis, let f {x) be piecewise continuons on each finite interval, and let 
f(x) —> 0 as a; ^ 00 . Then, 

(i) Fcif'ix)) = u}Fsif{x)) - y^/(0): and 

(ii) Fg{f{x)) = -LüFcifix)). 


Proof. To show (i), we integrate by parts, to obtain 


Fcif'ix)) 



f'ix) cos uixdx 


fix)cosiüx +UJ fix)sinujxdx 
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The proof of (ii) is similar. I 
Similarly, we can show that 

F,(/"(x)) = -üj^F,{f{x)) - a/^/'( 0), 

V TT 

F,{f"{x)) = -iv^Fsifix)) + yfa;/(0). 

Fourier Cosine Transforms 


/(*) 


Fcif) 


1, 0 < X < a 
0, otherwise 


0<a<l 


6"“"^, a > 0 
a>0 

a > 0 

f cosa;, 0 < a; < a 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

X 

e“^sma: 

X 

11. Jo{ax), a > 0 

sechaa;, a > 0 


2 sinaca 


TT a; 



\plâ 


/ia 


n (a? + tj 2 )n+i 


Re{a + iu)) 


n+1 


l 0- 

otherwise 



1 — ÜJ 


, a > 0 

1 


(u? 


•\/2â 


l 4a 

sin ax^ 

, a > 0 

1 

\/2â 

cos 

^^4a ^ 

sin aa: 

a > 0 

Iv 

rw 

' 2 ' 

U! < a 


sin a{l — uj) ^ sin a(l + ai) 


1+01 


0, üü > a 

1 _i 2 

tan — 


^/2^ 



Lü < a 


12 . 
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Fourier Sine Transforms 


/(*) 


Fsif) 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 


1 

0 < X < a 


ri - 

COS acü ' 

l 0’ 

otherwise 

y TT 



1 


1 



\/x 





1 


‘ly/Zj 


x‘^-\ 

0 < a < 1 

l^r{a 

) . CL7V 

- sm — 



y TT a;“ 

2 


Vï(îf;?) 



j sina;, 0 < x < a 
[ 0, otherwise 



sin a(l — cj 

1 — UJ 


10. 

COS ax 
-, a 

> 0 


X 


11. 

1 2a 

a > 0 

tan —, 


X 


12. 

cosechax, 

a > 0 



a < U) 


[ 0 , 


a > U! 


/—sinhacj 
V 27r-e 


U! 


TV 1 , TVLO 

-tann—. 

2 a 2a 


Im(a + 


) sin a(l + Lü) 
1 + U! 

















Lecture 42 

Fourier Intégral and 
Transforms (Cont’d.) 


In this lecture we shall introduce the complex Fourier intégral and the 
Fourier transform pair, and find the Fourier transform of the dérivative of a 
function. Then, we shall State and prove the Fourier convolution theorem, 
which is an important resuit. 


We note that (41.2) is the same as 

^ pOO pOO 

f{x) = — / f {t)[cosivt cosujxsinLût sinujx]dtdLü 

^ Jo J —oo 
^oo 

/(t) cos(wx — ujt)dt 


1 

TT 


(42.1) 


duj. 


The intégral in brackets is an even function of w; we dénoté it by F(lü). 
Since cos{ll!x — ujt) is an even function of lj, the function / does not dépend 
on Lü, and we integrate with respect to t (not w), the intégral of F(lü) from 
cj = 0 to oo is 1/2 times the intégral of F{u]) from —oo to oo. Thus, 


^ poo ■ pcx> 

fi^) = TT / cos(wa; - ujt)dt 

From the above argument it is clear that 


düj. 


Y pOO ■ pOO 

— / f{t) sin(u;x — ujt)dt 

J_QQ ^J—OC 


düj = 0. 


A combination of (42.2) and (42.3) gives 


^oo poo 


= 2i 


f{ty->(.^-t)dtdLü. 


(42.2) 


(42.3) 


(42.4) 


— OO —OO 


This is called the complex Fourier intégral. 

From the above représentation of f{x), we hâve 


f{x) = 


1 [ 1 r 

V^J-oo 




(42.5) 
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The expression in brackets is a function of uj, is denoted by F{uj) or F{f), 
and is called the Fourier transfomn of /. Now writing x for f, we get 

F{u) = ^ /(x)e—dx (42.6) 

and with this (42.5) becomes 

f{x) = ^ r F{u:)F-^dw. (42.7) 

The représentation (42.7) is called the inverse Fourier transform of F{uj). 

Finally, as in Theorem 41.1, if /(x), — oo < x < oo is piecewise con¬ 
tinuons on each finite interval, and 1/(2^) I < oo- Then, the Fourier 

transform (42.6) of /(x) exists. Further, at each x, 

^ F{cü)F-^du; = i[/(x + 0) + /(x - 0)]. 


Example 42.1. We shall find the Fourier transform of 

I fc, 0 < X < a 
/(x) = < 

I 0, otherwise. 


Clearly, we hâve 


F{cü) = 






fc(l - e-^*^) 


lUJ 


Example 42.2. We shall find the Fourier transform of /(x) = e 
a > 0. We hâve 


F{u;) = 


1 


J-c 

1 




J-c 

1 


exp 


_ ioj / ioj \‘ 


1 

1 




— Vax 


ILü 

2y/â 


dx 


dx 


Aa) 

I / 2 \ dv ^ iw 


exp = 


^—urjAa 


Aa ) ^Jd 
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Example 42.3. 

function 


We shall find the Fourier transform of the square wave 


fix) 


0, X < a 

1, a < X < b 

0, X > b. 


From (42.6), we hâve 


Ficü) = 


\f^ J-C 


fix)e 


’^dx = 




'^dx 


Ç^ — iüjb _ g—icja 

b — a 


Lü ^ 0 




a; = 0. 


Further, it follows that 


J- 


oo ^—iuib _ g—icja 


'\/ StT o —oo 


e^^^diü = { 


0, X < a 
1/2, X = a 
1, a < X < b 
1/2, X = b 
0, X > b. 


Example 42.4. We shall find the Fourier transform of the function 
f{x) = 


x'^e a; > 0 


0, a; < 0. 


We hâve 


1 r°° 1 r 

F(a;) = ^ / /(x)e—da; = ^ / 

V 27r Jo V 27r Jq 


x2e-x^-rux 


dx 




f 


a;2e-"(i+*‘")dx= J- ^ 


TT (1 + 


The Fourier transform is a linear operation. We State this property in 
the following resuit. 

Theorem 42.1 (Linearity Property). The Fourier transform is 
a linear operation, i.e., for arbitrary functions f{x) and g{x) whose Fourier 
transforme exist and arbitrary constants a and b, 

F{af + bg) = aF{f) + bF{g). 


Now we State and prove the following two résulté, which will be used 
repeatedly in the next two lectures. 
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Theorem 42.2 (Transform of the Dérivative). Let/(x) be 
continuons on the x-axis and f{x) —> 0 as |a;| —> oo. Furthermore, let f'{x) 
be absolutely intégrable on the x-axis. Then 

F{f{x))=iiüF{f). 


Proof. Integrating by parts and using f{x) ^ 0 as |a;| ^ oo, we obtain 
1 


nn^)) = 


J- 

1 


f{x)e-^^^dx 


= iüjF{f{x)). 


— {—iuj) / fix)e 


It is clear that 


Fin = ^ojFif) = iinnf) = 


Example 42.5. Clearly, we hâve 

= nn) 

2 V 2 


= - 2 ^ 


1 1 

= —-iiü—=e 

2 72 





Theorem 42.3 (Convolution Theorem). Suppose that /(x) 
and gix') are piecewise continuons, bounded, and absolutely intégrable func- 
tions on the x-axis. Then 

Fif*g) = V^Fif)Fig), (42.8) 

where f * g is the convolution of functions / and g defined as 

/ OO pOO 

fit)g{x - t)dt = f{x- t)g{t)dt. (42.9) 

-OO J —00 


Proof. By the définition and an interchange of the order of intégration, 
we hâve 


Fif*g) 



f{T)gix 

f{T)gix 


T)e-^^^dTdx 

n-^^^^dxdr. 
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Now we make the substitution x — t = v, so that x = t + v and 

i pOO pOO 

F{f*9) = / / f(T)g{v)e-^^^'^+''UvdT 

y À 7 T J — (y^J — QQ 

-| poo poo 

= / f{T)e-^-^dT / g{iy)e-^-^d^ 

V ZTT J — QQ J — QQ 

= V^F{f)G{g). ■ 

By taking the inverse Fourier transform on both sides of (42.8) and 
writing F{f) = f{uj) and F(g) = g{uj), and noting that and 
cancel each other, we obtain 

/ OO 

f{uj)g{uj)e^‘^'^duj. (42.10) 

-CXD 

Fourier Transforms 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 


/(®) 


Fiuj) 


1, — b < X < b 

0, otherwise 

1 , b < X < c 
0, otherwise 


1 


r, a > 0 


' 

{ X, 0 < X < b 

2x — a, b < X < 2b 
0, otherwise 

f e-“", Æ > 0 

[ 0, otherwise 

f e“", b<x<c 
[ 0, otherwise 

r -b<x<b 

1 0, otherwise 

r b<x<c 

1 0, otherwise 

sin ax 

-, a > 0 


2 sin bu) 


TV ÜJ 


)-\/^ 


2 a 


__ g —2i6a; 


VStto. 


'/Ï7v{a + iio) 

^(a — iu))c g(a —ia;)6 

'\/27r(a — ioi) 

2 sin fe(ü; — a) 

TT U) — a 

j gi6(a-üj) _ ^ic(a-ui) 

^2^ a - W 


2- 1^1 < a 

0, Iwl > a. 


10 . 
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Problems 


42.1. Find the Fourier intégral représentation of the following func- 
tions: 

( —1, — 1 < a; < 0 

(i) fix) = < 1, 0<a;<l 

[ 0, otherwise 

(ii) f{x) = e"l^l 

..... . / 1 - \x\ < 1 

' J ^ ^ \ 0, |x| > 1. 

42.2. Use Fourier intégral représentation to show that 


r 

(i) / 

Jo 


sin xLü 


7r/2, X > 0 
düJ = { 0, X = 0 


—'ïï{2, X < 0 

0, X < 0 


.... , cosxw + wsinxw , , 

(il) / -——^- duj = i TT 12, X = 0 

1 ~\- I —X ^ n 

' 7re , X > 0 


(iii) 


a;4 + 4 


-düj =—e ^ cosx if X > 0 
2 


(iv) / - 

Jo 


-COSTTÜJ . , f 7r/2, 0 < X < TT 

-sin xujdLü = < „ 

UJ 1^ U, X > TT 

f°° cos{ttuj/2)cosxuj f (7r/2)cosx, |x| < 7r/2 

*'’> I -- 1 0. |x| > ,/2 

I sin TTw sin xw _ J (7r/2)sinx, 0 < x < tt 


1 — Lü"^ 

42.3. Show that 


0, X > TT. 


2 1 r A 

(i) cosax = ._ / cos --- cosujxduj, a > 0 

V^Jo V4a 47 

2 X 2 1 

(il) sinax = —= / cos-^— | coswxaw, a > 0 

y'ira Jo V 4a 4 

..... -X 2 02 ^ + 2 

(ni) e cos X = — / 

^ Jo 


■ cos LOxdüJ, X > 0. 


42.4. Show that 


2 , 

(i) e cosx=— / —;-sinwxaw, x>0 

ttJo iü^ + 4 

(ii) tan“^ — = 2 / -sinhawsinwxdw, a > 0, x>0 

X Jo ÜJ 
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1 7TLÜ 

(iii) cosechaa;=— / tanhsin wxdw, a > 0, x > 0. 
a Jq 2a 

42.5. Find Fourier transforms of the following fimctions: 
e“^sina;, a; > 0 


(i) fix) = 


0 , X <0 


(ii) f{x) = \ V’ 

^ ^ ^ ^ I a;<0 

(iii) f{x)=e~°'^^\ a > 0. 

42.6. Parseval’s equality for the Fourier transform (42.6) and its 
inverse (42.7) becomes 

/ CXD PCX) 

\f{x)\'^dx= / |F(w)pdw. 

-OO J — OO 

Use Example 42.3 to show that 


1 _ g —4u;a|2 


27T 


doj = b — a. 


42.7. Show that the solution of the intégral équation 

pOO 

/ f{uj)sinxujdLü = g{x), 

Jo 

where g{x) = 1 when 0 < x < n, g(x) = 0 when x > tt is 


... 2 1 - COSTTW 

f{u}) = ---, a;>0. 


TT U) 


42.8. Show that the intégral équation 

poo 

/ /(w) cos xojdu! = e~ 

Jo 


has the solution 


f{<^) = - . ^ O , w > 0. 


TT 1 + ’ 

42.9. Find the solution of the intégral équation 


/ OO 

h{t)f{x - t)dt, 

-OO 
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where the functions /, g and h satisfy the conditions of Theorem 41.1. In 
particular, solve the intégral équation 


f{t)dt 


(i) 

(ii) 


y_oo [x — tY + a? + 6^ ’ 

42.10. Evaluate the following intégrais 

a > 0, b > 0. 


0 < a < b. 


/_oo + b'^) 

x" dx 

1-00 + b'^) '' 


Answers or Hints 


42.1. (i) l/-(i^)sinc.xda;(ii) f ^ 
(iii) I/o” cos a;xda;. 


42.5. (i) 


(ii) 


(iii) 


V^[(l+iw)2 + l] ^ ' ^/^[2+^ul+üJ^] ^ > V 

(fe-a) 


42.9. f{x) - ^ b ^(^2 + (f,_o) 2 )- 


= foo F{g) 

\/27T J — CXD 1 _ y^27ri' 

42.10.Put a; = 0 in (4.9) and (4.10). (i) (ii) ^ 
















Lecture 43 

Fourier Transform Method 
for Partial DEs 


Here and in the next lecture we shall consider problems in infinité do¬ 
mains which can be efFectively solved by finding the Fourier transform or 
the Fourier sine or cosine transform of the unknown function. For such 
problems usually the method of séparation of variables does not work be- 
cause the Fourier sériés are not adéquate to yield complété solutions. This 
is due to the fact that often these problems require a continuons superpo¬ 
sition of separated solutions. We shall illustrate the method by considering 
several examples. 

Example 43.1. We will show how the Fourier transform applies to 
the heat équation. We consider the heat fiow problem of an infinitely long 
thin bar insulated on its latéral surface, which is modeled by the following 
initial-value problem 

Ut = C^Uxx, — oo < X < oo, t > 0, c > 0 

U and Ux finite as |a;| ^ oo, t > 0 (43.1) 

u{x, 0) = f{x), — oo < X < oo, 

where the function / is piecewise smooth and absolutely intégrable in 
(—oo, oo). 


Let U{Lü,t) be the Fourier transform of u{x,t). Thus, from the Fourier 
transform pair, we hâve 


u{x, t) 



Assuming that the dérivatives can be taken under the intégral, we get 


du 

1 


dt 

\/2tt „ 

/-oo dt 

du 

1 

pOO 

dx 

>/27r „ 

' —OO 

d'^u 

1 

poo 

dx^ 

\/27r „ 

' —oo 
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In order for u{x, t) to satisfy the beat équation, we must bave 

1 


^ du 2 ^^^ 

0 =- c -= - / 

dt dx'^ sfïr: J_^ 


dU{üJ,t) 2 Itt! \ 


dt 




Thus, U must be a solution of the or dinar y differential équation 

O O 

— + C^LÜ^U = 0 . 

dt 


The initial condition is determined by 

1 


U{u;,0) = 


u{x,0)e ^‘^^dx 


J-c 


Tberefore, we bave 
and bence 


u{x, t) = 


J-c 

U{u, t) = F(ijj)e~ 

^ /•OO 


J-c 


F{üj)e- 


*F‘^^dLü. 


(43.2) 


Now since 


-| poo _ 




J-c 


V Fnc^t 


if in (42.10) we dénoté F{lü) = /(w) and g{uj) = e “ tben from (43.2) 
it follows tbat 


u{x,t) = 


J-c 

/ OO 

/(m)- 

-OO 


ç-{x-^iŸ jAFt 

t 

-dfi. 


(43.3) 


\/47rc^t 


Tbis formula is due to Gauss and Weierstrass. 

For eacb fi tbe function {x,t) —> ^/\/FncF-t is a solution of 

tbe beat équation and is called tbe fundamental solution. Tbus, (43.3) 
gives a représentation of tbe solution as a continuons superposition of tbe 
fundamental solution. 

We recall tbat tbe standard normal distribution function <i> is defined as 

1 


$(c) = 


J- 


/^dz. 
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This is a continuous increasing fimction with <î)(—oo) = 0, 4)(0) = 1/2, 
4>(oo) = 1. If a < 6, then we can write 


rb -{x-ilŸ IA(?t 1 j-(x-a)l\/2c^t 

/ e-^ /^dz, 

J y'ATTC^t v27r J(x-b)/v'2^ 

1 _ 1 


{x - fl) 

i^-h) 


= Z 


V^27r J —OQ y/ Stt J —f 


/2c^t _. 

e ^ 


"/^dz 


(43.4) 


From (43.3) and (43.4) it is clear that the solution of the problem 

Ut = c^Uxx, — 00 < a; < oo, t > 0 
0, X < a 

m(x, 0) = f{x) = '^ L, a < X <b 
0, X > b 


can be written as 


u{x, t) = Ld) 




Now using the properties <î)(—oo) 
verify that 


lim 

t^o 


m ( x , t) = 


= 0, <î)(0) = 1/2, <î)(oo) = 1 we can 

0, X < a 
L/2, X = a 
< L, a < X < b 
L/2, X = b 
0, X > b. 

V ’ 


Example 43.2. Consider the problem 


Ut — C Uxx^ X ^ 0, t ^ 0 

m( 0, t) = 0, t > 0 

U and Ux finite as x ^ oo, t > 0 
m(x, 0) = /(x), X > 0, 


(43.5) 


which appears in beat flow in a semi-infinite région. In (43.5) the function 
/ is piecewise smooth and absolutely intégrable in [0, oo). 

We define the odd function 


/(a;) 


/(x), X > 0 
-/(-x), X < 0. 
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Then from (43.3), we hâve 

fOO (x-n)'^/4:c'^t 


i{x,t) = j 

-L 


-oo V 

0 {x-\iŸ j^c^t 


V 47rc^t 


f{fj.)dn 

f{fi)dn+ f 

Jo 


oo (x-pŸ 




lo VdTTC^t 

In the first intégral we change fi to —fx and use the oddness of /, to obtain 

fO {x-pŸ/ic^t _ roo (x+pŸ/ ic^t 


/ U ^-i^x-p) t _ rc 


lo 'jA'iïcH 

Thus, the solution of the problem (43.5) can be written as 

^-{x-pŸl^(?t _ g 


f{n)dfi. 


i{x,t) = 

Jo 


y/ 


f{^l)d^i. (43.6) 


The above procedure to find the solution of (43.5) is called the method 
of images. 

In an analogous way it can be shown that the solution of the problem 


can be written as 


(43.7) 


Ut — c Uxx: 

X > 0, t > 0 

UxiO,t) = 0, 

t > 0 

U and Ux 

finite as x - 

u{x, 0) = /(x), X > 0 


r 

u{x,t) = 

Jo 


y/4:TTC^t 

Here, of course, we need to extend f{x) to an even function 

f{x), x>0 


f{d)dtJ- (43.8) 


î{x) = 


f{-x), X < 0. 


In (43.7) the physical significance of the condition Ux{0,t) = 0 is that 
there is a perfect insulation, i.e., there is no heat flux across the surface. 

Example 43.3. Consider the initial-value problem for the wave équa¬ 
tion 

Utt = (?Uxx, — OO < X < OO, t > 0, c > 0 

U and Ux finite as |x| ^ oo, t > 0 
u(x,0) = /i(x), — oo < X < oo 

ut(x,0) = f2{x), — oo < X < 00, 


(43.9) 
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where the functions /i and /2 are piecewise smooth and absolutely inté¬ 
grable in (— 00 , 00 ). 

To find the solution of this problem, we introduce the Fourier transforms 
= j = l,2 

V J — 00 

and its inversion formulas 

/,(x) = ^ r j = 1, 2. 

V J — 00 

We also need the Fourier représentation of the solution u{x,t), 


i(x, t) = 


J-c 




where U{ijj,t) is an unknown function, which we will now détermine. For 
this, we substitute this into the differential équation (43.9), to obtain 


0 = 


J-c 


d^U{uj,t) 


dt'^ 


+ c^uj^U{uj, t) 


'^düJ. 


Thus, U must be a solution of the ordinary differential équation 

d'^U 


dt^ 


+ c^uj'^U = 0 , 


whose solution can be written as 

U (w, t) = ci{üj) cosLüct + £ 2 ( 10 ) sinwct. 


To find ci{uj) and C 2 (üj), we note that 

/i(x) = u{x,0) = -^= [ ci(w)e*“^dtJ 

and hence Fi{iü) = ci{ijj) and F 2 {lü) = ujcc 2 {uj). 

Therefore, it follows that 

F 2 (^) 

U (cj, t) = Fl (üj) cos üjct H- - sin ujct 

üJC 
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and hence the Fourier représentation of the solution is 


1 r 


-F2(^) 

Fl (üj) cos ujct H-sin wct 

ÜJC 


(43.10) 


Now since cos 9 = (e*® + e *®)/2, sin0 = (e*® — e *®)/2 î, we hâve 
1 


Similarly, 


J-c 


Fl (w) (cos ujct)e^‘^^dx 


1 1 

1 1 


/ OO 

Fi{lü) 

-OO 

f Fl {iü) dw 

J — OO ^ 


2 7^7- 

= + ci) + /i(a^ - ci)]- 


1 


\/27r J —OO 
1 1 


sinwct 
F2(w)- 


E2(w)- 


2 i-c 
1 1 


F‘^^diü 


2 a/^ 7_o, 

1 1 r 

J_ 


F2{iü)- 


ILüC 


-duj 


ILüC 
/•x+ct 


/ çx^-ct \ 

F2{uj)( F‘^^dndw 

1 \J x — ct J 


1 

Yc 

1 

Yc 


x-\-ct 


x — ct 
x-\-ct 


•\/27r J-c 

/2(e)de 


‘^^F2{Lo)du 


d^ 


Putting these together yields d’Alembert’s formula 

px-\-ct 


1 1 + 
w(a;,i) = 2[/i(2^ + ci)+/i(a;-ct)] + —y f2{0d^^ (43.11) 


which is also obtained in Problem 33.10. 
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Fourier Transform Method 
for Partial DEs (Cont’d.) 


In this lecture we shall employ the Fourier transform, or the Fourier 
sine or cosine transform to find solutions of the Laplace équation in infinité 
domains. Here we shall also introduce finite Fourier sine and cosine trans¬ 
forme, and demonstrate how easily these can be used directly to solve some 
finite domain problème. 

Example 44.1. We shall find the solution of the following problem 
involving the Laplace équation in a half-plane: 


'^XX F Uyy - 0, 

— OO < X < oo, 

y>0 


w(a;>0) = /(x), 

— OO < X < oo 


(44.1) 

\u{x,y)\ < M, 

— oo < X < oo, 

y > 0, 



where the fimction / is piecewise smooth and absolutely intégrable in 
(— 00 , 00 ). If f{x) —> 0 as \x\ —> 00 , then we also hâve the implied boundary 
conditions lim|a;|^oo u{x, y) = 0, limj,^+oo u{x, y) = 0. 

For this, as in Lecture 43, we let 

f(x) = f F(uj) = f f(x)e-^‘^^dx 

’ V^7_oo ^/2^7_oo 

and 

u{x,y) = [ U{uj,y)F‘^^duj. 

V ZtT J —qo 


We find that 


0 — Uxx '^yy — j-T — / 

J-c 


-uj'^U{uj,y) + 


d^U{co,y) 

dy"^ 


'^düj. 


Thus, U must satisfy the ordinary differential équation 

(Pu 


dy'^ 


= uj^U 


and the initial condition U{lü, 0) = F{ll!) for each uj. 
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The general solution of tire ordinary differential équation is + 

C 2 e““^. If we impose the initial condition and the boundedness condition, 
the solution becomes 


U{uj,y) = 




F{u})e-^y, w > 0 
F{uj)e^y, w < 0 
Thus, the desired Fourier représentation of the solution is 

1 


u{x,y) = 


>/2^ J-c 


F{iü)e-'‘^'yF‘^^diü. 


To obtain an explicit représentation, we insert the formula for E(w) and 
formally interchange the order of intégration, to obtain 

J —oo \j — oo J 


1 

27r 


Now the inner intégral is 


/ OO 

-OO 


^OO 


= 2Re / e 

— OO J 0 

= 2Re- 




1 


2y 


y-i{x-i) y^F{x-iY' 

Therefore, the solution u{x,y) can be explicitly written as 


1 r 

u{x,y) = - 

TT J-, 


y 




/-oo Î/2+ (x-Ç)^‘ 

This représentation is known as Poisson’s intégral formula. 
In particular, for 

u(a;,0) = f{x) = 

(44.2) becomes 


(44.2) 


1, a < X < b 
0, otherwise 


1 

u{x,y) = - 

^ J a 


- —r—= - 

y^ + {x- ^)2 TT , 


d^/y 


, 1 ■ 

^5—+ i 


Using the substitution v = {£, — x)/y, we hâve df = ydv, so that 


u{x,y) = 


I rib-x)/y 


J{a—x)/y 1 H“ 


rdv 


= — ( tan 

TT 


-1 


b — X 


— tan 


-1 


a — X 


= —{Ob - Oa), 

TT 
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where 0a and 0b are as in Figure 44.1. 

{x,y) 



Example 44.2. We shall employ the Fourier sine transform to find 
the solution of the following problem involving the Laplace équation in a 
semi-infinite strip: 

Uxx + Uyy = 0, 0 < X < oo, 0 < y < b 

u(x, 0) = fix), 0 < X < oo , ^ 

M(0,y) = 0, 0<y<b 

u{x, b) = 0, 0 < X < oo, 


where the function / is piecewise smooth and absolutely intégrable in 
[0,oo). We shall also need the boundary conditions Umx^oou(x,y) = 0 
and lima;^oo Ux(x, y) = 0. 

For this, we let 


and 


/ 2 j 2 poo 

— / Fs{uj) smtüxduj, Fs{uj) = \ — / f{x)smu!xdx 

^ 7 o V tt Jq 

fï f°° 

u(x,y) = \ — / Us(u!,y) sinujxdiü. 

V tt Jo 


This, as in Example 44.1, leads to the same ordinary DE U” = oj'^Us, and 
hence 

Us{iü, y) = Ci{üj) coshcjy + € 2 ( 10 ) sinh wy. 

Now the boundary condition Us{uj,b) =0 yields 

sinh Lob 


Ci{u!) = -C2(w) 


coshwè 


Thus, we hâve 


TT / \ / .sinhtt’& / N • , / ^ smhwlî/— &) 

Usito, y) = —C 2 {lü) - 5 —- coshcjy + C 2 iu!) sinh wy = C 2 (w)- 

cosh wo 


cosh wè 
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Now since Us{lü, 0) = F's(w), we find 


coshwfe 

C 2 {lü) = -Fs{uj) — 


and therefore 


Us{uj,y) = Fs{uj) 


sinh ujb 

sinha;(6 — y) 
sinh Lüb 


This gives the solution 
u{x,y) = 


’ sinh Lü(b — y) . , 

rs{uj) -T-;-;- Smiüxdiü 


2 

TT 


pOO /*CXD 


'0 JO 


sinh Lüb 

. . , sinhwife — y) . 

fitjsmcüt -——;- sin ujxdtdiü. 

■' ^ ’ sinh Lüb 


Next we shall introduce finite Fourier sine and cosine transforms. 

Définition 44.1. The finite Fourier sine transform of /(x), 0 < x < L 
is defined as 


Fs{n) = [ f{x)sin^^^dx, 
Jo ^ 


(44.4) 


where n > 1 is an integer. The function f{x) is then called the inverse 
finite Fourier sine transform of F^ (n) and is given by 


fix) = 


sin ■ 


' L 

n— 1 


(44.5) 


Définition 44.2. The finite Fourier cosine transform oî f{x), 0 < x < 
L is defined as 


Fc{n) = [ fix) cos 

Jo ^ 


(44.6) 


where n > 0 is an integer. The function f{x) is then called the inverse 
finite Fourier cosine transform of Fc(n) and is given by 


1 9 

f{x) = jFfitS) + jYl ^ 


(44.7) 


n—1 


Finite Fourier transforms are useful in solving partial differential équa¬ 
tions. For this, we note that 


du{x,t) . niTX 


■sin- dx=u{x,t) sin - 

ox L L 


^ rnr 

0 “ T 


pL 

/ , , riTTX 

/ u{x,t) cos dx 
Jo F 


and hence 


f du\ 
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and, similarly, 
Fr 


du 

dx 


= —Fs{n) — [«(0, t) — u{L, t) cosriTr], 

1j 


F. 


^ d^u'^ nn P (du 


\dx'^ 


dx 


(44.9) 


(44.10) 


-j^Fs{n) + — [u(0,t) -u{L,t) cosutt], 


/ d^u\ 1 

\9a;^ ) 


-Fc{n) - [Mx(0,t) - Ux{L,t) cos m:]. (44.11) 


L2 

Example 44.3. We will use Suite Fourier sine transform to Sud the 
solution of the problem 


du d^ 


U 


0<a;<4, t>0 


dt dx'^ 
u{x, 0) = 2x, 0 < X < 4 

u{0, t) = it(4, t) = 0, t > 0. 


(44.12) 


Taking the Suite Fourier sine transform with F = 4 of both sides of the 
partial diSerential équation gives 


du . mrx , 

■ sin ——dx = / 


d'^u . mrx 


Jo dt 4 

Writing U for Fs{n) and using (44.10) with u(0,t) = 0, m( 4, t) = 0 leads to 

dU{n,t) n^TT^ 

It ^ Ï6~^’ 

which can be solved to obtain 

17(n,t) 

Now taking the Suite Fourier sine transform of the condition u{x, 0) = 
2x, we hâve 


U{n,0) = J 2a;sin 


2x - 


cos mrx/A 
mr/A 

Since c = U{n, 0) it follows that 


-2 - 


sin mrx/A 
n^Tr'^/W 


32 

=-cos mr. 

mr 


U{n,t) = - —cosnTre-”"’^"*/^®. 
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Thus, from (44.5) we get 


u{x, t) 


TT 


E 


cosn7r ^_„2^2^^j^g si 
n 


riTTX 


Problems 

44.1. Use the Fourier transform to find the solution of the boundary 
value problem 


y” + ay' + by = f{x) 

y{x) —> 0, y'{x) —*■ 0 as |a;| ^ oo, 

where the function / is piecewise smooth and absolutely intégrable in 
(—oo, oo). In particular, find the solution when a = 0, b = —1, f(x) = 

44.2. Use the Fourier sine transform to find the solution of the bound¬ 
ary value problem 

y" — k'^y = f{x), 0<a;<oo, k > 0 

2 /( 0 ) = 1, y{x) 0, y'{x) ^0 as x ^ oo, 

where the function / is piecewise smooth and absolutely intégrable in [0, oo). 

44.3. Use the Fourier cosine transform to find the solution of the 
boundary value problem 

y" — k'^y = /(x), 0<x<oo, fc>0 

y'{0) = 1, y{x) —> 0, y'{x) —> 0 as x ^ oo, 

where the function / is piecewise smooth and absolutely intégrable in [0, oo). 

44.4. Use the Fourier transform to find solutions of the following 
ordinary DEs satisfying y{x) —> 0, y'{x) ^ 0 as |x| ^ oo : 

(i) xy” + y' + xy = 0 (Bessel DE of order zéro) 

(ii) xy" +y' — xy = 0 (modified Bessel DE of order zéro) 

(iii) y” + y' + xy={). 


44.5. Show that the solution (43.3) can be written as 


1 2 

u(x,t) = —= / e~'^ f{x+ 2^/^ w)dw. 

V ^ J — OO 
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44 . 6 . Show that the solution (43.6) can be written as 

2 noo roc _ 2 2 

u{x,t) = — / ^ sin w/xsinwxdo^d/i. 

^ JO JO 

44 . 7 . Show that the solution (43.8) can be written as 

2 roc roc _ 2 2. 

u{x,t) = — / f{fi)e “ coscü^cosujxdiüd^. 

JO JO 

44 . 8 . Find the solution of (43.1) when the initial température distri¬ 
bution in the rod is given by 

f{x) = e~^ , — oo < X < oo. 

44 . 9 . Find the solution of (43.5) when the initial température distri¬ 
bution in the rod is given by 

/(x) x > 0. 

44 . 10 . Use the Fourier cosine transform to solve the following problem: 

Ut = Uocx, X > 0, t > 0 

u{x, 0) = 0, X > 0 

u{x,t) ^ 0 as X —>■ oo, t>0 

Ux(0,t) = f(t), t>0 

where the function / is piecewise smooth and absolutely intégrable in [0, oo). 

44 . 11 . Use the Fourier transform to solve the following problem for a 
beat équation with transport term 

Ut = c^Uxx + kux, — oo < X < oo, t>0, c>0, k > 0 

u(x,0) = /(x), — oo < X < oo 

u{x,t) and Ux{x,t) finite as |x| ^ oo, t > 0 

where the function / is piecewise smooth and absolutely intégrable in 
(—oo, oo). 

44 . 12 . Use the Fourier transform to solve the following nonhomoge- 
neous problem 

Ut = C^Uxx + <l{x, t), — OO < X < OO, t > 0 

u{x, 0) = /(x), — oo < X < oo 

u{x,t) 0, Ux{x,t) —> 0 as |x| ^ oo, t>0 
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where the function / is piecewise smooth and absolutely intégrable in 
(— 00 , 00 ). 

44 . 13 . Find the solution of the problem (43.9) when 

(i) /i(a;) = 3sin2a;, / 2 (x) = 0 

(ii) /i(x) = e-l“l, f2{x)=0 

(iii) fi{x) = 0, f 2 {x) = 4cos5a: 

(iv) /i(x) = 0, / 2 (a:) = 

44 . 14 . Use the Fourier sine transform to solve the following problem: 

Utt — ^xxi a: ^ 0, t ^ 0 
u(a:, 0) = 0, X > 0 
Ut{x, 0) = 0, X > 0 
u{0:t) = f{t), t>0 

u{x,t) and Ux{x,t) ^ 0 as x ^ 00 , t > 0, 
where the function / is piecewise smooth and absolutely intégrable in [0, 00 ). 

44 . 15 . Find the solution of the wave équation 

Utt = c^Uxx — ku, — 00 < X < 00 , t>0, c>0, k > 0 

satisfying the same conditions as in (43.9). 

44 . 16 . Show that the solution of the following Neumann problem: 

Uxx + Uyy = 0, — OO < X < OO, J/ > 0 

Uy(x,0) = /(x), — OO < X < OO 

u{x,y) and Uy{x,y) —*■ 0 as (x^ + y^) —> oo, 

where the function / is piecewise smooth and absolutely intégrable in 
(—OO, oo), can be written as 

1 

u{x, y) = c+ — J /(Ç) ln[y^ + (x - 

where c is an arbitrary constant. 

44 . 17 . Find the solution of the following problem: 

Uxx + Uyy = 0, 0 < X < oo, 0 < y < h 

u{x,0) = /(x), 0 < X < oo 

^‘æ(0, î/) = 0, 0 < y < 6 

Uy{x, b) = 0, 0 < X < oo. 
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where the function / is piecewise smooth and absolutely intégrable in [0, oo). 

44 . 18 . Find the bounded solution of the following problem: 


Uxx + Uyy = 0, 0<a;<c, 0 < y < oo 

Uy{x, 0) = 0, 0 < X < c 

tt(0, y) = 0, 0 < y < oo 

Ux{c,y) = f{y), 0<y<oo, 


where the function / is piecewise smooth and absolutely intégrable in [0, oo). 

44 . 19 . Use the finite Fourier cosine transform to find the solution of 
the following problem: 


Ut = c^Uxx, 0 < X < a, t > 0, c > 0 
u(x,0) = f{x), 0 < X < a 

Ux{0, t) = Ux{a, t) = 0, t > 0. 


44 . 20 . Use the finite Fourier sine transform to find the solution of the 
following problem: 


Utt = c^Uxx, 0 < X < a, t > 0, c> 0 
u(x,0) = f{x), 0 < X < a 

Ut(x,0) = 0, 0 < X < a 

u(0,t) = u{a,t) = 0, t > 0. 

Answers or Hints 


44 . 1 . y{x) = - f{t)g{x - t)dt, where g{x) = 


X exp [—i(ax + — 46 |x 


D] ■ vix) = ^ I 


—e "^(1 + x), X > 0 
xe“, X < 0. 





44 . 5 . Use the substitution g = x + w. 
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44.6. Use e e cos wxdw. 

v/Tra JO 

44.7. Use the same identity as in Problem 44.2. 

44.8. u{x,t) = /(2+4c t) j _|_ 2(p-t. 

44.9. u(a;,t) =a:e-"'/4(“'+"'*)/(l + cVa")3/2. 

44.10. u(a.,t) = /o ^/(^)exp (- 4 ^) 

44.11.. (a:,t) = 

44.12.. (.,t) = 

+ Jo J -00 't) -77r7?7r^^c?/rdT. 


-y^4770^ 

44.13. (i) 3sin2xcos2ct (ii) /g 

2 r®® sin a;cÉ cos eux J, , 

Pv FSJo 


l+tJ2 


dw (iii) ^ cos 5x sin 5ct 


44.14 .u{x,t) = ^ Jg°° fg f{^) sinw(t — smojxd^düj. 
44.15.ui^,t) = h cos tVk+U^+F^H 


%/ 27 r 

44.16. Z = Uy satisfies the Dirichlet problem (44.1). 

44.17. Use the Fourier cosine transform 

u{x,y) = f/o°° /o~ f{t) cosujxdtduj. 


’^diü. 


44.18. Use the Fourier cosine transform 
u{x,y) = f/o°° /(Ocoswt^fi^^ 


cos üjydtdüj. 


44.1Q.u{x,t) = iF,(0) + lY.n=iFc{n)e-(^ ^ c /a )t 
Fc{n) = j; f{x) cos ^dx. 

44.20.u{x, t) = f 1 F, in) cos 

Fs{n) = f{x) sin ^dx. 


COS • 





















Lecture 45 

Laplace Transforms 


The method of Laplace transforms has the advantage of directly giving 
the solutions of differential équations with given initial and boundary con¬ 
ditions without the necessity of first finding the general solution and then 
evaluating from it the arbitrary constants. Moreover, the ready table of 
Laplace transforms reduces the problem of solving differential équations to 
mere algebraic manipulations. In this lecture we shall introduce some basic 
concepts of Laplace transform theory. 

We begin with the following définition of Laplace transform. 

Définition 45.1. The Laplace transformoîa, innction f{x), 0 < a; < oo 
is defined by the improper intégral 

PCX) 

C[f{x)] = F{s) = / e-^y{x)dx, (45.1) 

JO 

where it is assumed that the intégral converges for at least one value of s, 
say, s = sq. Clearly, then the intégral converges for ail s > sq. 

Thus, the Laplace transform is an operator which transforms the func- 
tion f{x) into its image F{s). The original function f{x) in (45.1) is called 
the inverse transform, or inverse of F{s) and will be denoted by 
i.e., we shall write 

f{x)=C-\F]. (45.2) 

Of course, s may be a complex number whose real part is sufficiently 
large to make (45.1) convergent, but in the early part of the theory, it is 
more definite to think of s as a real positive number. 

When evaluating the Laplace transform of some function f{x), we ac- 
tually use f{x) only for 0 < x < oo. Hence it should be irrelevant, from 
the mathematical point of view, if and how f{x) is defined for x < 0. How- 
ever, some properties of Laplace transform, particularly those which reflect 
a relationship with the Fourier intégral, can be better understood if /(x) is 
assigned the value zéro for — oo < x < 0. 

Définition 45.2. The Heaviside function iî(x), defined by 

H(x) = { î; ^ J " (45.3) 

R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 

Universitext, DOI 10.1007/978-0-387-79146-3_45, 

© Springer Science-|-Business Media, LLC 2009 
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is a discontinuous function that is important in certain applications. It is 
discontinuons at a; = 0. 


1<^ 


Figure 45.1 

Example 45.1. To find Laplace transform of H{x), we note that 


PCX) nC 

/ H{x)dx = / 

Jo Jo 


e-^^dx= lim / e-^^dx 


b —>00 


= lim 
b —>00 


= lim 

b—>cx 


1 e"'’® 

S s 


Thus, if 5 > 0 the above limit exists and, we obtain 


Example 45.2. 

Example 45.3. 


£[H]=C[1] = -^. 


(45.4) 


Jo Jo 


1 


^{a-s)x 


(45.5) 


s > a. 


C[x^+^] = / e-’^^x'^+^dx = - 

Jo s 


(n+ 1) 


f 


(n + 1) 


^dx= 


Thus, in view of (45.4), we hâve 

11 2 21 r?l 

(45.6) 

Example 45.4. Let a > 0 be a number. Then, 


/:[ï“] = r 

Jo 


e-^^x'^dx = 


1 r 

s^-Jo ^ ' 


(using x = tIs) 


r(a+ 1) 


„a+l 


(45.7) 
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Recall that r(n + 1) = n!, so that (45.6) follows from (45.7). 

Example 45.5. 


£[cos ax] 


and hence 
Similarly, we hâve 


’ cos axdx 


, sin ax 


0 


S 

—i 

a 

s 


a 

sin axdx 
,cos ax 


pOO 

/ (-s)e 

Jo 


„„sinaa; , 
- dx 


—a 


0 


a 


poo 

/ (-s)e 

Jo 


„„cosaa; , 
- dx 


-j£[cosax], s >0 


£[cos ax] 

S 

s > 0 . 

(45.8) 

+ a^ ’ 

£ [sin ax] 

a 

’ 

s > 0 . 

(45.9) 


Theorem 45.1 (Linearity Property). Let fj{x), 1 < j < 
n, 0 < X < (X) be functions whose Laplace transforms exist, and let Cj, 1 < 
J < n be real numbers. Then, 


£[ci/i(x) H-h Cnfn{x)] = Ci£[/i] H-h CnC[fn]. (45.10) 


Proof. 


Clearly, we hâve 

£[ci/i(x) H-h c„/„(x)] 

e“®''(ci/i(x) H-h Cnfnix))dx 



r 

Cl e 

Jo 


''fi{x)dx 


Cn e '*“/„(x)dx 
Jo 


— Cl£[/l] + • ■ • + CnC[fn]- 1 


Theorem 45.2 (Uniqueness Property). If f{x) and g{x) are 
continuons functions for 0 < x < oo and if £[/] = £[ 5 ], then /(x) = g(x), 
and conversely. 

In fact, if two functions defined on the positive real axis hâve the same 
transform, then these functions cannot differ over an interval of positive 
length, although they may differ at varions isolated points. However, this 
is not important in applications; we may say that the inverse of a given 
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function is essentially unique. Of course, if two continuons functions hâve 
the same transform, they must be identical. 


Theorem 45.3 (Inverse Linearity Property). Let fj{x), 1 < 
j < n, 0 < a: < oo be continuons functions, and let Fj(s), 1 < j < n he 
their Laplace transforms. Then 

F + • • • + C„i^„(s)] = Ci£ ^[Fx\ + ■ ■ ■ + CnC ^ [T^n] 

= Ci/i(x)H -l-c„/„(a:). 


where c^, 1 < j < n are real numbers. 

Theorem 45.3 follows immediately from Theorem 45.2. 
Example 45.6. Since cos^ a; = (1 + cos 2 a;)/ 2 , we hâve 


£[cos^ a;] 


■ cos 2 a; 


^^[1] + ^-C[cos2x] 


111 s 
2 ' s 2 ' 52 + 4 - 


Example 45.7. 

£ [4a; + 7 + 5 cos 3a;] 


4£[a;] + 7£[e^^] + 5£[cos3a;] 
4 , 7 , 5s 

^ s - 2 s2 + 9' 


Example 45.8. Let 


F{s) = 


1 


(s — a) {s — b) 


, a yf 6. 


We shall find £ ^ [F]. 
!—1 r ] 


= £-1 


1 

( 1 

1 " 

\1 



a — b 

^ S — a 

s — by 

) 



1 


n-1 

1 

n-\ 


1 

1 

a — l 



s — a 


5 

-b 

a — b 


(gaa; _ _ 


Example 45.9. Let 


F(s) = 


(s — a) {s — b) 


, a^b. 


We shall find £ ^ [F]. 
£-i[F] =£ 


1 

[ 1 

fa 6 \ 

1 


a-b 

^s — a s — b J 

a — b 


(ae“^ - bé‘^) . 
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If /(x) is a complex-valued function of the real variable x, i.e., /(x) = 
u(x) +iv{x), where u(x) and v{x) are continuous real functions, then from 
(45.10) it follows that 

£[/] = C[u + iv] = C[u] + iC[v\. 

Hence, 

£[Real part of /] = Real part of C[f] 

and 

£[Imaginary part of /] = Imaginary part of £[/]. 

Example 45.10. Since 

I • • 1 ^ S + iuj 

£ COS wx + Z sin wx = £ e =-= -5 -^ 

s — ILÜ +U}^ 
s . ÜJ 

it follows that 

£[cosixix] = — - - and £[sina;x] = — - 

Thus, (45.8) and (45.9) can be obtained from (45.5). 


Now we shall provide sufficient conditions which guarantee the existence 
of the intégral (45.1). For this, we need to introduce the following définition. 

Définition 45.3. A function /(x) is said to be of exponential order a 
if there exist positive constants X and M such that |/(x)| < Me“^ for ail 
X > A. 


Theorem 45.4 (Existence Theorem). If /(x) is piecewise 
continuons on [0, 00 ) and of exponential order a, then £[/] exists for s > a. 

Proof. Clearly, 

poo pX poo 

/ e~^^f{x)dx= / e~‘‘^f{x)dx+ / e“'*“/(x)dx, (45.11) 

Jo JO Jx 

where X is the same as in Définition 45.3. The first intégral in the right side 
of (45.11) exists because /(x) and hence e“'*“/(x) is piecewise continuous 
on [0, X] for any fixed s. Now since /(x) is of exponential order a, for x> X 
we hâve |/(x)| < Me“^ and hence 

|e-*^/(x)| = e-*^|/(x)| < ■ Me°‘^ = 

Therefore, it follows that for s > a, 



e-^^f{x)\dx < M 



5-(®-“)“dx 


M^-{s-a)X 


S — a 


< 00 , 
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i.e., the second intégral in the right side of (45.11) converges absolutely. 
But then f{x)dx exists for s > a. Finally, since both the intégrais 

in the right side of (45.11) exist for s > a, the Laplace transform £[/] exists 
for s > a. I 

The conditions in Theorem 45.4 are sufficient for most applications, and 
it is easy to find whether a given function satisfies an inequality of the form 
|/(a;)| < Me“^. For example, a bounded function is of exponential order 
0. This is clear from the fact that \f{x)\ < M = Me°^. Thus, cosbx and 
sin bx are of exponential order 0. The functions cos bx and sin bx are 
of exponential order a. The function x” is of exponential order a for any 
positive a, since by the Maclaurin sériés 


e 


a.x 


oo 


E 

n—0 


n! 


> 


a”a;" 

n! 


so that x" < (n!/a"')e““. However, the function e“ is not of exponential 

2 

order, because, no matter how large we choose M and a, > Me“^ for 
ail sufficiently large x. 

It should be noted that the conditions of Theorem 45.4 are only sufficient 
rather than necessary. For example, the function l/V® is infinité at a; = 0, 
but its transform exists. Indeed, we hâve 



e-^^x-^l'^dx = 




e ^l'^dx = —pF 
VS 




We also remark that if /(x) is of exponential order, then j'{x) need 
not be of exponential order, e.g., f{x) = sine^ is of exponential order 0, 
however, f'{x) = 2xe^ cose“ is not of exponential order. But, if f{x) is 
of exponential order a, then f(T)dT is of exponential order a. For this 
it suffices to note that 


f{T)dT 


< 


r r M 

/ |/(T)|dr < / Me“^dr = — (e“^ - 1) < 

JO JO o: 


M 


Example 45.11. For the piecewise continuons function 


f{x) = 


X, 

1 , 


0 < X < 2 
X > 2 
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we hâve 

m = 


Example 45.12. 


we hâve 

^[/] = 



e-'^^xdx + 



e-^^dx 



For the piecewise continuous function 

{ -2, 0 < X < 1 

1, 1 < X < 3 

X > 3 



e-®“dx+ [ e-"“dx + 


2 3e-* e-3* 

- H-1-, 

S 5 5 5 — 2 


e(2-*)“dx 


s >2. 











Lecture 46 

Laplace Transforms (Cont’d.) 


Using the définition of Laplace transforms to get an explicit expression 
for C[f] requires the évaluation of the improper intégral, which is often 
difficult. In the previous lecture we hâve already seen how the linearity 
property of the transform can be employed to simplify at least some com¬ 
putation. In this lecture we shall develop several other properties that can 
be used to facilitate the computation of Laplace transforms. 

Theorem 46.1 (Transform of the Dérivative). Let /(x) 
be continuons on [0,oo) and f'{x) be piecewise continuons on [0,oo), with 
both of exponential order a. Then, 

C[r] = s£[f]-f{0), s>a. (46.1) 

Proof. Clearly, /' satisfies the conditions of Theorem 45.4, and hence 
£[/'] exists. If f'{x) is continuons for ail x > 0, then we hâve 

pOO OO «oo 

c[f] = / (x)dx = e-^-f{x) + s / e-^-f{x)dx. 

Jo 0 -^0 

Since |/(x)| < Me““, the integrated portion on the right is zéro at the 
upper limit when s > a and the lower limit gives —/(O). Hence, it follows 
that 

c[f] = -m + sc[f]. 

If f'{x) is only piecewise continuons, the proof remains the same, except 
that now the range of intégration in the original intégral must be broken 
up into parts such that /'(x) is continuons in each such case. ■ 

Theorem 46.2. Let /^*^(x), 0 < i < n — 1 be continuons on [0,oo) 
and /^"^(x) be piecewise continuons on [0,oo), with ail /(*)(x), 0 < i < n 
of exponential order a. Then 

£[/(")] = s"/:[/] - - s("-2)/'(0)-(46.2) 

Proof. From (46.1) it follows that 

£[/"] = sLif] - /'(O) = s[s£[f] - /(O)] - /'(O) = s^£[f] - s/(0) - /'(O). 
The proof now can be completed by induction. I 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_46, 

(c) Springer Science-|-Business Media, LLC 2009 
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Example 46.1. Let f{x) = sin^æ so that f'ix) 
sin2a;, /(O) = 0. Thus, from (46.1) and (45.9), we hâve 

2 

s£[sin^ a;] — 0 = £[sin2a;] = —--, 


and hence 


£[sin^ x] 


2 

s(s2 + 4) ’ 


2 sinxcosx = 


(46.3) 


Example 46.2. Let f{x) = ccsinwa; so that f'{x) = sincjcc + wæcoswa:, 
/"(x) = 2wcoswx — w^xsinwx = 2u;coswx — uj^f{x), /(O) = /'(O) = 0. 
Thus, from (46.2) for n = 2, and (45.8), we hâve 


s^C[x sin lüx] 


and hence 


£[2wcosa;x — w^xsinwx] 
2 w£[coswx] — a;^£[xsina;x] 


2lüs 


— uP'L\x sin ijjx] 


£ [x sin wx] 


2ujs 

(s2 +a;2)2- 


(46.4) 


Theorem 46.3 (Transform of the Intégral). If /(x) is 
piecewise continuons on [0, oo) and of exponential order a, then 


/(r)dT 


= -£[/], s>max{0,a}. 

s 


(46.5) 


Proof. Clearly, if /(x) is of négative exponential order, it is also of 
positive exponential order, and hence we can assume that a > 0. Now 
the intégral g{x) = f{T)dT is continuons and as we hâve seen in the 
previous lecture it is of exponential order a. Also, g'(x) = /(x) except for 
points at which /(x) is discontinuons. Hence, g'{x) is piecewise continuons 
and 5 ( 0 ) = 0. Thus, from (46.1) we hâve 


^[/] = ^[ 9 '] = sC[g] - 0 = s£ 



s > a 


which is the same as (46.5). ■ 


From (46.5) and the définition of inverse transform it is clear that 


£-1 



(46.6) 


Example 46.3. 



r 1 / 


\ 1 

r 1 


£ 

— (1 — COSCJx) 

= £ 


/ sin ujtcLt 



a;2 


w 

lo 



1 

1 

Cü 

1 


ÜJ 

S 

s2 + 

s(s2 +u;2) 
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Example 46.4. 
L 


1 / sina;a;\ 


r 1 r 1 

2 F 

= £ 

— / (1 —coscjT)dT 

ILÜ^ \ UJ ) \ 


h J 


S2(s2 


Theorem 46.4 (s-shifting). If /(x) has the transform F{s) where 
s > a, then e““/(a;) has the transform F{s — a), i.e., 

C[e‘^y{x)] = F{s-a). (46.7) 

Proof. Since F{s) = e“®^/(a;)dx, we hâve 

poo noo 

F{s-a)= [e“/(a;)] dx = £ [e“"^/(a;)]. ■ 

^0 Jo 

From (46.7) it follows that 

C-^[F{s - a)] = e“V(*) = e‘^^C-^[F{s)]. 

Example 46.5. 

n\ 


(46.8) 


C [e““a;’"] 
C [e°‘^ cos Lüx] 
/:[e“ sinwx] 


i! 

(s-a)"+i’ 
s — a 

(s — a)2 + uj^ ’ 

ÜJ 

(s — aY + 


Example 46.6. 

£- 


1 

5 “h 2 

n-\ 

■ (s + 3)-l ■ 

-3x .— 1 

S — 1 


«2 + 6s + 25_ 


(s + 3)2 + 16 

0 

s2 + 16 


= e 


— 3x 


+ 16 
1 


-4^'^ 


s2 + 16 


= e (cos 4a; — i sin 4a;) . 


Theorem 46.5 (x-shifting) . If f{x) has the transform F{s), then 
the function 


fa{x) 


0 if a; < a 
f{x — a) iî X > a (a > 0) 


(46.9) 


has the transform e “®F(s). 
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Proof. Since 


f{x — a)H{x — a) = 


0 if a: < a 
f{x — a) a X > a 


(recall the définition of the Heaviside function H{x)) Theorem 46.5 can be 
reformulated as follows: If C[f] = F{s), then 


C[f{x — a)H{x — a)]=e 


(46.10) 


Now we hâve 


pOO pOO 

g-as^(g) ^ g-as / g-sr ^ 

Jo Jo 

poo 

= / f(x — a)dx (t + a = x) 

J a 

poo 

= / f{x — a)H{x — a)dx = C[f{x — a)H{x — a)]. 

Jo 


From (46.10) it is clear that 

[e““®F(s)] = f{x — a)H{x — a). 

Example 46.7. The function 

{ 1, 0 < æ < TT 

0, n < X < 2^ 

sina:, a; > 27r 

can be written as 

/(x) = H(x) — H{x — tt) + H{x — 27r) sinx. 
Thus, it follows that 

1 p-27rs 

m = -+ ^-T- 

s s + 1 

Example 46.8. For the transformed function 

,-2s 


(46.11) 


ns) = 4 - ' 


2se 


s + 1 

an application of (46.11) gives 
/(x) = C-^[F{s)] 

= X — (x — 2)H{x — 2) — 2F[{x — 2) + 2cos(x — 7r)iî(x — tt) 
= X — xH{x — 2) — 2cosxH{x — n) 

X, 0 < X < 2 
0, 2 < X < TT 

— 2cOSX, X > TT. 
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Remark 46.1. Formula (46.10) applies to translations to the right. 
For translations to the left, we hâve 


poo poo 

C[f{x-\-a)] = / f{xa)dx = / f{T)d7 

Jq J a 


= e 


^C[f]- r e<--^^f{T)dT. 


(46.12) 


The finite intégral cannot be neglected unless f{x) = 0 for a; < a, as it 
accounts for the part of the function which has been “lost” by translation 
to négative x values where the Laplace transform does not operate. 


Remark 46.2. Let f{x) be a function and F{s) its Laplace transform. 
Then, for a > 0, we hâve 


pOO i pOO i / O \ 

'C[/(aa;)] = J e~‘'^f{ax)dx = - J = -F (^-j . 

(46.13) 

Theorem 46.6 (Dérivatives of Transforms). If /(x) is 
piecewise continuons on [0,oo) and of exponential order a, then 

/:[x"/(x)] = (-1 )"F(’")(s), s>a, n=l,2,---. (46.14) 


Proof. Since F{s) = /q°° e ®®/(x)(ix, a formai différentiation with re¬ 
spect to s (under the intégral sign) gives 

pOO pOO 

P'{s)= {-x)e~‘^^f{x)dx = - e~‘'''[xf{x)]dx =-C[xf{x)], 

Jo Jo 

and hence 

C[xf{x)] = -F\s), (46.15) 

which is the same as (46.14) for n = 1. It is now easy to see that repeated 
différentiations of (46.15) formally lead to (46.14). ■ 

From (46.14) it follows that 






i-irx’^fix). 


(46.16) 


Example 46.9. From (46.15) it is clear that 


C [x cos Ojx] 

d , 

^ ® ^ 

s^-co^ 

ds ' 

\s'^ +uj‘^ ) 

' (s2+^2)2 

C[x sinwx] 

d 1 

^ Cü 

1 2ujs 

ds ' 

^S^ +uj'^ ) 

1 " (s2+^2)2 
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Theorem 46.7 (Intégration of Transforms) . If /(x) is 
piecewise continuous on [0,oo) and of exponential order a, and if f(x)/x 
has a finite limit as x —*■ 0“*", then 


£ 


î{x) 


F{T)dT. 


(46.17) 


Proof. Clearly, 
£ 


= [ ^—f{x)dx = [ ( [ e-^^dr] f{x)dx 

X \ Jo X Jo J 

/ QO / pOO \ pOO 

(j e“’'“/(x)dxj dx = J F{T)dT] 

here changing the order of intégration is justified by the absolute conver¬ 
gence of the intégral. I 


From (46.17), we hâve 

£~i 


F{T)di 


fix) 


(46.18) 


Example 46.10. From (46.17), we find 
2(1 — cos wx) 


£ 


pOO 

1 0 

'1 

T 

/ ^ 

'f s 

T 

+ uj'^ _ 


2 

OO 



= -In 

S 

+ uF 


dr = [2 In r — ln(r^ -|- 
-I- 


= In- 


S'^+Lü'^ 

Remark 46.3. Formula (46.17) can be generalized, to obtain 

pOO pOO pOO 

£ [x“"/(x)] = / / ••• / F{Ti)dTidT 2 ■ ■ ■ dxn- (46.19) 

J S J Tr,. *7 To 


Remark 46.4. From the relations (46.5) and (46.17), we get 


£ 


f{x) 


dr 


L ./0 


= -C 
s 


fix) 


F{T)dT. 


(46.20) 


Theorem 46.8 (Transform of Periodic Fonctions). If 

/(x) is piecewise continuous on [0,oo) and periodic of period T, then £[/] 
exists for s > 0 and is given by 


m = 


1 — e 


-sT 


e ^^f{x)dx. 


(46.21) 
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Proof. Since 

poo pT poo 

^[/] = / = / e~‘^^f{x)dx+ / e~^^f{x)dx 

Jo Jo Jt 

if we change the variable in the second intégral to t = x — T, we obtain 

pOO pOO 

/ e-"“/(x)dx = / e-"(^+^)/(T + T)dT 

JT Jo 

p(X) 

= / e-^^f{T)dT = e-*^/:[/] 

and hence ^ 

^[/] = / e"®"^/(a;)dx + e"®'^/:[/], 

Jo 

which can be solved for £[/] to yield (46.21). ■ 

Example 46.11. We shall find Laplace transform of the half-wave 
rectifier periodic function of period 2tt/T defined by 

sinTa; if 0 < a; < 'k/T 
0 if tt/T < X < 2TrjT. 


fix) = 

From (46.21), we hâve 

= 1 - e-2-/r I 


r/T 


' sin T xdx 


(—ssin Tx — T cosTx) 
T 


TT/T' 


1 — e“2irs/T 1 g2 _|_ 2^2 

1 T + 1) 

1 _ e-2,.VT s2 +r2 “ (1 -e-W'r)( 52 _^y 2 ^- 


Theorem 46.9 (Convolution Theorem). Let f{x) and g{x) 
satisfy the conditions of Theorem 45.4. Then, the product of their trans¬ 
forms F{s) = £[/] and G{s) = C[g\ is the transform K{s) = C[k] of the 
convolution k{x) of f{x) and g(x), written as f * g and defined by 

Kx) = {f * 9){x) = [ f{T)g{x -T)dT. (46.22) 

^0 


Proof. Since for s > a, 

e“®'^G(s) = C[g{x — t)H{x — t)] 

pOO pOO 

= J e~’^^ g{x — t)H{x — T)dx = J e~‘^^ g{x — T)dx, 
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we find 


poo poo r poo 

F{s)G{s) = / e~‘''"f{T)G{s)dT= / /(r) / - T)da: 

Jo JO Ut 


dr. 


Here we integrate with respect to x 
from r to oo and then over r from 0 
to oo; this corresponds to the shaded 
région extending to infinity in the xt- 
plane. Our assumptions on / and g al- 
low us to change the order of intégra¬ 
tion. We then integrate first with re¬ 
spect to r from 0 to a; and then over x 
from 0 to oo; thus 



Figure 46.1 


F{s)G{s) = e f{T)g{x - T)dT^ dx 

pOC 

= / e-‘^^k{x)dx = C[k]=K{s). ■ 

Jo 

Example 46.12. Let 

K( i = ^ g 1 

(s 2 + 1)2 s2 + l-g2 + l- 

From (46.22), we find 

1 

fc(a;) = £“^[A"(s)] = cosa;*sina; = / cosr sin(a; — r)(ir =-xsina;. 

Jo 2 

Remark 46.5. Using the définition of convolution f * g in (46.22) the 
following properties are immédiate 

f -k g = g k f (commutative law) 

{f k g) k h = f k {g k h) (associative law) 

f k {g + h) = f k g + f k h (distributive law) 

/*0 = 0 */ = 0 . 

However, / *1 / in general. For example, 1/s^ has the inverse x and 1/s 

has the inverse 1, and the convolution theorem confirms that 


Xkl = 


f 


T ■ Idr = —. 

2 
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Laplace Transform Table 

/(*) ’^(«) = m 


1. 

a;" 

2. 


3. 


4. 

e°-^ sinèa; 

5. 

e“^ cos bx 

6. 

sinh ax 

7. 

cosh ax 


ax bx 

8. 



a — b 

ae^-^ - be'’^ 

9. 

a — b 

10. 

X sin ax 

11. 

X cos ax 

12. 

X sinh ax 

13. 

X cosh ax 

14. 

1 —x/a 

—e ' 


a 

15. 

1 - 

16. 

1 —x/a 

—^xe ' 
a^ 

17. 

e-“"(l -oæ) 

18. 

^(1 — COS ax) 
a^ 

19. 

— (aæ — sin ax) 

20. 

—T (sin ax — ax cos 
2a'^ 

21. 

1 —ax 1 axlli 

-e --e / (cos 

22. 

i(sinhox-smoæ) 

23. 

e-ax 

^/-KX 


V3 


5 —\/3sm 


r(n+l) 

gn+l ’ 

n! 


n > —1 


(s — a)"+i 
Fïï 


(s — a)2 + }p 
s — a 

(s — a)^ + 6^ 
a 


1 


(s — a)(s — fe) ’ 
s 

(s — a) (s — b)’ 
2as 

(s2 +a2)2 


(«2 + a 2)2 
2as 

2 I 2 

S “t" (2 
(«2 - a 2)2 
1 


1 + OS 
1 

s(l + as) 

1 

(1 + as)2 
s 

(s + a)2 
1 

s(s2 + a2) 

1 

s2(s2 +a2) 
1 

(s2 +02)2 
„2 


s3 + flS 
o" 

s^ — o^ 
1 


a ^ b 
a ^ b 


v^s + "o 
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Problems 


46 . 1 . Let f{x) and g{x) be piecewise continuous on [a, 6]. Show that 
f{x) + g(x) and f{x)g{x) also are piecewise continuous on [a, &]. 

46 . 2 . Let /(x) and g{x) be of exponential order. Show that f{x)+g{x) 
and f{x)g{x) also are of exponential order. 

46 . 3 . Show that if f{x)dx converges absolutely for s = sq, it 

converges absolutely for each s > sq- 

46 . 4 . Let fnix) be a uniformly convergent sériés of functions, 

each of which has a Laplace transform defined for s > a, i.e., £[/n] exists 
for s > a. Show that /(x) = în{x) has a Laplace transform for s > a 

defined by C[f{x)] = C[fn{x)]. 

46 . 5 . Let /(x) be a piecewise continuous function on [0,oo) and 
periodic of period T. Show that /(x) is of exponential order a for any 
a > 0. 


46 . 6 . (i) Differentiate (45.7) with respect to a to show that 


r'(a + 1) — (In s)r(a + 1) 


oQ+l 


e-*^(lnx)x“dx. 


(ii) Show that £[lnx] = (r'(l) — lns)/s. The constant 7 = r'(l) = 
0.57721566 • • • is called Euler’s constant. 

46 . 7 . Assume that conditions of Theorem 45.4 are satisfied. Show 
that lims^oo f'(s) =0. 

46 . 8 . Use (46.1) to show that 

(i) lim3.^o+ f(x) = linis^oo sU(s) 

(ii) lima;^oo f(x) = lims^o sF(s). 

46 . 9 . Give an example of the function F(s) for which the inverse 
Laplace transform does not exist. 

46 . 10 . Assume that conditions of Theorem 46.1 are satisfied except 
that /(x) is discontinuons at xq > 0, but /(xq—) and /(xo+) exist. Show 
that 

m'] = sC[f] - /(O) - [/(xo+) - /(xQ-)]e"“^«L 

46 . 11 . Show that 
(i) £[sinhaa:] = „ ^ „ 
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(ii) £[coshaa;] = ^ 5 -^ 

(iii) £[sin2a;sin3a;] = 

(iv) £[sin^ 2x] = 


12 s 


(s2 + l)(s2 + 25) 
48 


(s^ + 4)(s^ + 36) 


(v) £ [e ^'^(2cos5a; — 3sin5x)] = 


2s- 9 


s^ + 6 s + 24 


(vi) £ 


sin T 


dr 


1 

= - cot s. 


46 . 12 . Let f{x) be the square-wave function defined by 

fix) = 


1 if 2 z < a; < 2 î + 1 
0 if 2 z + 1 < a; < 2 z + 2 , i = 0 ,l,- 


Show that 


m = 


1 


s(l + e“®) ' 

46 . 13 . Let f{x) be the square-wave function defined by 


fix) = 

Show that 


E if 2iT < X < {2i + 1)T 

-E if (2i + 1)T < a; < (2f + 2)T, i = 0,l,---. 


£[/] = ^tanh^. 


46 . 14 . Let f{x) be the sawtooth-wave function defined by 
f{x) = k{x — iT), iT < X < {i + 1)T, i = 0,1, ■ ■ ■. 

Show that 

h hTp~^'X 

= - - n -sT^ - 

s"' S (1 — e ) 

46 . 15 . Let f{x) be the triangular-wave periodic function of period T 
defined by 

2a; . T 











372 


Lecture 46 


46.16. For the Bessel fimction Jn(x) of order n show that 

(i) = + 

(ii) £[Jo(aa;)] = (s^ + a>0 

(iii) C[Ji{x)] = 1 — s(s^ + 1)“^/^ (Hint. use Jl^{x) = — Ji(x)) 

(iv) L[Jo{^/x)] = er’^l^js. 

46.17. The error function erf is defined by 

erf(a;) = [ e““ du. 

VTT Jo 


Show that 


£[erf (V^)] = 


1 


s^/s + 1 


46.18. Show that 
2 s 


(i) 

(ii) £-1 

(iii) £"i 

(iv) £-1 


(s-2)(s-3)(s-6) 
6 


= - 2e' 


3x I g6æ 


_(s2 + l)(s2+4)_ 


= 2 sin X — sin 2x 


s(s + 1) 
s + 1 


lu 


= iï(x- 1) -e-(“-i)i7(x- 1) 

2 sinh x 


s — 1 


(v) £ ^-tan ^ - 

^ ^ 12 2J 

46.19. Show that 


X 

sin 2x 

X 


£ 


sin xt 


t 


dt 


OO i i 

1 , TT 1 

dt = 


and hence deduce that 


Jo + 'S 

sin xt 


2 s 


-dt ^ . 

t 2 


46.20. Show that for a; > 0, 


(i) 

(ii) 


(iii) 


e-^*^dt= IJ- 

' cosxt 


2V X 


/O 


OO -2x _ „-3æ O 

^^- dx = In - 

X 2 
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(iv) 


xe cos xdx = 


25 


46.21. Use convolution theorem to show that 

1 1 
= — -a; cos 2^+2 ^ 


(i) 


1 


[(s2 + l)2j 

(ii) 

£-1 

s 

_(s2-a2)( 

(iii) 

£"^ 

1 

(s - l)Vs 

(iv) 

£~i 

-•n-s/2 

L (s2 

46.1 

Use 

définition 

46.2 

Use 

définition 


1 i 

f 

e-ax 2be^^ \ 

2 

\a — b 

a + h a 2 — 62 y 


2e 


py/x 


= —j= / e dr = erf {\/x) 


(s2 + 1)(s2 + 9) 


- sin 3x + - sin x 


H X- 


Answers or Hints 


46.3. Compare the integrands. 

46 . 4 . Since the sériés converges uniformly / X) = S / • 

46.5. Consider the function over [0,T]. 

46 . 6 . Verify directly. 

46 . 7 . From Theorem 45.4, we hâve F{s) < f{x)dx + 

46 . 8 . (i) In (46.1) let s ^ oo (ii) In (46.1) let s —> 0. 

46 . 9 . See Problem 46.7. Take F{s) = 1. 

46.10.Integrate over [0,a;Q— ) and (xo+,oo). 

46 . 12 . Use Theorem 46.8. 

46 . 13. Use Theorem 46.8. 

46 . 14 . Use Theorem 46.8. 


-o)X 

a. 


46.15.Use Theorem 46.8. 

46.17.Change the order of intégration. 
46.19.Integrate first with respect to x. 


to| 




















Lecture 47 

Laplace Transform Method 
for Ordinary DEs 


Laplace transforms supply an easy, efficient, and quick procedure to 
find the solutions of differential, différence, and intégral équations. Here 
we summarize this method to solve the second-order initial value problem 

y" + ay'+ hy = r{x), î/( 0) = j/o, 2/'(0) = î/i (47.1) 

where a and b are constants. Of course, this method can be extended to 
higher order initial value problems rather easily. In engineering applications 
the function r{x) is called the input (driving force) and y{x) is the output 
(response). 

The main steps are as follows: 

1. Take Laplace transform of each side of équation (47.1), i.e., 

C[y'' + ay' + by] = C[r]. 

2. Use the linearity property of Laplace transforms, Theorem 46.2 and 
the initial conditions in (47.1) to obtain a linear algebraic équation; i.e., if 
we dénoté Y = y(s) = C[y\ and R = R{s) = £[r], then 

{s^Y - sy{0) - y'{0)) + a{sY - y{0)) + bY = R, 

which is the same as 

(s^ + as + b)Y = (s + a)yo + yi+ R- 

3. Solve the algebraic équation for Y, i.e., 

y = ■ («-2) 

(s^ + as + o) 

4. Use the table of Laplace transforms to détermine the solution 
y{x) of the initial value problem (47.1). For this, often the partial fraction 
décomposition of the right-hand side of (47.2) is required. 

Example 47.1. For the initial value problem 

y"-2y' + y = e^ +x, 2/(0) = 1, //'(O) = 0 (47.3) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_47, 

© Springer Science-|-Business Media, LLC 2009 
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we hâve 

{s^Y -s)- 2{sY - 1) + F = \ 

s — 1 

and hence 

s - 2 1 1 

(,_1)2 + (,_1)3 + ,2(,_1)2 

11 1 12 12 

7^ - (73TP + (731)1 + - 731 + ^ ; 

_ 1 112 
s - 1 (s - 1)3 S2 s ■ 

Thus, the solution of the problem (47.3) is 

y{x) = C-^[Y] = -e" + + x + 2. 


Example 47.2. For the initial value problem 

y" + dy = sin 2x, y(0) = 1, y'(0) = 0 

we hâve 


(47.4) 


and hence 


{s^Y - s) + 4F = 


F = 


5 ^ + 4 
2 


(s^ + 4) (s^ + 4)2 

Thus, the solution of the problem (47.4) is 


y{x) = L ^[F] = cos2x +-(sin2x — 2xcos2x). (47.5) 


Remark 47.1. A simple observation shows that y = y{x) is a solution 
of (47.1) if and only \i (j) = (j){x) = y{x — c) is a solution of 

y" + ay'+ by = r{x - c), y{c) = yo, y'{c)=yi. (47.6) 

Example 47.3. In the initial value problem 

y" + y=2x, y(7r/4) = 7r/2, y^n/A) = 2 - V2, (47.7) 

since r(x) = 2x = 2(x — 7r/4) + n/2, in view of Remark 47.1, first we need 
to solve the problem 


y” + y = 2x + n/2, y{Ç))=n/2, y\Q) = 2-\/2. 


(47.8) 
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For (47.8), we hâve 


^V-^7rs-2+V2 


+ r = 


t/2 


and hence 
1 


Y = —TT- 


2 + i 


+ (2 - V2)^i- + 2 f-4 - + î f- - 

s2 1 s2_^lj 2 Vs + V 


TT 2 /- 1 

which gives the solution of (47.8) as y(x) = (7r/2) + 2a; —v^sinx. Now once 
again in view of Remark 47.1, the solution (/>(x) of (47.7) can be obtained 
from the relation (/)(x) = y(x — 7r/4), i.e., 

(/>(x) = ^ + 2 — -v/^sin ~ = 2x — sinx + cosx. 

Now we shall consider the initial value problem (47.1) where the function 
r(x) has discontinuities, is impulsive, or is periodic but not merely a sine or 
cosine function. The Laplace transform technique shows its real power for 
these kinds problems. 


Example 47.4. For the initial value problem 

y"-4y' + 3y = r(x), y(0) = 3, y'(0) = 1 


(47.9) 


where 


r 0 , 

X <2 

r(x) = </ X, 

2 < X < 4 

l 6 , 

X > 4 

= xH{x 

- 2) - xH/ 


= (x - 2)H{x - 2) + 2H{x - 2) - (x - 4)iï(x - 4) + 2H{x - 4) 
in view of (46.10), we hâve 

(s^Y - 3s - 1) - 4(sy - 3) + 3F = —— H- — H- 


and hence 


2s+ 1 


3s- 11 


s^ — 4s + 3 s^(s^—4s+3) 


^-2s 


2 s- 1 


— As 


1 


s2(s2 _ 4s _|_ 3) 

7 1 


s — 1 s — 3 
^2 1 11 11 
9 s ~ 3^ 


+ 


10 1 , 1 1 3 1 

Ts 3^ ~ 2s-l Ï8s-3 
5 1 


o-2s 


25-1 185-3 


O— 4s 


Y 
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Thus, from (46.11) it follows that 
y{x) = 4e“ - + 

+ 




^4(.-4)-ie(-) + Ae3(-) 


H{x - 4) 


= 


4eX _ g3;r^ 


4- 


2 e2 


2e2 2e4 


Vl8e6 

7 


-l e' 


„3x 


3^"^ 9’ 


- 11 + 2, X > 4. 


H{x - 2) 

0 < X < 2 

2 < X < 4 


18e6 18ei2 


Example 47.5. Consider the initial value problem 

y” + upy = Ar{x), y(0) = 2 /o, y'(0) = yi- 


(47.10) 


This problem models undamped oscillations of a spring-mass System, simple 
pendulum, or LC circuit depending on the interprétation of x, w, 4r(x), y^, 
and yi- We shall find the solution of (47.10) where r(x) is the square-wave 
function (see Problem 46.12). We hâve 


{s'^Y - yos - yi) + uj'^Y = 


A 


s(l -I- e“®) 


and hence 

Y = 


A 


ryo 


ryi 


s(s2 -I- CJ^) ^ 




n =0 


which in view of (45.8), (45.9), Example 46.3, and (46.11) gives 

A ^ 

t/(x) = yo coscux H-sina;x H- 5-7 (—1)^(1 — cosct;(a: — n))II(x — n). 

iü 

n =0 


In physics and engineering often one encounters forces of very large 
amplitude that act for a very short period of time, i.e., that are of an 
impulsive nature. This situation occurs, for example, when a tennis bail 
is hit, an airplane makes a hard landing, a System is given a blow by a 
hammer, a ship is hit by a high single wave, and so on. We shall now show 
that the Laplace transform technique works equally well for problem (47.1) 
when r(x) is of an impulsive type. For this, we recall that in mechanics, 
the impulse of a force /(x) over the interval a<x<a + p is defined by 
î{x)dx. 
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Now consider the function 


/ l/P) a < X < a + P 
\ 0, otherwise. 


(47.11) 


Clearly, the impulse of fp{x) is 1. The limit of fp{x) as p ^ 0 is denoted as 
S(x — a), and is called the Dirac delta function after Paul Dirac (1902-1984). 
Sometimes this function is also termed as unit impulse function. 

Définition 47.1. The Dirac delta function ô is characterized by the 
following two properties: 

(i). S(x — a) = 0, X ^ a, and 

/ OO 

f{x)S{x — a)dx = f{a) for any function f{x) that is continuons 

-OO 

on an interval containing x = a. 


Now we shall show that for a > 0, 


C[5{x - a)] = . (47.12) 

For this, we note that the function /p(x) defined in (47.11) can be written 
as 

fp{x) = -[H{x -a)- H{x - (a + p))]. 

P 

Thus, from our earlier considérations 


^[/p(a^)] = 


pS L 


g-as _ g-(a+p)s 


, 1 - e-P" 

ps 


and hence in view of the linearity of Laplace transforme, we hâve 


lim C[fp{x)\ = C 

p —»-0 


lini/p(x) 

p —»-0 


C[5{x — a)] = e 


Finally, we remark that S(x — a) is not a function in the ordinary sense as 
used in calculus, but a so-called generalized function. An ordinary function 
which is everywhere 0 except at a single point must hâve the intégral 0, but 
f!ZoS{x-a)dx= 1. 

Example 47.6. For the initial value problem 

y” + y = ô{x-Tr), y(0) = î/'(0) = 0 (47.13) 


we hâve 
and hence 


s^Y + sY = e 


s 2 + l’ 


Y = 
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which in view of (46.11) gives 
y{x) = sin(a:: — 'k)H{x — tt) = — sva.xH{x — tt) 


0, 0 < ce < TT 

— sina:, x > tt. 


Some initial value problems which involve differential équations with 
variable coefficients can be solved by the method of Laplace transforms. 
However, for such problems there is no general method. To apply Laplace 
transforms to spécifie problems first from (46.2) and (46.14) we note that 

C[xf{x)] = -^[sF(s) - /(O)] = -F{s) - sF\s) (47.14) 

C[xr{x)] = - s/(0) - /'(O)] = -2sF{s) - s^F\s) + /(O). 

(47.15) 

Hence, if a differential équation has coefficients such as (cqx + ci), we get a 
first-order differential équation for F (s), which can be solved. We illustrate 
the method in the following example. 

Example 47.7. For Laguerre’s DE (8.10) with a = 0, (47.14) and 
(47.15) leads to 

-2sY - s'^Y' + y(0) + sE - y(0) - {-Y - sY') + nY = 0. 

Thus, we hâve 

(s-s 2 )r' + (n+l-s)E = 0 , 
which on separating the variables gives 



and hence 


Y{s) 


js-ir . 

gn+1 ’ 


here the intégration constant C we hâve taken as 1 (often C is determined 
by using the fact that lims^oo ^(s) = 0, or some other properties of the 
initial value problems). 


We shall show that 


y{x)=£ '^[Y{s)] = Ln{x) 


cF 
ni dx'^ 


(x"e-"), 


n = 0,1,2, • • •. 


n\ 

(s+ l)"+i 


For this, recall that 


L [x'^e-^] 






380 


Lecture 47 


and hence 


Therefore, 


— x\ (^) 




I „n 


n\ s 


(s+l) 


n+1 ' 


1 n!(s-ir (s-1)' 

C[Lr,{x)] = - =- 


„n+l 


Example 47.8. For Bessel’s DE of order zéro, i.e., (2.15) with a = 0, 
with the initial condition y(0) = 1, we hâve 


and hence 

which on intégration gives 


-2sy - s^Y' + 1 + sE - 1 - F' = 0 

(s 2 + 1 )F' + sF = 0 , 


r(s) = 


c 


Vs 2 + 1 S \ s 


c 1 

1 H- n 


- 1/2 


Now expanding the function F(s) in binomial sériés for s > 1, we obtain 

3\ 1 


r(s) = - 

S 

C 

s 


1 _ ii_ _ i 

2 s2 2 V 2 y 2!s4 


i+E(-ir 


4-3-5---(2m-l) 


2m ^1 g2m 


= 


m—O 


(2™ m!)2s2'"+i ' 


Thus, from the inverse transform it follows that 


y{x) = C” E 


m—0 


( 2 ™to !)2 


However, since î/( 0) = 1 it follows that C = 1, and hence 

“ (— 1 )™ /rr\2m 




m—0 


which is the same as given in (9.8) as it should. 


Problems 

47.1. Use the Laplace transform technique to solve the following initial 
value problems: 
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(i) y'+ iy= 1, 2 /( 0 ) = 2 

(ii) y" - iy' + 2y = e"", //(O) = 3, 2/'(0) = 4 

(iii) y" + 2y' + 52/ = 5, 2/(0) = 0, 2/'(0) = 0 

(iv) 2 /" + 2 /= cos3æ, 2 /( 0 ) = 0, 2 /'( 0 ) = 0 

(v) 2/"-32/' + 22/ = i/(x-6), y(0) = y'(0) = 0 

(vi) y" — 5y' + 6y = y(0) = 0, y'(0) = 1 

(vii) y" -3y' -4y = H(x - 1) + H{x - 2), 2/(0) = 0, 2/'(0) = 1 
(viii) y” + 4y' + 3y = x, y{-l) = 0, y'{-l) = 2 

(ix) y" + 4y' + by = 5{x — tt) + S{x — 2 tt), y{0) = 0, y'{0) = 2 

(x) 2/" - 42/' + 32/ = 8ô{x - 1) + 12H{x - 2), 2/(0) = 1, 2/'(0) = 5 

(xi) 2 /'"+42/"+ 52/'+ 22/ = 10 cos x, //(O) = 0, 2/'(0) = 0, 2/"(0) = 3 

(xii) y'" + 3y" - 2 /' - 32/ = 0, 2/(0) = 1, //'(O) = 1, 2/"(0) = -1 

(xiii) y"" - 2y"' + 52/" - 8ÿ + 4// = 0, //(O) = 0, //'(O) = 0, 

2/"(0) = l, 2/'"(0) = 3 

(xiv) y"" - k^y = 0, 2 /( 0 ) = 2 /'( 0 ) = 2/"(0) = 0, 2/"'(0) = 1 

(xv) y"" - k^y = 0, 2/(0) = 1, 2/'(0) = 2/"(0) = 2/'"(0) = 0. 

47.2. Suppose y = y(x) is the solution of the initial value problem 

y” + ay’ + hy = Q, 2 /( 0 ) = 0, y'{0) = l. 

Show that the solution (j){x) of (47.1) with //o = 2 /i = 0 can be written as 

r 

(j){x) = {y-kr){x) = / y{x — T)r{T)dT. 

Jo 

47.3. Use intégration by parts to show that 

/ OO 

f{x)S'{x)dx = -/'(O). 

-OO 

In general prove that 

/ OO 

f{x)ô^'^\x)dx={-irf^’-H0). 

-OO 

47.4. Suppose z = z{x) is the solution of the initial value problem 
y" + ay' + by = ô{x), y(0) = y'(0) = 0. 

Show that the solution ^(x) of (47.1) with //o = 2 /i = 0 can be written as 

r 

(p(x) = (z * r) (x) = / z(x — T)r(T)dT. 

Jo 
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47.5. Use Laplace transform technique to solve the following initial 
value problems: 

(i) y" + 2xy' - 4?/ = 1, y{Q) = y'{Q) = 0 

(ii) y" + 4:xy' - 8î/ = 4, y{Q) = y'{Q) = 0 

(iii) y” + xy' -2y=l, y{0) = y'{0) = 0 

(iv) y” - 2xy' + 2?/ = 0, î/(0) = 0, y'{Q) = 1 

(v) y” -xy' + y = l, y{0) = 1, y'(0) = 2 

(vi) xy" + y' + Axy = 0, y{0) = 3, î/'(0) = 0 

(vii) xy" + 2{x — l)y'+ 2{x — l)y = 2e~^ cosx, î/( 0) = 0, y'(0) = —1 
(viii) xy" - (2 + x)y' + 3y = x - 1, y{0) = y'{0) = 0. 

47.6. Consider the mechanical 
System depicted in Figure 47.1. The 
System consiste of a mass M, a spring 
with spring constant K, and a viscous 
damper y,. The mass is subjected to an 
external force r{x). Let y{x) dénoté the 
déviation of the mass from its equilib- 
rium at time x. Then, Newton’s and 
Hooke’s laws lead to the differential équation 

My" + yy' + Ky = r(x), M > 0, /F > 0 and y > 0. 

Use the Laplace transform technique to obtain y{x) in each of the following 
cases: 

(i) r(x) = 0, y‘^—4:MK = 0, ÿ(0) = î/q, y'{^) = yi (critically damped) 

(ii) r{x) =0, y'^ — AMK > 0, y{0) = yo, y'{0) = yi (overdamped) 

(iii) r{x) =0, y'^ — AMK < 0, y{Q) = yo, y'{^) = 2/i (underdamped) 

(iv) r(x) = Fsinwx, /i = 0, y(0) = y'(0) = 0 

(simple harmonie motion with sinusoidal force) 

(v) r(x) = Usinwx, y = 0, TL/M = y(0) = y'(0) = 0 (résonance). 


K M y 

I—WA—O—ï} 

r{x)^ 
Figure 47.1 


Answers or Hints 

47.1. (i) |e-3“ + i (ii) + + (iii) 1-6"“ cos 2x-sin 2x 

(iv) icosx-icos3x (v) H{x - + \] {yi) e3^[x + l]- 

e2=^[l + x+4] (vii) i7(x-l)[-i + ^e4(^-i) + ie-(“-i)]+i7(x-2)[-i + 

Ae4U-2) + ie-(^-2)] + (viii) 2e-(^+^^ - Ug-sU+i) + | 

(ix) [2 — e^'^iï(x — tt) + e'^^i7(x — 27r)]e“^“ sinx (x) 2e^“ — — 

4 g(œ-i)]^(x _ + 4]i7(x — 2). (xi) 2sinx — cosx — 
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e-^^+2e-^-2xe-^ (xii) + (xin) + cos2x- 

ii sin 2x (xiv) ^ sin kx (xv) ^ cosh kx + ^ cos kx 

47.2. Use Convolution Theorem 46.9. 


47.3. Verify directly. 

47.3. Use Convolution Theorem 46.9. 


47.5. (i) x'^/2 (ii) 2x^ (iii) x'^/2 (iv) x (v) l+2x (vi) 3Jq{2x) (vii) |(C'— 
l)e“^ sinx — ^((7 + l)a;e“^ cosx, C is arbitrary (viii) x/2. 


47.6. (i) 

(ii) y{x) 

(iii) y{x) 

(iv) y{x) 

(v) y{x) 


c) = e-W2M). 

-(m/2M)x |-y^ 0X+ ^ (yi + ^yo) sinh Bx] , 9 

-ill/2M)x ^ gint^a; , (j) 


sinwx — wW y sin -J ^x 


- [i sin u)x — X cos wx] . 


2M ~ 

y/4:MK-fi^ 












Lecture 48 

Laplace Transform Method for 
Partial DEs 


In this lecture we shall apply the Laplace transform technique to find 
solutions of partial difîerential équations. For this, we note that for a given 
function u{x, t) defined for a < x < b, t > 0, we hâve 


du 

'dt 




e ^*u{x,t)dt 


= e~^*u{x,t) 

= —it(x, 0) + s£[u] = —«(x, 0) + sC/(a;, s), 

where C[u] = U{x,s). Similarly, we find 
'du 


dx 

C 


= 1 


J J 

0 dx dx Jq 

d'^u 



. 

= C 

dt \ dt J 


e-^^u{x,t)dt= 


= sL 


du 


dt 


dx 
du{x, 0) 


dt 


= s^U{x,s) — su{x,0) — 


du{x, 0) 

di ^ 


and 

d?U{x, s) 
dx'^ 

Example 48.1. We shall find the solution of 

Ux = 2ut + u, u{x,0) = 6e~^^ (48.1) 

which is bounded for ail a; > 0, t > 0. 

Taking Laplace transforms of the given partial differential équation with 
respect to t, we obtain 



or 


cm 

dx 


2{sU -u{x,0)} + U, 


U =U{x, s) = C[u{x,t)], 


dx 


(2s + l)17 = -12e-3“. 


(48.2) 


R.P. Agarwal, D. O’Regan, Ordinary and Partial Differential Equations, 
Universitext, DOI 10.1007/978-0-387-79146-3_48, 

© Springer Science-|-Business Media, LLC 2009 
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Thus, we find that Laplace transformation has transformed the partial dif- 
ferential équation into an ordinary differential équation. Clearly, the solu¬ 
tion of (48.2) can be written as 

s -I- 2 

where C(s) is an arbitrary constant. Now since u{x,t) must be bounded 
as a; —*■ oo, we must hâve U{x,s) also bounded as x oo and so we must 
choose C(s) = 0. Hence, 

= ( 48 . 3 ) 

From (48.3) it immediately follows that u{x,t) = 

Example 48.2. We shall solve the problem 


Ux + xut = 0, X > 0, t > 0 
m(x, 0) = 0, u{0,t)=t. 


(48.4) 


Taking Laplace transforme of the given partial differential équation with 
respect to t, we find 


cm 

dx 


+ x[sU{x, s) — u(x, 0)] = 0, 


or 


dx 


-I- xsU = 0. 


The general solution of this ordinary differential équation is 

C/(a:,s) = C(s)e-*"'/2_ 

Now since £[u(0,t)] = C[t] = 1/s^, we hâve f7(0,s) = 1/s^. Hence, 

U{x,s) = 

Thus, the solution of (48.4) can be written as 


(x,t)= t-- H t-- = 


0, t < x^ 12 
t — (x^/2), t > x^/2. 


Example 48.3. We shall find the solution of the following initial- 
boimdary value problem 

Ut — '^xxi 

u(a:,0) = 3sin27ra;, 0 < a; < 1 
u(0,t) = 0, u{l,t) = 0, t > 0. 


(48.5) 
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Taking Laplace transforms of the given partial difFerential équation with 
respect to t, we obtain 


sU-u{x,0) = 
or 

cPU 

— sU = —3sin27rx. 
dx^ 

The general solution of this ordinary differential équation is 

Uix^ s) = Ci(s)e^“ + C 2 (s)e“^“ H-—^ sin 27ra;. 

s + 47r^ 

Now taking Laplace transform of the boundary conditions, we hâve 
/:[u(0,t)] = C/(0,s) = 0 and £[«(!, t)] = f/(l, s) = 0. 
Thus, it follows that 


0 = Cl (s) + C 2 (s) 

0 = ci(s)e'^ + C2(s)e~^ 

and hence, Ci(s) = C 2 (s) = 0. Therefore, we hâve 

3 

Uix.s) = -^sin27ra;, 

^ ^ s + 47r2 

which gives the solution of (48.5), u{x,t) = 3e“^’^ *sin27ra;. 

For our next example we recall the définition of the complementary error 
function erfc(t) : 

2 2 

erfc(t) = 1 — erf(t) = 1- -j= / e““ du. 

V JQ 

Example 48.4. We shall find the bounded solution of the problem 

Ut - Uxxi X>0, 

(48.6) 

u(x,0)=0, u{0,t) = uq. 

Taking Laplace transforms of the given partial differential équation and 
of boundary condition u(fi,t) = uq, we find 

= ( 7 ( 0 .,) = ^. 

The general solution of the above ordinary differential équation is U{x, s) = 
ci(s)e^“ + C 2 (s)e“'/®“. Since u{x,t) is bounded as a; ^ oo, U{x,s) must 
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also be bounded as a; ^ oo. Thus, we must hâve ci(s) = 0, assuming 
s > 0, so that U{x,s) = C 2 (s)e“'/®“. This solution satisfies the condition 
U{0, s) = uq/s provided C 2 (s) = uq/s, and hence 


U{x, s) = uo 



(48.7) 


Now we shall show that the inverse transform of (48.7), i.e., the solution 
of (48.6) can be written as 


u{x,t)=uo—^ / e “dM = woerfc 

V Jx/2^/t 


(*) 


For this first we shall find £ ^ [e '^]. Let Y = e ^ so that 


r' = - 


2v^ 


Y" = 


g-v^ g-Vi 


4s 4s^/^ 


Thus, it follows that 


4sr" + 2y' - F = 0, ' = 


ds 


Now F" = C[t‘^y] so that 


sY" = j^C[t^y]=C[t^y' + 2ty]. 

Also F' = C[—ty] so that (48.9) can be written as 

4C[fy' + 2ty]-2C[ty]-C[y] = 0, 


(48.8) 


(48.9) 


or 

4fy' + {6t - l)y = 0, 
which can be solved to find the solution 






where C is an arbitrary constant, and hence ty = {Cl'/t)e Next we 
hâve 



Clearly, for large t, ty ~ c/^/t and £[ty] = C^pUj^fs. Further, for small 
s, (e“'^/2y^) ~ (1/2 y^). Hence, from Problem 46.8(ii) it follows that 
Cv^ = 1/2, or C = (1/2-y/^). Thus, we find 


£-1 



^ g-l/4t 
20Ft3/2 


(48.10) 
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Now using the convolution theorem, and letting u = 1/(4î;^) we obtain 


£- 


^ — \/s 






T.L 


e dv = erfc 


l/2Vt 




Finally, to find C ^[e “'^/s] we use the change of scale property, i.e., 


£-1 

Hence, we hâve 


= —erfc 




--1 


^ — Xyfs 


= erfc 


fe)- 


(48.11) 


Example 48.5. We shall find the bounded solution of the problem 

(48.12) 


Ut = <?Uxx, a;>0, t>0, c>0 

it(x, 0) = fc, a; > 0 
u{ 0 ,t) = f{t), f>0, 


which generalizes (48.6). 

Using Laplace transforms, we get the ordinary differential équation 

nd^U 

sU - u(x,0) = c --ir, 
dx‘‘ 

which can be solved to obtain 

U{x,s) = cie~P'" + 026 ^"^ +-, p=^/slc. 

s 

Now the fact |u(a;,t)| < 00 implies that C 2 = 0, and since 17(0, s) = F{s), 
we hâve 

. k 

F{s) = Cl + - . 

s 

Thus, it follows that 


U{x,s) = — (1 — e + F{s)e 


However, since 


erfc 


O-PX 


2 c\^ J \ s 
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we obtain 


C 


—erfc 1 

“'dl 

= C 

[dt 

\2c\/t J 





exp 




Thus, in view of convolution theorem, the solution of (48.12) can be written 
as 


= + (48.13) 

The above représentation of the solution is due to J.M.C. Duhamel (1797- 
1872). 

Example 48.6. We shall use Laplace transforme to find the bounded 
solution of the problem 


Ut = C^Uxx, X > 0, t > 0, c>0 

u{x, 0 ) = f{x), a: > 0 
u( 0 , t) = k, t > 0. 


(48.14) 


As in Example 48.5 it is clear that the corresponding ordinary differen- 
tial équation is 

which can be solved to obtain 

1 r 

U(x,s) = + Be - 5 - / sinhp(x — T)/(T)(iT, p=y^/c 

PC2 J g 


= 


A-- 


7('r)d7 


B 


2 pc 2 


‘2-pc^Jo 

Thus, the condition that U{x, s) is bounded as a; ^ 00 yields 

^ /‘OO 


:^V/(T)dT 


A = 


2pc2 


pOO 

/ e~P^f{T)dT 
JO 


and the condition at a; = 0 will then produce 


k 1 
B = -- ^ 


S 2pc^ 


0 


e P'"f{T)dT. 
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Hence, it follows that 


h p-px r°° 

U{x,s) = -e / e ^^fij)dT 

S zpc Jq 

^px poo 1 nx 

+ / e~P'^f{T)dT - - / smhp{x-T)f{T)d7 

Jo PC Jq 

[f 


^ -nx 1 

-e P J- 


2c\fs 


o-px-pr I „-pæ+pT 


] fiT)dT 


+ / [-e-P^-P^ + eP^-P^] /(r)d7 


k -nx 1 
-e P^ -> - 


2Cy/s 


pOO 

/ /('t) 

^0 


^-\x-t\p _ ^-(æ+r)p 


dr 


and therefore, 


u{x,t) = fcerfc ^ - T\,t) - g{x + T,t)]dT, 


where 


C[g{x,t)] = -j=e P^. 
V s 


We shall show that 

g{x,t) = C~^ 


y/îd 


exp 


x"^ \ 
4c^t / 


For this it suffices to establish the relation 


C 




^ — ay/s 


(48.15) 


Since, £ ^ [s”] = 0, n = 0,1,2, • • • we hâve 
£-1 

Vs 

= £"i 
= £-^ 


fS 

1 

1 _ 

= £-1 



(« 75)2 

(a 75)3 


[ J 


^ 1 ! ^ 

2 ! 

3 ! 

J\ 


1 0^51/2 a4s3/2 

/i^ 2! ^ 4! 


^ a 2 m ( 2 m-l )/2 

E 


_m =0 


(2m)! 


= E 


^2771 m— 1/2 


—^ (2m)! r(— m + 1/2) 

m =0 ^ ^ / 


t-l/2 «2^-372 i-1/2 a2t-3/2 

+ H-= —^ + 


r(i/2) 2r(-i/2) 


4 a/^ ^3/2 


Vîrt 


a/tt 2 (-2^/7?) 
„-aV4t 
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Example 48.7. We shall solve the following initial-boundary value 
problem 

utt = Uxx, 0<x<a, t>0 


uix, 0) = 6sin —x, 0 < x < a 
a 

TT 

Ut(x, 0) = —&sin —X, 0 <x<a 
a 

u(0,t) = 0, u(a,t) = 0, t > 0. 
Transforming the équation and the boundary conditions yields 

2tt , ■ ^ 1 ■ ^ 

= s U — os sin —X + O sin —x 
ax^ a a 

{7(0, s) = U {a, s) = 0, 
which Iras the solution 


(48.16) 


U (x, s) = 


a^b(s — 1) . tt 


a^S^ + TT^ 


■ sin —X. 


Hence, the solution of (48.16) can be written as 


, \ 7 . 

u{x, t) = O sin —X 


TT a TT ■ 

cos —t -sin —t 

a TT a - 


Example 48.8. We shall find the solution of the following initial- 
boundary value problem 

Utt — ^Uxx -|- U = 16x -I- 20 sin X, 0 < x < tt, t > 0 

u(x,0) = 16x-|-12sin2x — 8sin3x, Ut(x,0)=0, 0 < x < tt (48.17) 

u{0,t) = 0, u{TT,t) = 16tt, t > 0. 

Taking Laplace transforms, we find 

2 du, . (Pu 16x 20 sin X 

S U - su{x, 0) - 0) - 4-^ -\-U = -^-, 

ot dx^ s s 

which in view of the initial conditions is the same as 

Pu 1 , n 4(s^-|-l)x Ssinx „ , „ „ , „ 

— -{s^ + 1)U = -3s sin 2x4- 2s sin3x. (48.18) 

CLX 4 SS 

We need to solve (48.18) along with the boundary conditions 


C/(0,s) = 0, C/( 7 r,s) =-. 


(48.19) 


The general solution of the differential équation (48.18) can be written as 
U{x,s) = 

16x 20 sin X 12 s sin 2 x 8ssin3x 

s s(s^ -I- 5) s^ -I- 17 s^ -I- 37 














392 


Lecture 48 


The boundary conditions (48.19) imply that ci = C 2 = 0, and hence 

. 16a; 20sina; 12ssin2a; 8ssin3a; 

U[X, s) = -h , 2 , rN 4-2 I IV-2 10-7’ 

s s{s^ + 5) + 17 + 37 

which gives the required solution 

u(x, t) = 16x + 4sina;(l — cos V^t) + 12sin2a;cos vTzt — 8sin 3a; cos 


Problems 

48.1. Solve by Laplace transforms: 

(i) Ux + 2xut = 2x, a; > 0, t > 0, u{x, 0) = 1, it(0, t) = 1 

(ii) xux + ut = xt, a; > 0, t > 0, u(a;,0)=0, u(0,t) = 0 

(iii) Ux + xut = x^, a; > 0, t > 0, u(x,0) = 0, u(0,t) = 0 

(iv) Ux + Ut=x, X > 0, t > 0, u(x,0) = f(x), M(0,t) = 0 

(assume that f'(x) exists for ail a;) 

(v) Ux — ut = l — e~*, 0 < X < 1, t > 0, u(x,0)=x, [«(a;,t)| < oo. 

48.2. Solve by Laplace transforms: 

(i) ut = 2uxx, 0 < a; < 5, t > 0, «(a;, 0) = 10sindvra; — 5sinÔTra;, 
u(0, t) = m(5, t) = 0 

(ii) ut = 3uxx, 0 < a; < 7r/2, t > 0, m(x, 0) = 20cos3x — 5cos9a;, 
Ux{0,t) = u{Trj2,t) = 0 

(iii) Ut = Uxx, 0 < X < a, t > 0, u(a;, 0) = fc + 6sin(7rx/a), 
u(0, t) = u{a, t) = k 

(iv) Ut = c^Uxx, a; > 0, t > 0, c > 0, u{x, 0) = 0, 

Ux(0, t) = —k, lim u{x, t) = 0 

X —^oo 

(v) Ut = Uxx —'iu, 0 < a; < TT, t > 0, «(a;, 0) = 6sina; — 4sin2a;, 
u(0, t) = u{tt, t) = 0. 

48.3. Solve by Laplace transforms: 

Utt = c^Uxx, X > 0, t>0, oO 

u{x, 0 ) = 0 , X > 0 
Ut{x, 0) = 0, X > 0 
w(0, t) = /(t), t>0 

lim u{x, t) = 0, t > 0. 

X —^oo 

In particular, find the solution when 
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(i) 

(ii) 


c = 1, 

f{t) = 


f{t) = 10sin2t 
sint, 0 < t < 27r 
0, otherwise. 


48.4. Solve by Laplace transforms: 

(i) utt = 9uxx, 0<x<2, t > 0, M(a;,0) = 20sin27ra: — lOsinbTTx, 
Ut{x, 0) = 0, m(0, t) = u{2, t) = 0 

(ii) utt = c^Uxx, a; > 0, t > 0, c> 0, m(x, 0) = 0, Mt(x,0) = -1, 

lim exists 

X—*00 

(iii) utt = Uxx^ 0 < X < 1, t > 0, u{x,0) = X — x'^, Ut(x,0) = 0, 
m(0, t) = u(l, t) = 0 

(iv) utt = Uxx + sin(7rx/a) sinut, 0 < x < a, t > 0 
u(x,0) = Ut(x,0) = u(0,t) = u(a,t) = 0. 


Answers or Hints 


48.1. (i) t + 1 — (t — x‘^)H{t — x^) (ii) x{t — 1 + e“*) (ii) x'^t — + 

{t — ^ ~ Take Laplace transform with respect to x, 

f{x — t)H{x — t) + — i(x — tYH{x — t) (v) X + 1 — e“*. 

48.2. (i) sin Ittx - sin ÔTTX (ii) 206"^^* cos 3x - 

xcos9x(iii) fc + sin ^ (iv) k — xerfc 

(v) 6e“^* sin X — 4e“®* sin 2x. 

48.3. f (t — ^) H (t — j) . (i) 10sin2(t — x)iï(t — x) 
sin (t - f ) , f < t < f + 27r 


(ii) 


0, otherwise. 


48.4. (i) 20sin27rxcos67rt — 10sin57rxcosl57rt (ii) —t+[{t—^) 

+ (^-f) (iii) x-x^-t^ + J2Y=oi-^T W-^-^)^H{t-n-x) 

+{t-n-l+xYH{t-n-l+x)] (iv) sin wt - f sin sin 2^. 






Lecture 49 

Well-Posed Problems 


A problem consisting of a partial DE in a domain with a set of initial 
and/or boundary conditions is said to be well-posed if the following three 
fundamental properties hold: 

1. Existence'. There exists at least one solution of the problem. 

2. Uniqueness'. There is at most one solution of the problem. 

3. Stability: The unique solution dépends continuously on data (initial and 
boundary conditions): i.e., a slight change in the data leads to only a small 
change in the solution. 

From Problem 34.4 we know that the Neumann problem u^x + Uyy = 
0, 0 < X < a, 0 < y < b, Uy(x,0) = f{x), Uy{x,b) = g{x), UxiO,y) = 
0 = Ux{a,y) has an infinité number of solutions, and hence it is not a well 
posed problem. As another example, consider the problem Uxx + Uyy = 
0, — oo < X < oo, y > 0, u(x,0) = 0, Uy(x,0) = (l/n)sinnx. It has 
solution u = 0 when Uy(x,0) = 0 , but for positive values of n the solution 
is u{x,y) = (1/n^) sinnxsinhny. Clearly, Uy{x,0) = (l/n)sinnx —*■ 0 as 
n —> oo; however, u{x,y) = (1/n^) sinnxsinhny 7 ^ 0 as n —*■ 00 . Thus, the 
stability property is violated and the problem is not well posed. 

In what follows we will only briefly comment on each of the three re- 
quirements, because a detailed discussion of the conditions under which a 
given problem is well-posed requires some deeper concepts. To ensure the 
existence the sériés or intégral représentation of solutions of problems we 
hâve obtained earlier will be verified in the next lecture. In this lecture we 
shall address the uniqueness and stability of the solutions. An important 
conséquence of the uniqueness of solutions is that different methods lead 
to the same solution; however, there may be distinct représentations of the 
same solution. We begin our discussion with the heat équation. 


Since heat flows from a higher température to the lower température, in 
the absence of any internai heat source, the hottest and the coldest spots 
can occur only initially or on one of the two ends of the rod. If the rod 
is burned at one end and the other end is in a freezer, the heat will flow 
from the burning end to the end in the freezer. However, the end that is 
burned will always be hotter than any other point of the rod, and the end 
in the freezer will always be cooler than any other point on the rod. A 
mathematical description of this observation is stated as follows: 
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Theorem 49.1 (Maximum—Minimum Principle for the 
Heat Equation) . Let the function u{x, t) be continuous in a closed 
rectangle R = {{x,t) ■. Q < x < a, 0<t<T} and satisfy the heat équation 
(30.1) in the interior of R. Then u{x,t) attains its maximum and minimum 
on the base t = 0 or on the vertical sides a; = 0 or a; = a of the rectangle. 

As an application of this principle we shall prove the uniqueness of 
solutions of the Dirichlet problem for the heat équation 


Ut — c^Uxx = t), 0 < X < a, t > 0, c>0 

u{x,0) = f{x), 0 < X < a 

u(0,t) = g(t), t>0 
u(a, t) = h{t), t > 0. 


(49.1) 


Theorem 49.2. Assume that q, f, g, and h are continuous in their 
domain of définition, and /(O) = g(0), /(a) = /i(0). Then there is at most 
one solution to the problem (49.1). 

Proof. Assume to the contrary that there are two solutions ui{x^ t) and 
U 2 {x,t) of (49.1). Then the function w = ui — U 2 satisfies Wt — c^Wxx = 
0, w(a;,0) = 0, w(0,t) = w{a,t) = 0. Let T > 0. In view of the maximum 
principle, w{x^ t) attains its maximum on the base t = 0 or on the vertical 
sides a; = 0 or a; = a of the rectangle R = {{x,t) : 0 < x < a, 0 < t < 
T}. Therefore, it follows that w{x,t) < 0, {x,t) G R. Similarly, from the 
minimum principle, we hâve w{x,t) > 0, {xR) G R. Hence, w{x,t) = 0, 
i.e., ui{x,t) = U 2 {x,t), {x,t) G R. Finally, since T is arbitrary, the resuit 
follows. I 

Alternative Proof. We can also prove Theorem 49.2 by a technique 
known as the energy method as follows: Multiplying the équation Wt — 
c^Wxx = 0 by ui, we get 

0 = w{wt - c^Wxx) = “ {c^wwx)x + c^wl- 

Thus, an intégration with respect to x gives 



However, since w{0,t) = w{a,t) = 0 it follows that 



Therefore, in view of w{x, 0) = 0, we hâve 
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and hence /“[u;(a;, t)]‘^dx = 0 for ail t > 0. But, this implies that w{x, t) = 0, 
i.e., t) = W 2 (x,t). ■ 

Clearly, the above proof holds as long as wWx\q = 0. Hence, our proof 
applies to other boundary conditions also, e.g., in (49.1) we can replace 
the Dirichlet conditions M(0,t) = g(t), u{a,t) = h{t) by the Neumann 
conditions = g{t), Ux{a,t) = h{t). 

The following stability resuit immediately follows from Theorem 49.1. 

Theorem 49.3. Let ui{x,t) and U 2 {x,t) be solutions to the prob- 
lem (49.1) with data fi,gi,hi and / 2 , 32 ,^ 2 , respectively. Further, let 
T and e be any positive real numbers. If maxo<a;<a |/i(a:) - / 2 (x)| < e, 
maxo<t<T Iffi(t) - g 2 {t)\ < e and maxo<t<T \hi{t) - h 2 {t)\ < e, then 

max luiix.t) — U 2 {x,t)\ < e. 

0<x<a, 0<t<T 

Next we shall discuss the Laplace équation. If in équation (34.4) we 
consider u{x,y) as the steady-state température distribution in a plate, 
then the température at any interior point cannot be higher than ail other 
surrounding points. In fact, otherwise the heat will flow from the hot point 
to the cooler points. But, then the température will change with time, and 
would lead to a contradiction to the steady-state condition. Because of the 
same reasoning at any interior point the température cannot be lower than 
ail other surrounding points. Mathematically this resuit can be stated as 
follows: 

Theorem 49.4 (Maximum—Minimum Principle for the 
Laplace Equation). Let D c be a bounded and connected 
open set. Let u{x,y) be a harmonie function in D that is continuons on 
D = D U dD, where dD is the boundary of D. Then, the maximum and 
minimum values of u are attained on dD, unless u is identically a constant. 

As an application of this principle we shall prove the uniqueness of 
solutions of the Dirichlet problem for the Laplace équation 

Uxx + Uyy = g(x,y) in D 

yy ^^g 2 ) 

u{x,y) = f{x,y) on dD. 

Theorem 49.5. Assume that g and / are continuons in their domain 
of définition. Then there is at most one solution to the problem (49.2). 

Proof. Assume to the contrary that there are two solutions ui{x, y) and 
U 2 {x,y) of (49.2). Then, the function w = ui — U 2 satisfies Wxx +Wyy = 0 
in D and w = 0 on dD. Thus, from the maximum-minimum principle w 
must attain its maximum and minimum values on dD. Hence, w{x,y) = 0; 
le., ui{x,y) =U 2 {x,y), {x,y) G D. ■ 
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Alternative Proof. We can also prove Theorem 49.5 by using Green’s 
identity (energy technique): Let D C be a bounded and open région 
whose boundary dD is a piecewise continuously différentiable curve. Then, 
for any function w = w{x, y) having continuons second-order partial dériva¬ 
tives in D and continuons first-order partial dérivatives on D U dD the 
following holds 


JJ w(Wxx 


dw 


+ Wyy)dxdy = (p 'w-^ds — // {Wx + Wy)dxdy, 


dD 


dn 


D 


where dwjdn is the exterior normal dérivative. 

Green’s identity for the différence of two solutions of (49.2), i.e., w = 
Ml — U 2 reduces to 


Ib 


{Wx + Wy)dxdy = 0, 


which clearly implies that m; is a constant. However, since w = 0 on dD, 
this constant must be zéro, i.e., w = ui — U 2 = 0- 1 

The following stability resuit is a direct conséquence of Theorem 49.4. 

Theorem 49.6. Let Ui{x,y) and U 2 {x,y) be solutions to the problem 
(49.2) with data /i and / 2 , respectively. Further, let e be any positive real 
number. If maxa^i \fi{x,y) - f 2 ix,y)\ < e, then 

T[iayi\ui{x,y) - U2ix,y)\ < e. 

D 


Finally, we shall employ the energy technique to prove the uniqueness 
of solutions of the initial-boundary value problem for the wave équation 


utt = c^Uxx + q{x,t), 0 < X < a, t>0 

u{x,0) = f{x), Ut{x,0) = g{x), 0<x<a 

u{0,t)=a{t), u{a,t) = P(t), t>0. 


(49.3) 


We multiply the wave équation by Ut and integrate with respect to x, to 
get 


d 

dt 




i^dx = 


’dxx'dtdx 


qutdx. 


However, since 


and 


UxxUtdx = UxUt 


- / UxUxtdx 
0 -'O 


d fl 


UxUxt = ^ 1 
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it follows that 



(49.4) 


The identity (49.4) is called the energy équation for the wave équation. 

Theorem 49.7. Assume that g, /, g, a, and (3 are sufficiently smooth 
in their domain of définition. Then, there is at most one solution of (49.3) 
which is continuons together with its first- and second-order partial dériva¬ 
tives for 0 < a; < a, t > 0. 

Proof. Assume to the contrary that there are two such solutions ui{x, y) 
and U 2 {x,y) of (49.3). Then the function w = ui — U 2 satisfies Wu = 
c^Wxx, w{x,Q) = 0, Wt(x,0) = 0, w{0,t) = 0, w{a,t) = 0. But then, from 
the assumptions on the solutions, we also hâve Wx{x,0) = 0, 'u;t(0,t) = 0 
and Wt{a,t) =0. Thus, for the function w, the identity (49.4) reduces to 



Therefore, we hâve 



which immediately implies that w is a constant. However, since w^x, 0) = 0 
and w is continuons this constant must be zéro; i.e., w = ui — U 2 = 0. I 



Lecture 50 

Vérification of Solutions 


In our previous lectures the sériés or intégral form of the solutions we 
hâve obtained were only formai; there we did not attempt to establish 
their validity. In this lecture we shall prove a few theorems which verify 
that these are actually the solutions. For this, we shall need the following 
results in two independent variables: 

(Pi). Weierstrass’s M-test: If the terms of a sériés of functions of two vari¬ 
ables are majorized on a rectangle by the terms of a convergent numerical 
sériés, then the sériés of functions is absolutely and uniformly convergent 
on the rectangle. 

(P 2 ). If a sériés of continuons functions converges uniformly on a rectangle, 
then its sum is continuons on the rectangle. 

(P 3 ). If the sériés obtained from a given convergent sériés by formai term- 
by-term partial différentiation is a uniformly convergent sériés of continu¬ 
ons functions on a closed rectangle, then the given sériés has a continuons 
dérivative which on the rectangle is the sum of the sériés obtained by term- 
by-term différentiation. 

(P4). Ahel’s test: The sériés Xn{x)Yn{y) converges uniformly with 

respect to the two variables x and y together, in a closed région R of the 
xy-plane, provided the sériés -^n(x) converges uniformly with respect 

to X in R, and for ail y va R the functions V„(y), n = 1, 2, • • • are monotone 
(nondecreasing or nonincreasing) with respect to n and uniformly bounded; 
i.e., \Yn{y)\ < M for some M. 

First we prove the following theorem for the heat équation. 

Theorem 50.1. In the interval [0,a] let f{x) be continuons and f'{x) 
piecewise continuons, and let /(O) = /(a) = 0. Then the sériés (30.10) rep- 
resents a unique solution to the problem (30.1)-(30.4) which is continuons 
for ail {(a;,t) : 0 < æ < a, t>0}. 

Proof. The uniqueness of the solutions has already been proved in The¬ 
orem 49.2. Thus, it suffices to show that the fimction u{x,t) defined by 
the sériés (30.10) is a solution. Clearly, this u{x,t) satisfies the bound- 
ary conditions (30.3) and (30.4). Next from (30.10), we hâve «(x, 0) = 
sin n'ïïxj and since the function / satisfies the conditions of The- 
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orem 23.6, it follows that u(a;,0) = f{x). Now from (30.11), we find that 

\cn\ < - [ \f{x)\dx =: C 
a Jo 

so that, for the n-th term of (30.10), we obtain the majorization 

for ail 0 < a; < a, t > to > 0. Next since the numerical sériés 

OO 

n—1 




2 - 1 ^ , rmx 
’ sin- 


is convergent; from (Pi) it follows that the sériés (30.10) is absolutely and 
uniformly convergent for ail 0 < a; < a, f > to > 0. Thus, from (P 2 ) and 
the fact that to is arbitrary, we conclude that the sum u{x, t) of the sériés 
is continuons for ail 0 < a; < a, t > 0. Now we formally differentiate the 
sériés (30.10) term-by-term with respect to t, to obtain 


ut{x,t) 


0 9 00 


O / 2 2 2 / 2\j. 

n^c„e c /“ )*sin 


mrx 


(50.1) 


This sériés has the majorizing sériés 


9 9 OO 

TT^C^ - 




2^-{n^n^c^/a^)to 


n —1 


for ail 0 < a; < a, t > to > 0. By the ratio test this numerical sériés is 
convergent. Hence, again by (Pi) it follows that the differentiated sériés 
is absolutely and uniformly convergent for ail 0 < a; < a, t > to > 0 . 
Therefore, (P 3 ) implies that the sum u{x,t) of the sériés (30.10) has con¬ 
tinuons partial dérivative with respect to t for all 0 <a;<a, t >0 and this 
dérivative can be obtained term-by-term différentiation. In a similar man- 
ner we can show that Ux, Uxx exist, are continuons, and can be obtained 
by term-by-term différentiation. In fact, we hâve 


Uxx{x,t) 



E 




2 / 2 \. 
/a )t 


sin 


niTX 

a 


(50.2) 


for ali 0 < X < a, t > tQ > 0. 

Finally, from (50.1) and (50.2) it is clear that ut{x,t) = c^Uxxi^^t) for 

ail 0 < X < a, t > to > 0- B 
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Now we State the following theorem which confirms that the Gauss- 
Weierstrass formula (43.3) (see équivalent représentation in Problem 44.5) 
is actually a unique solution of (43.1). 

Theorem 50.2. Let f{x), —oo<x<oohe a. bounded and piecewise 
continuons function. Then, the Gauss-Weierstrass intégral (43.3) defines 
a unique solution of the problem (43.1) with limt^o ^'■( 2 ;, t) = [f{x + 0) + 
/(x-0)]/2. 

Our next resuit is for the initial value problem (43.9), where we do not 
assume the condition that u and Ux are finite as |a;| ^ 00 , t > 0. 

Theorem 50.3. Let for ail —00 < a; < 00 the function fi{x) be twice 
continuously différentiable and the function / 2 (a;) continuously différen¬ 
tiable. Then, the initial value problem (43.9) has a unique twice continu¬ 
ously différentiable solution u{x,t), given by d’Alembert’s formula (43.11) 
(see also Problem 33.10). 

Proof. From Lecture 28 (see (28.2)) it is clear that the solution of the 
wave équation can be written as 

u{x, t) = F{x + et) + G{x — ci), (50.3) 

where F and G are arbitrary functions. This solution u{x, t) is twice con¬ 
tinuously différentiable provided that F and G are twice différentiable. Dif- 
ferentiating (50.3) with respect to t, we get 

Ut{x, t) = cF'{x + et) — cG'{x — ci). (50.4) 

Thus, u{x,t) satisfies the initial conditions u{x,0) = /i(a;), ut{x,0) = 
f 2 {x), if and only if, 

F(x) + G(a:) = h{x) 

cF'(x) - cG'(x) = f 2 {x). 

We integrate the second équation in (50.5), to obtain 

cF(x)-cG{x)= r f2{0dè +K, 

JO 

where K is an arbitrary constant. Gombining (50.6) with the first équation 
of (50.5), we can solve for F and G, to find 


(50.5) 


(50.6) 
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Using these expressions in (50.3), we obtain d’Alembert’s formula (43.11). 

The above explicit construction shows that if the problem (43.9) has a 
solution it must be given by (43.11) and is unique. Conversely, since /i(x) is 
twice continuously différentiable and / 2 (æ) is continuously différentiable, it 
is trivial to verify that (43.11) is indeed a twice continuously différentiable 
solution of (43.9). ■ 

Now we shall prove a theorem for the boundary value problem (34.4) - 
(34.8) with g{x) = 0. We note that when g{x) = 0, the solution (34.15) can 
be written as 



(50.7) 


where a„ is given in (34.16). 

Theorem 50.4. In the interval [0, a] let f{x) be continuously différ¬ 
entiable and f"{x) piecewise continuons, and let /(O) = /(a) = 0. Then, 
the sériés (50.7) represents a unique solution u{x, y) to the problem (34.4)- 
(34.8) with g(x) = 0. This solution u and Ux, Uy are continuons in the 
closed rectangle 0 <x<a, 0 < y <b, while Uxx and Uyy are continuons in 
the rectangle 0 <a;<a, 0 < y < b. 

Proof. The uniqueness of the solutions has already been proved in The¬ 
orem 49.5. Thus, it suffices to show that the function u{x, y) defined by the 
sériés (50.7) is a solution. Clearly, this u{x,t) satisfies the boundary con¬ 
ditions (34.7), (34.8) and (34.6), and since the function / satisfies the con¬ 
ditions of Theorem 23.6, it follows that u(x,0) = f{x) = QnSinLj„a; 

uniformly. Now we consider the sequence of functions 


_ sinhu;„(6 - y) 
sinh lünb 


It is clear that 0 < Yn{y) < 1 for ail n and 0 < y < b; i.e., these functions 
are uniformly bounded. We daim that for ail 0 < y < 5 the functions Yn{y) 
are nonincreasing as n increases. This is immédiate for y = 0 and y = b, and 
for 0 < y < b it suffices to show that the function S{s) = sinh qs/sinh ps, 
where p > g > 0 is a decreasing function of s > 0. Since 

2S"(s) sinh^ps = 2gsinhpscoshgs — 2psinhgscoshps 


(p — g) sinh(p -|- q)s + {p + q) sinh(p — q)s 



p+q p-q 


OO 





n—0 
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it follows that S'{s) < 0, and hence S{s) is a decreasing fimction of s > 0. 
From this and the fact that Foncier sine sériés of f{x) converges uniformly, 
(P 4 ) implies that the sériés (50.7) converges uniformly to u{x,y) with re¬ 
spect to X, y in the closed rectangle 0<x<a, 0 < y < b. The continuity 
of U in this rectangle immediately follows from (P 2 ). 


Next note that the function /' also satisfies the conditions of Theorem 
23.6, and hence the Fourier cosine sériés a„a;„ cos obtained by 

differentiating the sine sériés term-by-term also converges uniformly for 
0 < X < a. Thus, as above the sériés 

sinha;„(6-y) 

a„a;„-—-r— cos 

sinh ujnb 

n—1 

converges uniformly to Ma;(x, y) with respect to x, y in the closed rectangle 
0<x<a, 0 < y < b. The continuity of in this rectangle also follows 
from (P 2 ). 


Now in view of Problem 23.14(i) the numerical sériés con¬ 
verges, and hence from (Pi) the sériés a„a;„ sina;„x converges uni¬ 

formly for 0 < X < O. We also note that the sequences of functions 

— coshujn{b-y) 

Yn[y) = -r-r- 7 - 

smh ujnb 


is nonincreasing as n increases for ail 0 < y < 6. In fact, this follows from 
the relation 


yliy) 


1 

sinh^ uJnb 


+ yn{y) 


(50.8) 


and our earlier considérations. The uniform boundedness of Yn{y) is also 
immédiate from (50.8). Combining these arguments, we find that the sériés 


-E 




cosha;„(6 — y) 
sinh ujnb 


sin UnX 


converges uniformly to Uy{x, y) with respect to x, y in the closed rectangle 
0<x<a, 0 < y < b. The continuity of Uy in this rectangle once again 
follows from (P 2 ). 


Finally, since |a„| < C, and for 0 < y < 6, 

sinhu;„(6-y) < ^e^r^{b-y)^ sinhu;„5 > (l - 

for the sériés obtained by differentiating twice (50.7) with respect to x or 
y, the terms hâve the absolute value less than 


Cui 


Lgi^nb (1 _ g-27rh/a^ 


= Ciüi 




_ ^ — 27znja^ 
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Now since by the ratio test, the numerical sériés 


n—1 


Cui 




where Q < yo < h converges, the sériés of the second dérivatives obtained 
from (50.7) by term-by-term differentiating twice with respect to x or y 
converges uniformly for 0 < x < a, 0 < y < 6. The continuity of Uxx, Uyy 
in this rectangle again follows from (P 2 ). 1 

Finally, we State the following theorem which confirms that the intégral 
(44.2) is actually a solution of (44.1). 

Theorem 50.13. Let /(x), —oo<x<oobea bounded and piecewise 
continuons function. Then, the intégral (44.2) defines a unique solution of 
the problem (44.1) with lim^^o u{x, y) = [/(x + 0) + /(x — 0)]/2. 

If we allow unbounded solutions, then the uniqueness is lost. For exam¬ 
ple, the function u(x, y) = y satisfies Laplace’s équation in the half-plane 
and limy^o w(x, y) = 0. This can be added to any solution. 
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